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. INTRODUCTION

n the monumental work of Prudnikov et al.[8,Chapter 7] and other literature of Special functions, hypergeometric

forms of following functions sin z,cos z, sin®z, cos® z, sinh(z), cosh(z), sinh®z, cosh?z, sin~'z,

sin~1z

— . — . _ 2 -1 -1
1 12, cot™ !z, A=, sinh 2, (sinh™'2)", cosh™ 'z, sech 'z,

-1

1 .N\2 1 _ —
(sin™"z)", cos™'z,sec” !z, cosec” z, tan

cosech™ z,tanh ™'z, coth™'z, S22 og (1+2), In(1+z2), e*2, a*?, (1+2)*, sin(asin™!z),

V14227
. —1 cos(asin™! 2 sin(asin™! z . . . .
COS(G Sin Z), ( ) s ( ) 5 associated Comp08|te functions and transcendental fUI’]CtIOI’]S, are
V1—22 V1—22

available.

In the Maclaurin’s expansions of tan z,cot z,cosec z, tanh(z), coth( z), cosech(z) and sec z,sech(z),
the coefficients of 2™ are associated with Bernoulli numbers and Euler numbers [15] respectively.From Maclaurin’s
expansions, we are unable to obtain their corresponding hypergeometric forms.

Now we shall find the hypergeometric forms of tan z, cosecz, cotz, secz and otherassociated
composite functions by means of corresponding partial fraction expansions obtained by Mittag-Leffler theorem or
Fourier series method [5; pp.602-603 .

The Pochhammer’s symbol or Shifted factorial (hr)is defined by

I'(h+r) 1 pifr=0
(h)T_W{h(h+1)---(h+r—1) =128 (1)

whereh 0,—1,—-2, - - - and the notation (I") stands for Gamma function.

Lemma: If a, p and n are suitably adjusted real or complex numbers such that associated Pochhammer’s
symbols are well-defined, then we have

(a+pn) = 0, (2)

Mittag - Leffler's expansion theorem([4;7;14;15;16]
(i) Suppose that the only singularities of f( ), except at infinity, in the finite plane are the simple poles at the
points 2 = a1, 2 = as, 2 = ag, - - - arranged in order of increasing absolute value, that is:

...... 2 |a3| Z |a2| Z |a1| > O
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(i)  Letthe residues of f(2)at ay, as, as, - -+ be by, by, bs, - - - respectively.

(i) LetC)y be circles of radius R which do not pass through any poles and on which | f(2)| < M, where

M s independent of N and Ry — 0o as N — o0.
When these conditions are satisfied then Mittag-Leffler's expansion theorem states that

f(z) = +Zb { — i} 3)

for all values of z except the poles.
In the literature of calculus of residues [2 to 7; 12 to 16], following partial fraction expansions are available.

September 2011

[2, pp.296-297; 6, p.240(Q.No.3);: 16, p.113]

1 1 1 > 1
_+ 1 Z— . . . ...(4
er—1 z 2 e n—1 4An?m? + 22 2 7 0, £20m, i, W

[15, p.187]

1 1 1 1
2
sec?z = 4 + + + T
{ (m—22)°  (m+22)° (3m—22)° (37+22)° }

Research Volume XI Issue VI Version I

™ 3m  om
_ 4 p Al 0 0T (5
n_zoo 2n+1 7T+22]2 4 20 2 2 8
(7, p.135; 16, p.113]
1 1 1 1 1

2
cosec”z = — + + + +
2 (240 (z—20)°  (z+270)°

é = v 07 :|:7T7 :|:27T7 :ES’]T, o (6)
B

5 [2, p.296; 4, p.157(Q.No.36); 16, p.113]

~ 1 1 1 L

r: t . - o,k

3 e Z{ —4z2+97r2—422+257r2—422+ } =7 22

n=—oo

Y e en) 0

3, p.122(Q.No.8); 5, p.602; 12, p.310(Q.No.14)]

t o ! + - R
cotz = — z
| z 22 — 2 —4x? 22 — 9p?
— 1+2zi; c2 £ 0,47, 21, £37 ---(8)
Z _122—n2ﬂ'2 bl ) ) ) )
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(3, p.122(Q.No.9); 4, p.147; 7, pp.132-133]

1 5 1 1 4 1
cosecz = ——2z — —
z 22— 2 22 _4qp? 22 — 9
n2n? _

= = +2z2% .2 # 0, +m, £27, £37,
Zn - z

[4, p.156(Q.No.34): 5, p.603; 7, p.137(Q.No.18)]

) 1 3., 5
secz = — ..
T2 — 422 On2 — 422 ' 2572 — 422

- 27r§: (1" (n+3) gl ST 0T
= (’I’L—i—%)Qﬂ'Q—ZQ ) 2a 27 27

[2, p.296: 15, p.187]

fanh(z) = 82{ ! ! L }

w2 4 422 +97r2 + 422 + 2572 + 422 +

o 3w i
: +— 44— +—
72: % 2 ) 2 ) 2 )

= 22’;%(”_1_1

1
5)27r2 + 22

[2, p.296; 7, p.134]

