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I. INTRODUCTION

n the monumental work of Prudnikov et al.[8,Chapter 7] and other literature of  Special functions, hypergeometric 
forms of following functions

                                                                  

                                                                                                          
associated transcendental functions, are 

In the Maclaurin’s expansions of
                                                 the coefficients of                            are associated with Bernoulli numbers and 
expansions, we are unable to obtain their corresponding hypergeometric forms.

Now we shall find the hypergeometric forms of and other associated 
composite functions by means of corresponding partial fraction expansions obtained by Mittag-Leffler theorem or 
Fourier series method [5; pp.602-603 .

The Pochhammer’s symbol or Shifted factorial (h ) is defined by

where h 0,−1,−2, · · · and the notation ( ) stands for Gamma function.

Lemma: If a, p and n are suitably adjusted real or complex numbers such that associated Pochhammer’s 
symbols are well-defined, then we have
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1
ez− 1

, sec2 z, cosec2 z, tan z,

cot z, cosec z, sec z, sech2(z), cosech2(z), tanh(z),coth(z), cosech(z), sech(z) , π
8z3

sinh(2πz)+sin(2πz)
cosh(2πz)−cos(2πz)

,
π
4z

sinh(2πz)−sin(2πz)
cosh(2πz)−cos(2πz)

and π
4z2

sinh(2πz)
cosh(2πz)−cos(2πz)

,

z,cos z, sin2 z,sin cos2 z, sinh(z), cosh(z), sinh2 z, cosh2 z, sin−1z,

(sin−1z)
2
, cos−1z, sec−1z,cosec−1z, tan−1z, cot−1z, sin−1z√

1−z2 , sinh−1z, (sinh−1z)
2
, cosh−1z, sech−1z,

cosech−1z,tanh−1z, coth−1z, sinh−1z√
1+z2 , loga(1±z), ln(1±z), e±z, a±z, (1± z)±a, sin(a sin−1 z),

cos(a sin−1 z), cos(a sin−1 z)√
1−z2 , sin(a sin−1 z)√

1−z2 , andfunctionscomposite

available.
z,cot z,cosec z, tanh(z),coth(z),tan cosech(z) and sec z,sech(z),

zn Euler numbers [15] respectively.From Maclaurin’s

z, cosec z, cot z, sec ztan

r

(h)r =
Γ(h + r)

Γ(h)
=

{
1 ; if r = 0
h(h + 1) · · · (h + r − 1) ; if r = 1, 2, 3, · · · . (1)

Γ

(a + pn) =
a
(

a+p
p

)
n(

a
p

)
n

(2)

Mittag - Leffler’s expansion theorem[4;7;14;15;16]
(i) Suppose that the only singularities of f(  ), except at infinity, in the finite plane are the simple poles at the 

points                                                               arranged in order of increasing absolute value, that is:z = a1, z = a2, z = a3, · · ·
· · · · · · ≥ |a3| ≥ |a2| ≥ |a1| > 0
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(ii) Let the residues of               at                                                         respectively.

(iii) Let         be circles of radius       which do not pass through any poles and on which

                               

where 

   is independent of     and                    
When these conditions are satisfied then Mittag-Leffler’s expansion theorem states that

for all values of z except the poles.

expansions are available.
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a1, a2, a3, · · · be b1, b2, b3, · · ·f(z)

|f(z)| < M,CN

M N

RN

→∞ as N →∞.

f(z) = f(0) +
∞∑

n=1

bn

{
1

z − an

+
1

an

}
(3)

[2, pp.296-297; 6, p.240(Q.No.3); 16, p.113]

1

ez − 1
=

1

z
− 1

2
+ 2z

∞∑
n=1

1

4n2π2 + z2
; z 6= 0,±2iπ,±4iπ, · · ·(4)

