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A Note on Intuitionistic Fuzzy Hypervector Spaces

Sanjay Roy, T. K. Samanta

Abstract-The notion of Intuitionistic fuzzy hypervector
space has been generalized and a few basic properties on
this concept are studied. It has been shown that the
intersection and union of an arbitrary family of
Intuitionistic fuzzy hypervector spaces are also
Intuitionistic fuzzy hypervector space. Lastly, the notion of
a linear transformation on a hypervector space is
introduced and established an important theorem relative
to Intuitionistic fuzzy hypervector spaces.
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. INTRODUCTION

he notion of hyperstructure was introduced by F. Marty in

1934. Then he established the definition of hypergroup [4]
in 1935. Since then many researchers have studied and
developed (for example see [5], [6]) the concept of different
types of hyperstructures in different views. In 1990 M. S.
Tallini [10] introduced the notion of hypervector spaces. Then
in 2005 R. Ameri [1] also studied this spaces extensively. In our
previous papers ( [7], [8] ), we also introduced the notion of a
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hypervector spaces in more general form than the previous
concept of hypervector space and thereafter established a few
useful theoremsin this space.

The concept of intuitionistic Fuzzy set, asageneralization of
afuzzy set was first introduced by Atanassov [3]. Then many
researchers ([2], [9], [12]) applied this notion to norm,
Continuity and Uniform Convergence etc. At the present time
many researchers ( for example [11] ) are trying to apply this
concept on the hyperstructure theory.

In this paper, the concept of Intuitionistic fuzzy hypervector
space is introduced and a few basic properties are developed.
Further it has been shown that the intersection and union of a
arbitrary family of Intuitionistic fuzzy hypervector spaces are
also Intuitionistic fuzzy hypervector space. Lastly we have
introduced the notion of a linear transformation on a
hypervector space and established an important theorem
relative to Intuitionistic fuzzy hypervector space.

1. PRELIMINARIES

This section contains some basic definitions and preliminary
results which will be needed.

Definition 2.1 [6] A hyperoperation over anon-empty set X isamapping from X x X into the set of all non-empty subsets of X.

Definition 2.2 [6] A non-empty set X with exactly one hyperoperation* #' is called a hypergroupoid.
Let (X,#) beahypergroupoid. For every point x € X and every non-empty subset A of X, we defined

x#A=Ugea{x # a}.

Definition 2.3 [6] A hypergroupoid (X , #) iscalled ahypergroup if

D x#@Y#H2)=(x#y) #Hz

(ii) Thereexists0 € X such that for every a € X, thereisunique element b € X forwhich 0 € a# band 0 € b # a. Hereb

isdenoted by —a.
(iii) Fordl a,b,c € Xifaeb#cthenb € a#(—c).

Proposition 2.4 [6] (i) Inahypergroup (X ,#), —(—a) = a, Va eX.
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(i) 0 #a ={a}, Va e X ,if (X,#) isacommutative hypergroup.
(iii) Inacommutative hypergroup (X, #), 0 isunique.

Definition 2.5[7] A hyperring isanon-empty set equipped with a hyperaddition ‘#' and amultiplication ‘.’ suchthat (X, #) isa
commutative hypergroup and (X, .) isasemigroup and the multiplication is distributive across the hyperaddition both from the
left and from therightand a.0 = 0.a =0, Va € X, where 0 isthe zero element of the hyperring.

Definition 2.6 [7] A hyperfield is a non-empty set X equipped with a hyperaddition ‘# and amultiplication*.” such that
() (X, #, .) isahyperring.

(ii) Thereexistsan element 1 € X, called the identity element suchthat a.1 = a, V a € X.

(iii) For each non-zero element a € X, there existsan element a~! € X suchthat a.a 1=1.

(iv) a.b =b.a, V¥ a,b € X.

Definition 2.7 [8] Let (F, ®,.) be a hyperfield and (V, #) be an additive commutative hypergroup . Then V is said to be a
hypervector space over the hyperfield F if there exists ahyperoperation *: F X V — P* (V) suchthat

ax(a#p) € axa#ta*xf,VaeEF and Va,B e V.