1 1 1 1
coth(z) = ——%Qz{ + + + ‘-}
V4

242 24 An? | 2492
1—1—2 S 1 # 0, +im, £2im, +3i
= = zg _ Pz , ki, 24, £3im,
z n:122+n27r2

12, p.296; 7, p.135]
1 1 1 1
cosech(z) = ——2z{ + e }

2 2242 22 4472 22492

1 = (=) . . .
= —+ 2z E m y R 7é 0, ZI:Z?T, ZEZZW, ZESZ’TF,
(14, p.175; 15, p.187]

sech(z) — 47r{ ! 3 5 }

724422 Q2 1 422 +257r2 4422

= (D" (n+3) it 3ir 5im
=) pFEp ALY

I

- (10)
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Ramanujan’s partial fraction expansions [1, Part-IV, pp.380-381]

Ramanujan’s systematic work on ordinary hypergeometric series is contained primarily in Chapters XII, XII,
XV of first notebook [9] and Chapters lll, X and XI of second notebook [10]. Ramanujan evidently had an affinity for
partial fraction expansions, which can be found in several places in his notebooks. The heaviest concentrations lie in
Chapters 14 and 18 and in the unorganized pages at the end of the second notebook. See Berndt's books [part-II]
and [part-lll] for accounts of the material in Chapters 14 and 18, respectively. In this paper, we obtain the
hypergeometric forms of three partial fraction decompositions in the unorganized pages of second notebook.

When 2 %(11@') = 0,41,42,43, -

then [1(Part-IV), pp.380-381, Entry 13; see also 7, p.137 (Q.No.20 i)]

[e.e]

7 sinh(272) + sin(272) _ 1 Z 1 (15)
823 cosh(27mz) — cos(27z2) 8z £~ 4zt +nt
[1(Part-IV), pp.380-381, Entry 14]
7 sinh(272) — sin(272) _ i n? (16)
4z cosh(27z) — cos(272) —~ 4z' +nt
[1(Part-IV), pp.380-381, Entry 15]
T sinh(272) 1 - n 1 & 1
3 _ BT o S S 17
422 cosh(27z) — cos(27z) 823 ; 424 4+ nt N 224 22+ (2 + n)? (17)

I1. HYPERGEOMETRIC FORMS OF SOME PARTIAL FRACTION EXPANSIONS

If we apply the Lemma (2) in real or complex linear factors of quadratic and biquadratic polynomials in n,
associated with the denominators of partial fraction expansions (4) to (17), we get the following hypergeometric
forms:

2 2 )

1 1 1 2z
= -+ - _.F 1] ;20,42 (18
e —1 2" (22 +472) °°° Artiz  Am—iz 2 7 0, £, (18)
2T 0 2w )
2z 742z .
4 27 7 2w 3 5
sec?z = —— ,H, 1 AN - (19)
(22 + 7T) 342z 3n+2z . 2 2 2
2 ? 2 ’
m—2z Tw—2z . 42z w42z .
9 4 2 1 72 2 2w ) 1 4 12 1 > 2m 0 2w ) 1
sec” 2 = —m— 4+ —
(2z — m)° e T (22 4 m)° S P (20)
2T 2 ’ 2 ) o
. _z.
1 P T
cosec® z = = o Hy o 1 12 # 0, &7, £27, £3m, (21)
m+z Ttz 2 _z.
) 1 L, P 1 L, g .,
cosec” z = 5 35 | +—3F 1 (22)
4 + 7'(') 2m+2z 2n+z . z T—2 T—2
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1 m+2z w2z .
8z To2m 0 2m T 3T o7
tanz = ————= 3F 1 zEt— E— +—, -+(23)
(71— — 4z ) 3m+22 Ir—2z . 2 2 2
2m ’ 2 ?
1 T+z =z
24 y T 0 g
cotz = -+ > 3bh 1 12 # 0, &7, £2m, -+(24)
z (22 —72) otz 2r—z
T T )
1, Ttz 7=z
24 y T 0 g
cosecz = ;—i— (2 — 22 3Fy ) -1 12 # 0, &7, £2m, (25)
T4z 2m—z .
T ) P
1 3 T+22 =2z .
Am v 20 2 0 2m T 3
secz = ——— 4F} -1 ;z2#4+—+—, -+(26
(m2 — 422) 1 3742 3m-2z . 2 2 (26)
20 2r 0 2m
By replacing by in (19) to (26) and using the identities sec(iz) = sech(z), cosec (iz) = —icosech(z),tan
(iz) = itanh(z),cot(iz) = —icoth(z), we get the hypergeometric forms of corresponding hyperbolic functions.
T+2iz w42z .
4 2 7 2m o um
sech?(z) = — 5 2H) 1 2 F E— E—, -+(27)
(2iz 4 ) 3r+2iz  3m42iz 2 2
2 ’ 21 !
B 1 T—2iz w—2iz . 1 T+2iz w42z .
9 4 ’ 27 ) 27 ) 4 ) 27 27 )
sech (Z) = N 3F2 1 5 3F2 1
(m —2iz) 3r—2iz  3r—2iz . (7 + 2iz) 3m42iz  3m+2iz .
L 2w ) 21 ) 2w ) 21 )
(28)
_iz iz
1 ) T )
cosech?(z) = — oHy 1 ‘2 # 0, tim, +2im, £3im, (29)
T—12 T—1z .
L o 7 T )
) 1 17 _%7 _%7 1 17 Trjriza ﬂ':-iz )
cosech™(z) = — 35 1l - — 3k 1
T—12 T—12 (7'(' + ZZ) 2m+1iz 2m+4iz .
(30)
1 7 7r—|2-27lz 7r52iz : 5
8z ™ 7 2w i i
tanh(z) = ——— 3F} 1 12 # £—, £ — (31
(2) (w2 4+ 422) 3m42iz  3m—2iz . 7 2 2 (81)
2m ? 2 )
5 1 mhiz m—iz .
> ) T ) T )
coth(z) = —+ 3F 1 1z # 0, +im, £2im, (32
(2) z (224 m?) ortiz  2m—iz . (3
T ?
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1 iz  m—iz .
1 22 R o
O =T | s e | 7O