[15, p.187]

sec2 z = 4

{
1

(π − 2z)2 +
1

(π + 2z)2 +
1

(3π − 2z)2 +
1

(3π + 2z)2 + · · ·
}

= 4
+∞∑

n=−∞

1

[(2n + 1)π + 2z]2
; z 6= ±π

2
,±3π

2
,±5π

2
, · · · (5)

In the literature of calculus of residues [2 to 7; 12 to 16], following partial fraction

[7, p.135; 16, p.113]

cosec2 z =
1

z2
+

1

(z − π)2 +
1

(z + π)2 +
1

(z − 2π)2 +
1

(z + 2π)2 + · · ·

=
+∞∑

n=−∞

1

(z − nπ)2 ; z 6= 0,±π,±2π,±3π, · · · (6)

[2, p.296; 4, p.157(Q.No.36); 16, p.113]

tan z = 8z

{
1

π2 − 4z2
+

1

9π2 − 4z2
+

1

25π2 − 4z2
+· · ·

}
; z 6= ±π

2
,±3π

2
,±5π

2
, · · ·

= 2z
∞∑

n=0

1

(n + 1
2
)
2
π2 − z2

= −
+∞∑

n=−∞

{
1

z − (n + 1
2
)π

+
1

(n + 1
2
)π

}
(7)

[3, p.122(Q.No.8); 5, p.602; 12, p.310(Q.No.14)]

cot z =
1

z
+ 2z

{
1

z2 − π2
+

1

z2 − 4π2 +
1

z2 − 9π2 + · · ·
}

=
1

z
+ 2z

∞∑
n=1

1

z2 − n2π2
; z 6= 0,±π,±2π,±3π, · · ·(8)

RN
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[3, p.122(Q.No.9); 4, p.147; 7, pp.132-133]

cosec z =
1

z
−2z

{
1

z2 − π2
− 1

z2 − 4π2 +
1

z2 − 9π2−· · ·
}

=
1

z
+ 2z

∞∑
n =1

(−1)n−1

n2π2 − z2
; z 6= 0,±π,±2π,±3π, · · · (9)

[4, p.156(Q.No.34); 5, p.603; 7, p.137(Q.No.18)]

sec z = 4π

{
1

π2 − 4z2
− 3

9π2 − 4z2
+

5

25π2 − 4z2
−· · ·

}

= 2π
∞∑

n=0

(−1)n (n + 1
2
)

(n + 1
2
)
2
π2 − z2

; z 6= ±π

2
,±3π

2
,±5π

2
, · · · (10)

[2, p.296; 15, p.187]

tanh(z) = 8z

{
1

π2 + 4z2
+

1

9π2 + 4z2
+

1

25π2 + 4z2
+· · ·

}

= 2z
∞∑

n=0

1

(n + 1
2
)
2
π2 + z2

; z 6= ±iπ

2
,±3iπ

2
,±5iπ

2
, · · · (11)

[2, p.296; 7, p.134]

coth(z) =
1

z
+2z

{
1

z2 + π2
+

1

z2 + 4π2 +
1

z2 + 9π2 +· · ·
}

=
1

z
+ 2z

∞∑
n=1

1

z2 + n2π2
; z 6= 0,±iπ,±2iπ,±3iπ, · · · (12)

[2, p.296; 7, p.135]

cosech(z) =
1

z
−2z

{
1

z2 + π2
− 1

z2 + 4π2 +
1

z2 + 9π2−· · ·
}

=
1

z
+ 2z

∞∑
n=1

(−1)n

n2π2 + z2
; z 6= 0,±iπ,±2iπ,±3iπ, · · · (13)

[14, p.175; 15, p.187]

sech(z) = 4π

{
1

π2 + 4z2
− 3

9π2 + 4z2
+

5

25π2 + 4z2
−· · ·

}

= 2π
∞∑

n=0

(−1)n (n + 1
2
)

(n + 1
2
)
2
π2 + z2

; z 6= ±iπ

2
,±3iπ

2
,±5iπ

2
, · · · (14)
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Ramanujan’s partial fraction expansions [1, Part -IV, pp.380-381]

