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Abstract- The object of this paper is to solve an integral
equation whose kernel involves the product of the M-series and

H -functions. The solution is derived by the application of
Mellin-transform. The integral equation discussed here can be
used to investigate a wide class of known (may be new also)
integral equations, hitherto scattered in the literature. Special

cases, involving generalized Riemann zeta function, g[z,0,v,$;z]
function and generalized Wright function are considered.
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1. INTRODUCTION

In the last several years a large number of Fredholm type integral equations involving various special functions or
polynomials as their kernels have been studied by many researchers notably Srivastava and Bushman (1992), Srivastava
and Raina (1992), Goyal and Mukherjee (2002), Gupta and Agrawal (2009), and others.

In this paper, we obtain the solution of the following Fredholm type integral equation

[yt u[fJf<y)dy=g(x>, (x > 0)
0 y

(1)

where g is a prescribed function, f is an unknown function to be determined and the kernel u(x) is given by

OL,B —m'\n'
u(x) = M Z[al,...,ak;bl,...,bf;mxp]Hp,‘q, zX
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The generalized M-series is introduced by Sharma and Jain (2009) defined as
ap ap
I(M Z(oa) = I(M z(a1""’ak;b1""’bé;®)
2 (@), @), o
= Lr ko o,a,fe C, Re(a) > 0. 3)

= (b)) ..(b,) T(ar+p)’

For convergence conditions and other details of the generalized M-series see Sharma and Jain (2009).

The H -function, a generalization of Fox H-function introduced by Inayat Hussain (1987) and studied by Bushman
and Srivastava (1990) and others, is defined and represented in the following manner:
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and the contour L is the line from C — oo to C + i, suitably indented to keep the poles of F(fj — Fjﬁ), j=12,..,m to

a.
the right of the path and the singularities of {I"(1— e+ Eji)} V. j=12,....,nto the left of the path.

For convergence conditions and other details of the H -function see Inayat Hussain (1987), Bushman and
Srivastava (1990) and Gupta et al. (2007).

The series representation of H -function (1987) is as follows
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. IMELLIN TRANSFORM OF U(X)

In order to solve the integral equation (1), we require the following result
Lemma 2.1. Let U(s) =M {u(x) ;s }, where u(x) is given by (2), then
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Proof: We have )
U(s)=M{u(x);s}
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Expressing the M-series and one H -function in series form defined by (3) and (6) respectively and changing the order of
summations and integration (which is permissible under the conditions stated), we get

(@), .-@) 1 o)
U _ h r g,h
= gzl rhzo( ) (b,).. (b) I(ar +P) h'F ’
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Now, applying the known formulae (Erdélyi (1954, p.307, eq.(8))

M{x"f (zx™");s} = k‘lzs;uF( S;”j (10)
and [9, p.114, eq. (4.1)]

M {ﬁ ™ x1: s} = ¢(-9). (11)
provided that Q>po’q| arg (x) | < 1/2 Qn and

f. l1-e.

— min | Re| =~ | |<Re(s) < min| Re o, ’

1<j<m F. 1<j<n
J

in (9), we arrive at the desired result (7).
I1l.  SOLUTION OF THE INTEGRAL EQUATION

In this section we will investigate the solution of the Fredholm type integral equation (1). The result is given in the form of
the following theorem
Theorem 3.1. Let the Mellin transform F(s), G(s) and U(s) = 0 of the functions f(x), g(x) and u(x) defined by (2) exist and
are analytic in some infinite strip s;< Re(s) < s, of complex s-plane. Also suppose that for a fixed C € (s;, s), U (x) is
defined by

. 1 . 1 C+ioo N
W) =MHU () =] x*U(s)ds, (12)

2701 * c—ieo

where
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provided that the following conditions are satisfied