™ ) s ’

1 3 +2iz T—2iz .

Am P20 w0 o i 3im
sech(z) = ————+ 4F3 —1| ;24 +—,+—,
(72 +422) 1 3742z 3mw—2iz . 2 2
2 2 ’ 2m ’

Whenz # Z(1£4) ;m=0,%£1,42,43,--- then

:—+—X

m sinh(272) + sin(272) 1 1
823 cosh(2mz) — cos(27z) 824 (4244 1)

1, —241+4+02, —2z4+1—tz, 2+14+12, 24+1—1z;
><5F4 1
—z2+244iz, —z4+2—1z, z2+24+1iz, 2+2—1iz;

7 sinh(272) —sin(27z) 1

= = X
4z cosh(27z) — cos(27z) (424 + 1)
2,2, —z4+1+1z, —z+1—1z, 2+14+iz, 24+1—1z;

X ¢F% 1
1, —242+92, —24+2—12z, 24+24+12, 24+2—12;
kS sinh(272) _ L—i—
422 cosh(27z) — cos(2mz) 823
1 2, —z+144z, —z4+1—0z, z24+1+1iz, z2+1—1iz;
+(424—1—1) o —2z4+24+iz, —z4+2—iz, z+2+1z, 2+2—iz; N

1 1, z2+1+1iz, 24+1—1iz;

* (423 + 422 + 22) °

z2+24iz, 2+2—1iz;

Above hypergeometric forms are not available in the literature. It is to be noted that the hypergeometric
series ;F,, ,F3, sF4 and ¢F5 are convergent.

[11. PROOFS
To derive (18), consider the following partial fraction expansion
1 11 = 1
= —— =42z —_— 12 # 0, £2im, £4im, £6im, - -
er —1 z 2+ Z224—47127r2 7 m T m
1 1 1

_ ;—§+222[2+2i(n+1)ﬁ] [z — 2i(n+ 1)

1
_ __—+ Z < (= + 2im) + (2im)n] ((z — 2im) + (—2im)n]
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Now using the beautiful Lemma (2), we get

Ll GG,
e —1 z 2 — (z + 2im) (Z;f;”)n (z — 2im) (—Z:QA‘Z.ZT)”
1 2imt+z  2im—z .
1 24 " v 2w 0 2w ) .
= - -4 ——
2 2 (22+4m2) P dintz  din—z |
2 0 2w
1 2n+iz  2m—iz .
1 1 1 2z 2 oo2m 0 2w 0 1
e e —
er —1 2 2 (244r2) 07 Artiz  Am—iz
2 ’ 2 ’
To derive (21) and (22), consider the following expansion
+o00 1
cosec’ z = Z — 12 #£0,+m, 2271, £33, - - -
= (z—nm)
S e+ (=m)n] [z 4 (—m)n]
Now using the beautiful Lemma (2), we get
0 () (&) 1 -2, —Z;
2 —n/n \—m
cosec = = — oH 1
¢ Z < (z__ﬂ- z (z__ﬂ—) Z2 2 2 mT—Zz mT—Zz .
n=—oo T™’n ™’n p s p )

which is the hypergeometric form (21).
Now replacing z byzz and using suitable circular-hyperbolic identity, we get (29).
Now again consider,

+oo
1
2
cosec” z = E S — c2 £ 0, 7w, 2, £3m, e
S (2 mr)2 7

(2 n7r)2 (2 mr)2 — (z+nm) (2 n7r)2
- 1 - 1
R e e

s
2 (z42m\2 ) z=m\2 |
n=0 (Z + 7T) ( T )n n n=0 ( -7 )n
1 Ttz Ttz 1 _z _Z .
1 [ R 1 ’ T T
= 5 3F2 Ll + sk 1
(Z + ’ﬂ') 2m+z 2mw+z . z T—2 T—2
T ’ s ’ T ) T )
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which is the hypergeometric form (22).

Now replacing z by iz, we get (30).

Similarly, we can obtain the hypergeometric forms (19), (20), (23) to (28), (31) to (37) of remaining partial

fraction expansions.
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