Ramanujan’s systematic work on ordinary hypergeometric series is contained primarily in Chapters XII, XIII, 
XV of first notebook [9] and Chapters III, X and XI  of second notebook [10]. Ramanujan evidently had an affinity for 
partial fraction expansions, which can be found in several places in his notebooks. The heaviest concentrations lie in 
Chapters 14 and 18 and in the unorganized pages at the end of the second notebook. See Berndt’s books [part-II] 
and [part-III] for accounts of the material in Chapters 14 and 18, respectively. In this paper, we obtain the 
hypergeometric forms of three partial fraction decompositions in the unorganized pages of second notebook.

When

then [1(Part-IV), pp.380-381, Entry 13; see also 7, p.137 (Q.No.20 i)]

[1(Part-IV), pp.380-381, Entry 14]

[1(Part-IV), pp.380-381, Entry 15]

II. HYPERGEOMETRIC FORMS OF SOME PARTIAL FRACTION EXPANSIONS

If we apply the Lemma (2) in real or complex linear factors of quadratic and biquadratic polynomials in n, 
associated with the denominators of partial fraction expansions (4) to (17), we get the following hypergeometric
forms:
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z 6= m

2
(1±i) ; m = 0,±1,±2,±3, · · ·

π

8z3

sinh(2πz) + sin(2πz)

cosh(2πz)− cos(2πz)
=

1

8z4
+

∞∑
n=1

1

4z4 + n4
(15)

π

4z

sinh(2πz)− sin(2πz)

cosh(2πz)− cos(2πz)
=

∞∑
n=1

n2

4z4 + n4
(16)

π

4z2

sinh(2πz)

cosh(2πz)− cos(2πz)
=

1

8z3
+

∞∑
n=1

n

4z4 + n4
+

1

2z

∞∑
n=1

1

z2 + (z + n)2 (17)

1

ez − 1
=

1

z
− 1

2
+

2z

(z2 + 4π2)
3F2

 1 , 2π+iz
2π

, 2π−iz
2π

;

4π+iz
2π

, 4π−iz
2π

;
1

 ; z 6= 0,±2iπ, · · · (18)

sec2 z =
4

(2z + π)2 2H2

 π+2z
2π

, π+2z
2π

;

3π+2z
2π

, 3π+2z
2π

;
1

 ; z 6= ±π

2
,±3π

2
,±5π

2
, · · · (19)

sec2 z =
4

(2z − π)2 3F2

 1 , π−2z
2π

, π−2z
2π

;

3π−2z
2π

, 3π−2z
2π

;
1

 +
4

(2z + π)2 3F2

 1 , π+2z
2π

, π+2z
2π

;

3π+2z
2π

, 3π+2z
2π

;
1


(20)

cosec2 z =
1

z2 2H2

 − z
π
, − z

π
;

π−z
π

, π−z
π

;
1

 ; z 6= 0,±π,±2π,±3π, · · · (21)

cosec2 z =
1

(z + π)2 3F2

 1 , π+z
π

, π+z
π

;

2π+z
π

, 2π+z
π

;
1

 +
1

z2 3F2

 1 , − z
π
, − z

π
;

π−z
π

, π−z
π

;
1

 (22)
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By replacing by in (19) to (26) and using the identities 

                                                                                               

, we get the hypergeometric forms of corresponding hyperbolic functions.
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tan z =
8z

(π2 − 4z2)
3F2

 1 , π+2z
2π

, π−2z
2π

;

3π+2z
2π

, 3π−2z
2π

;
1

 ; z 6= ±π

2
,±3π

2
,±5π

2
, · · ·(23)

cot z =
1

z
+

2z

(z2 − π2)
3F2

 1 , π+z
π

, π−z
π

;

2π+z
π

, 2π−z
π

;
1

 ; z 6= 0,±π,±2π, · · ·(24)

cosec z =
1

z
+

2z

(π2 − z2)
3F2

 1 , π+z
π

, π−z
π

;