(i(a® b)xaSaxa#tbrxa, Va,bEF and Va e V.

(ii(a.b)*a=ax*(b*a), YVa,bEF andVa€eV.

(ivVy(—a)*a = a*(—a), Vae FandVvaeV.

WMWa€lpg*xa, e 0xaand0+x0 =6, VaeV.

where 1 is the identity element of F , 0 is the zero element of F and 0 is zero vector of ¥V and P*(V) is the set of all
non-empty subset of V.

Definition 2.8 [1] Letf: X - Y beamapping and v € FYY), the set of al fuzzy subset of Y. Then we define f~1(v) € FYX)
asfollows:
W) = v(f(x), V x € X, Where FSX) and F(Y) denote the fuzzy subsetsof X and Y respectively.

Definition 2.9 [12] Let E be aany set. An Intuitionistic fuzzy set(IFS) A of E isan object of theform A= { (x, us(x),v4(x)) :
x € E}, where the functions u,: E — [0,1] and v,: E — [0,1] denotes the degree of membership and the
non-membership of theelement x € E respectively andforevery x € E, 0 < py(x) + vu(x) < 1.

[11. INTUITIONISTIC FUZZY HYPERVECTOR SPACE

In this section, we establish the definition of intuitionistic fuzzy hypervector Spaces and deduce some important theorems.
Throughout this paper, we write A and V instead of minimum and maximum respectively.

Definition 3.1 Let (F, ®, .) beahyperfield. Anintuitionistic fuzzy hyperfield on F isan object of the form
A ={(a,ur(a),vp(a)) : a € F} sdtisfiesthe following conditions:

() Axea@p tr(x) = pp(a) App(b), V a,be F.

(i) up(—a) = pp(a), Vv a € F.

(iii) up(a.b) = up(a) Augp(b), Va,b €F.

(iv) ur(@™) = pp(a), v a(*0) € F.

(V) Vxeaap Vr(x) < vp(@)Vve(b),V a,beF.

(Vi) vp(—a) < vp(a), V a € F.

(vii) vg(a.b) < vp(a) VVve(b), V a,b € F.

(viii) ve(a™) < vg(a), V a(+0) €F.
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Result 3.2 If Aisan intuitionistic fuzzy hyperfield of F, then

() up(0) = pp(a), Va€F.
(i) up(1) 2 pp(a), Vv a € F\{0}.
(i) pp(0) = pp(D).

(V) pp(=a) = pp(a), v a € F.
V) vp(0) < vp(a), V a€F.

i) ve (1) _S vi(a), V a € F\{0}.
(i) ve(0) < vp(D).
(viii) vp(a™) = vp(a), V a(# 0) €F.

Proof : Obvious.

Definition 3.3 Let (V, #, *) be ahypervector space over ahyperfield (F, @, .) and A be an intuitionistic fuzzy hyperfield in
F. Anintuitionistic fuzzy subset B= { (x, uy(x), vp(x)) : x € V} of Vissaid to be anintuitionistic fuzzy hypervector space
of V over an intuitionistic fuzzy hyperfield F, if the following conditions are satisfied:
() Agexsry Mv(@) Zuy(X) Apy(y), Vx,y € V.
(D) wy(=x) =z w(x), v x €V.
(i) Ayequx tv(¥) = py(x) App(a), Va€ Fand Vx € V.
(iv) ur(1) = uy(6), where 8 bethe null vector of V.
(V) Vaexsy w(a) < vww(@X) V), Vx,y €V.
) w(=x) < wx),VxeV.
(Vi) Vyeqxr Ww(@) < w(x)Vvp(a), VaEFand Vx € V.
(viii) ve (1) < vy (6), where 8 bethe null vector of V.
Herewe say that B isan intuitionistic fuzzy hypervector space over an intuitionistic fuzzy hyperfield A.