(i) larg (t)|<1§2n and Q>0

(i) larg (t)|— Qn and Q>0

and (8) ¢ # 0 and contour L is so chosen that (C ¢ +€+1) <0
(b) ¢ =0and (e +1)<0,
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Then, the solution of integral equation (1) is given by

f(x)=x 77" J: y* u*@(y““Dy)i [y” g(y)]dy (14)

provided that the integral on the right hand side of (14) exists.
Proof: Applying the Mellin transform on integral equation (1) and using the convolution theorem for Mellin transform
(Erdélyi(1954)), we get

U(s) F(s) = G(s) (15)
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where U(s) is given by (7) and F(s) and G(s) are Mellin transforms of f(x) and g(x) respectively.
Now replacing s in (15) by s+ u&+y (u= Oand & is non-negative integer), we have

* S+
F(s+pg+y) = U'(s) w{—T“ij G (s+p&+y) (16)
g
and using the formula [14]
M{(x*"D,)" f(X);s}=§“(—S+;nj F(s +&n), (17)
we get n
F(s+pue+y)=U () M{(y*"" D, )°Iy" gy)l; s} (18)
Further using the elementary result
M{x*f(x);s} = F(s+p) (19)
and well known convolution theorem for Mellin transform in (18), we get
M{x"="7 £(x) s} =M {I y~ u*(fj(y””Dy)@ [y* gW)Idy; S} (20)
0 y

Finally, inverting both sides of (20) by using well known Mellin inversion theorem, we arrive at the required result (14).

Iv. SPECIAL CASES

Corollary 4.1. Reducing generalized M-series to unity and one H -function to generalized Riemann zeta function
d(z,p',m') (Guptaand Soni (2005, p.159, eq.(5)) in the integral equation (1), it takes the following form

L X
IO y* ul(yjf(y) dy =g(x), (21)

where

G ! 1 MmN -\
u, (X)=0[z X ,p,n]Hpq[tx ] (22)
has its solution given by '
o) =x [yt u:(fJ(y““ D )*[y” g(y)]dy, @)

0 y y

provided that integral in (23) exists, UI(X) is the Mellin inverse transform of

£ w s+ué+y+oh -1
U*(s) = uer(=s/p) 1 S X_lt( x ]$(S+uﬁ+y+chj
. [[=(s+p&)/nlpm (n+h)p’ A
(24)
and the set of conditions of the theorem modified appropriately are _satisfied.

Corollary 4.2. Reducing generalized M-series to unity and one H -function to g [1’, 9,V,(|); Z] in the theorem, we easily
observe that the integral equation

[ y—luz(fjf(y)dwg(x), )
0 y

where
(26)

—__mn Y
u,(X)=9g[7,0,v,¢;zx°TH [t x™]
p.q
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has its solution given by

I Sl T D
fog=x7] "y 1u2(§j(y“”Dy)é ly" g(y)ldy, @)
provided that integral in (27) exists, u;(x) is the Mellin inverse transform of
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and the conditions of validity follow easily from those mentioned with the theorem.
Corollary 4.3. Finally, if we reduce generalized M-series to unity and one H -function to generalized Wright
Wq, [z], then the integral equation

(28)

hypergeometric function b

© X
IO y 1u3(;)f(y) dy =g(x), (29)
where
u,(x) = v, [2x°] H[tx ] (30)
p.g
has the solution given by
f)=x7 [ ytul| X |y D )iy gw)ldy, @)
0 ly y
provided that integral in (31) exists, u*(x) is the Mellin inverse transform of
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[-(s+1nE)/u] 15 H {F(f +Fh)}
L !
-1
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and the set of conditions of the theorem modified
appropriately are satisfied. The importances of our results lie
in their manifold generality. In view of the generality of the

H -functions and the generalized M-series, on specializing
the various parameters and variables, we can obtained from
our results, several integral equations and solutions

involving a remarkably wide variety of useful functions (or
product of several functions), which are expressible in terms
of H-functions, G-functions, Mittag-Leffler functions and
their various special cases. Thus, the results presented in this
paper would at once yield a very large number of results
involving a large variety of special functions occurring in
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the problems of mathematical analysis, mathematical
physics and engineering.
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