2π+z
π

, 2π−z
π

;
− 1

 ; z 6= 0,±π,±2π, · · ·(25)

sec z =
4π

(π2 − 4z2)
4F3

 1 , 3
2

, π+2z
2π

, π−2z
2π

;

1
2

, 3π+2z
2π

, 3π−2z
2π

;
− 1

 ; z 6= ±π

2
,±3π

2
, · · ·(26)

iz) = sech(z),sec( cosec (iz) = −i cosech(z),tan

iz) = i tanh(z),cot(iz) = −i coth(z)(

sech2(z) =
4

(2iz + π)2 2H2

 π+2iz
2π

, π+2iz
2π

;

3π+2iz
2π

, 3π+2iz
2π

;
1

 ; z 6= ±iπ

2
,±3iπ

2
, · · ·(27)

sech2(z) =
4

(π − 2iz)2 3F2

 1 , π−2iz
2π

, π−2iz
2π

;

3π−2iz
2π

, 3π−2iz
2π

;
1

 +
4

(π + 2iz)2 3F2

 1 , π+2iz
2π

, π+2iz
2π

;

3π+2iz
2π

, 3π+2iz
2π

;
1


(28)

cosech2(z) =
1

z2 2H2

 − iz
π
, − iz

π
;

π−iz
π

, π−iz
π

;
1

 ; z 6= 0,±iπ,±2iπ,±3iπ, · · ·(29)

cosech2(z) =
1

z2 3F2

 1 , − iz
π
, − iz

π
;

π−iz
π

, π−iz
π

;
1

 − 1

(π + iz)2 3F2

 1 , π+iz
π

, π+iz
π

;

2π+iz
π

, 2π+iz
π

;
1


(30)

tanh(z) =
8z

(π2 + 4z2)
3F2

 1 , π+2iz
2π

, π−2iz
2π

;

3π+2iz
2π

, 3π−2iz
2π

;
1

 ; z 6= ±iπ

2
,±3iπ

2
, · · ·(31)

coth(z) =
1

z
+

2z

(z2 + π2)
3F2

 1 , π+iz
π

, π−iz
π

;

2π+iz
π

, 2π−iz
π

;
1

 ; z 6= 0,±iπ,±2iπ, · · ·(32)
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When                                                                                                                   then

Above hypergeometric forms are not available in the literature. It is to be noted that the hypergeometric 
series 3F2, 4F3, 5F4 and 6F5 are convergent.

III. PROOFS

To derive (18), consider the following partial fraction expansion
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cosech(z) =
1

z
− 2z

(π2 + z2)
3F2

 1 , π+iz
π

, π−iz
π

;

2π+iz
π

, 2π−iz
π

;
− 1

 ; z 6= 0,±iπ,±2iπ, · · ·(33)

sech(z) =
4π

(π2 + 4z2)
4F3

 1 , 3
2

, π+2iz
2π

, π−2iz
2π

;

1
2

, 3π+2iz
2π

, 3π−2iz
2π

;
− 1

 ; z 6= ±iπ

2
,±3iπ

2
, · · ·(34)

z 6= m
2
(1± i) ; m = 0,±1,±2,±3, · · · ,

π

8z3

sinh(2πz) + sin(2πz)

cosh(2πz)− cos(2πz)
=

1

8z4
+

1

(4z4 + 1)
×

× 5F4

 1 , − z + 1 + iz , − z + 1− iz , z + 1 + iz , z + 1− iz ;

−z + 2 + iz , − z + 2− iz , z + 2 + iz , z + 2− iz ;
1

 (35)

π

4z

sinh(2πz)− sin(2πz)

cosh(2πz)− cos(2πz)
=

1

(4z4 + 1)
×

× 6F5

 2 , 2 , − z + 1 + iz , − z + 1− iz , z + 1 + iz , z + 1− iz ;

1 , − z + 2 + iz , − z + 2− iz , z + 2 + iz , z + 2− iz ;
1

 (36)