Result 3.4 If Bisanintuitionistic fuzzy hypervector space over an intuitionistic fuzzy hyperfield A, then
0 ur(0) = uy(0).
(D) py(0) = py(x), Vx €V.

(iii) pup(0) = py(x), Vx €V.
(v) ve(0) < vy (0).

W w(@) < wkx),Vx eV.
i) vg(0) < vw(x), Vx EV.

Proof : Obvious.

Theorem 3.5 Let V' be ahypervector space over ahyperfield F and A be anintuitionistic fuzzy hyperfield. Let B € IFS(V). Then
B isan intuitionistic fuzzy hypervector space over A iff

() Asequxtibry v (2) = (pp(@) A py () A (up(B) Ay (), Vx,y €V and V a,b € F.
(i) ur(1) = puy(8) = uy(x), where 8 bethenull vector of V and x € V.
(i) Viequrpey Ww(@) < (Ve(@ Vi, () V (ve (D) Viy (), Vx,y € Vand ¥V a,b € F.
(iv) ve(1) < vy (8) < vy(x), where 8 bethenull vector of V and x € V.

Proof: First we suppose that B is an intuitionistic fuzzy hypervector space over the intuitionistic fuzzy hyperfield A. Then for
a,b € F andx,y € V, wehave

/\zea*x#b*y Hy (Z)

= Azea#pacasx,Bebry Hv (2)
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=NAgeasx,Bebry (Azea#ﬁ‘ #V(Z))

2N geaxx,pebsy (Hv(a’) A #V(ﬁ))

= (Aaearz 1 (@) A (Ageny 1y (B))

= (#F(a) A #V(x)) A (#F(b) A #V(Y))-

.8 Aeasxtbry r(2) = (p(@) A py () A (1 (b) Ay (1))

Vaeaextbey Vv (2)

=V eanp acasx,pebry Vv (2)

= Vaeasx,pebxy (Vzea#ﬂ VV(Z))
<Vaearx,gebry (Vv(a) \ Vv(ﬁ))

= (Vaeass W(@) V (Vgery w(B))
< (VF(a) \% Vv(x)) \% (VF(b) \% VV(}’))-

Therefore Viequxpay W (2) < (ve(@) V vy (0)) V (vp () V vy ().
The second and fourth inequalities are directly follow.

Conversely suppose that the inequalities of the theorem hold for al x,y € Vand V a,b € F. Then
Azetsxtiey By (2)

> (W Ay () A (1 (D) Ay ()

> (uy(0) A py () A (uy (0) Ay (1))

= (@) Auy(y)

1.8 Agexiy bv(2) = py(X) Apy(y), asx € Ixxandy € 1xy.

ty (—x)

> Nge—tax My (2), 88 -x € —1xx

= Aze—1exitonx My (2)

= (.UF(_l) A #V(x)) A (#F(O) A #V(x))

= (up(D) A py () A py (%), @ pp(0) = pp(1) 2 py(x)
(#V(g) A #v(x)) A uy (x)

ty () A py ()

= py(x).

i.e py(—x) = py(x).

v

Nyeasx wy (y)

= Ayeasxonx by (V)

> (pr(a) Apy () A (1p(0) A py (x))

= (Hv(x) A #F(a)) Ay (x), 8 up(0) = up(1) = py(x)

= py(x) Aup(a).
The fourth inequality of definition 3.3 isdirectly follows. Next,

Vzetextisy vy (2)

< (VF(l) \% Vv(x)) \% (VF(l) \% VV()’))
< (VV(Q) \% VV(x)) \% (VV(Q) \% VV(Y))
= v () Vv ().
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i€ Vyexsy (@) < vy (X)) Vyy(y), asx € 1xxandy € 1xy.

vy (=x)
SVie1axW(2), 88-x € —1xx
< Vie-tux # 0vx Vv (2)
< (VF(_l) VVV(x)) \ (VF(O) \% VV(x))
= (VF(l) \4 Vv(x)) Vy(x), asvp(0) <vp(1) <vy(x)
(VV(Q) \ Vv(x)) Vv (x)
vy (x) V vy (x)
= v (x)
i.e vy (—x) < w(x).

IN

Vyeasx Vv 6]

< Vyea*x# oxx Vv (y)

< (VF(a) \ Vv(x)) v (VF(O) \ Vv(x))

= (W@ Vvvr(@) vy (x), asve(0) <vp(1) < vy(x)

= v, (x) Vvp(a).

The eighth inequality of definition 3.3 is obvious.

Therefore B isanintuitionistic fuzzy hypervector space over A. This completes the proof.

Definition 3.6 Let By = {(x uf(x), vi(x)):x € V} be a family of intuitionistic fuzzy hypervector spaces of a
hypervector space V over the same intuitionistic fuzzy hyperfield A = { (x, up(x), ve(x)) : x € F }. Then the intersection of
those intuitionistic fuzzy hypervector spaces is defined as

(Naer BOG) = { (X, Agen HF(X), Aaep Vi (X)):Vx € V }

and the union of those intuitionistic fuzzy hypervector spacesis defined as

(Uaen B) = { (%, Vaen 1 (X), Vaer vi(x)): VX EV }.

Theorem 3.7 Theintersection of any family of intuitionistic fuzzy hypervector spaces of a hypervector space V isan intuitionistic
fuzzy hypervector space.

Proof: Let {B*: « € A} be afamily of intuitionistic fuzzy hypervector spaces of V over the same intuitionistic fuzzy hyperfield
A ={(x u@), vi(): x € F}. Let B = (Naea BYY@) = { (.1, (), w () + x € V) where py (x) = Age 1 ()
and vy (x) = Agen vy (%).

Let x,yeV and a, b EF.

Azeasxtpry My (Z)

=Nzeasxtbwy (AaeA wy (Z))

=Ngen (AZEa*x#b*y uy (2)

2Agen {(1r(@) A () A (1p(B) A ()}

= {(ur(@) A (Naen 17 ()} A{ur (D) A (Agen 1y ()}

= (.UF(a) A ﬂv(x)) A (ﬂF(b) A MV()’))-

Therefore Asequxiey ty(2) = (@) A py () A (up(d) A py (1))

Again up(1) = uf (@) = uf(x), vx e Vandva € A.
Therefore pup(1) ZAgen 1y (0) ZAgen py (x).
i.e pp(1) = puy(0) = py ().
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Next, Viequxsbey Vv (2)

=V easx#bry (AaeA vy (Z))

< e (Vacauxivey V(@)

< Aaer {(Vr(@ VVE)) v (ve (D) Vv (1)}
={(r(@) V (Naea W G}V {Ve(D) V (Agen vv ()}
= (ve(@ Vv () v (ve(b) vV vy (37).

Therefore Ve quxitbny v (2) < (Vr(@) V vy () V (Ve (b) V vy ().

Again vp(1) < v (0) < vJ(x), Vx EVandVa € A.

Therefore vip (1) < Agep V7 (0) < Agen Vi (x).

i.e vp(1) < v (0) < vy (x).

Therefore B isalso an intuitionistic fuzzy hypervector space over A.
This compl etes the proof.

Theorem 3.8 The union of any family of intuitionistic fuzzy hypervector spaces of a hypervector space V is an intuitionistic fuzzy
hypervector space.

Proof: Let {B*:a € A} be afamily of intuitionistic fuzzy hypervector spaces of VV over the same intuitionistic fuzzy hyperfield
A = { (x,up(x),vp(x)) tx € F}.

Let B = (Ugea B = { (%, 1y (), () : x € V}
where py (x) = Vaep i (x) and vy (x) = Vgen vir ().