π

4z2

sinh(2πz)

cosh(2πz)− cos(2πz)
=

1

8z3
+

+
1

(4z4 + 1)
5F4

 2 , − z + 1 + iz , − z + 1− iz , z + 1 + iz , z + 1− iz ;

−z + 2 + iz , − z + 2− iz , z + 2 + iz , z + 2− iz ;
1

 +

+
1

(4z3 + 4z2 + 2z)
3F2

 1 , z + 1 + iz , z + 1− iz ;

z + 2 + iz , z + 2− iz ;
1

 (37)

1

ez − 1
=

1

z
− 1

2
+ 2z

∞∑
n=1

1

z2 + 4n2π2
; z 6= 0,±2iπ,±4iπ,±6iπ, · · ·

=
1

z
− 1

2
+ 2z

∞∑
n=0

1

[z + 2i(n + 1)π] [z − 2i(n + 1)π]

=
1

z
−1

2
+2z

∞∑
n=0

1

[(z + 2iπ) + (2iπ)n] [(z − 2iπ) + (−2iπ)n]
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Now using the beautiful Lemma (2), we get

To derive (21) and (22), consider the following expansion

Now using the beautiful Lemma (2), we get

which is the hypergeometric form (21).
Now replacing by and using suitable circular-hyperbolic identity, we get (29).

Now again consider,

Now using the Lemma (2), we get
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1

ez − 1
=

1

z
− 1

2
+ 2z

∞∑
n=0

( z+2iπ
2iπ

)
n

( z−2iπ
−2iπ

)
n

(z + 2iπ) ( z+4iπ
2iπ

)
n

(z − 2iπ) ( z−4iπ
−2iπ

)
n

=
1

z
− 1

2
+

2z

(z2 + 4π2)
3F2

 1 , 2iπ+z
2iπ

, 2iπ−z
2iπ

;

4iπ+z
2iπ

, 4iπ−z
2iπ

;
1


1

ez − 1
=

1

z
− 1

2
+

2z

(z2 + 4π2)
3F2

 1 , 2π+iz
2π

, 2π−iz
2π

;

4π+iz
2π

, 4π−iz
2π

;
1



cosec2 z =
+∞∑

n=−∞

1

(z − nπ)2 ; z 6= 0,±π,±2π,±3π, · · · · · ·

=
+∞∑

n=−∞

1

[z + (−π)n] [z + (−π)n]

cosec2 z =
+∞∑

n=−∞

( z
−π

)
n

( z
−π

)
n

z ( z−π
−π

)
n

z ( z−π
−π

)
n

=
1

z2 2H2

 − z
π
, − z

π
;

π−z
π

, π−z
π

;
1


z iz

cosec2 z =
+∞∑

n=−∞

1

(z − nπ)2 ; z 6= 0,±π,±2π,±3π, · · · · · ·

=
−1∑

n=−∞

1

(z − nπ)2 +
∞∑

n=0

1

(z − nπ)2 =
∞∑

n=1

1

(z + nπ)2 +
∞∑

n=0

1

(z − nπ)2

=
∞∑

n=0

1

[(z + π) + πn]2
+

∞∑
n=0

1

[z + (−π)n]2

cosec2 z =
∞∑

n=0

(1)n ( z+π
π

)
2

n

(z + π)2 ( z+2π
π

)
2

n
n!

+
∞∑

n=0

(1)n ( z
−π

)2

n

z2 ( z−π
−π

)
2

n
n!

=
1

(z + π)2 3F2

 1 , π+z
π

, π+z
π

;

2π+z
π

, 2π+z
π

;
1

 +
1

z2 3F2

 1 , − z
π
, − z

π
;

π−z
π

, π−z
π

;
1
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which is the hypergeometric form (22).

Now replacing by , we get (30).

Similarly, we can obtain the hypergeometric forms (19), (20), (23) to (28), (31) to (37) of remaining partial 
fraction expansions. 

z iz
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