Let x,y € Vandab € F.
Azeasxtbry By (Z)

=Nzeasxitbry (VaeA i (Z))

2Vaen (AZEa*x#b*y M%(Z))

2Vgen {(1r(@) A () A (1p (D) A G ()}

= {(ur (@) A (Vaen 1y ()} A {ur (D) A (Vaen 1y (1))}

= (.U-F(a) A #V(x)) A (.U-F(b) A Iiv(}’))-

Therefore Azeqsxspry by (2) = (#F(a) A Mv(x)) A (#F(b) A HV(}’))-

Again up(1) = uf(0) = uf(x), vx e Vandva € A.
Therefore up(1) =Vaen 1y (0) ZVaen 1y (X).
i.e pp(1) = puy () = py ().

Next, Viequxsbey Vv (2)

= Vieasxttbry (VaEA vy (Z))

=Vaen (Vacauxivry V(@) )

< Ve {(vr(@) VVE () Vv (vp(B) Vv (1))}
={(vr(@) V Vaen W)}V {Ve(D) V (Vaer vi ()}
= (VF(a) \ Vv(x)) \% (VF(b) \ VV()’))-

Therefore Vequxibay Vv (2) < (Ve (@) V vy (1)) V (vr (B) V vy ().

Again v (1) < vJ(0) < vJ(x), Vx EVandVa € A.
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Therefore vp (1) < Vgep v (0) < Vgen vy (x).

i.eve(1) < v (0) < vy (x).

Therefore B isalso an intuitionistic fuzzy hypervector space over A.
This compl etes the proof.

IV. LINEAR TRANSFORMATION

In this section we established the definition of a Linear transformation on hypervector Spaces and deduce aimportant theorem
relative to intuitionistic fuzzy hypervector spaces.

Definition 4.1 Let (V, #, *) and (W, #,, ') betwo hypervector space over the same hyperfield (F, @, .).
A mapping T : V — Wiscalled Linear transformation iff

) Tx#y) S TXO# T().

(iNT(a*x)Sa*Tkx), Vx,yeEVanda€F.

(i) T(6) = 6.

Theorem 4.2 Let (V, #, *) and (W, #,, *") betwo hypervector space over the same hyperfield (F, @, .) and T:V — W be
a linear transformation. Let B = {(y, pw (), viw(»)): y € W} be an intuitionistic fuzzy hypervector space over A =
{(a, pr(@), ve(@): a € F}. Then T7Y(B) = {x, T (uy)(x), T (vy)(x): x € V} is an intuitionistic fuzzy
hypervector space of V over A. Where T~ () (x) = py (T (x)) and T (vyy) (x) = vy (T (x)).

Proof: Let a,b € Fand a,B € V.

Then Avequaspep T~ (w) ()

=Nxearatb+p #W(T(x))

=Arerasatpsg) bw (T (X))
>Ar(oear@# sy bw (T(X))

2 (ur(a) A py (T (a))) A (1 (D) A uw (T(B)))

= (ur(@ AT () (@) A (up (D) AT () (B))
Therefore the first condition of theorem 3.5 is satisfied.

Again T~ (uy)(0) = uy (T(0)) = uyw(8) < up(1), where 6° be anull vector of W
e pp(1) = T (uw)(6).

T (uy)(x) = MW(T(x)) < uy(8), as B isanintuitionistic fuzzy hypervector space.
Therefore T~" (i) (x) < iy (8) = pty (T(8)) = T~ (1 )(8).

So ppr(1) 2 T~ () (0) = T () (x).
Therefore the second condition of theorem 3.5 is satisfied.

Vxearatbp T_l(VW)(x)-
=Vyearatpsp Yw (T (X))
=Vrx)er(aatb+p) VW(T(X))

S Vrwear T(@# b+ T(B) v (T()

< (vp(@) Vv (T(@)) V (ve(b) V vy (T(B)))
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= (r(@ VT ) (@) V (ve(B) VT (v ) (B)).
Therefore the third condition of theorem 3.5 is satisfied.

Again T~ (vy)(8) = vy (T(6)) = vy (8" = v (1), where 8° beanull vector of W i.e vz(1) < T~(vy)(6).
T vy (x) = vW(T(x)) > v,(0), as B isanintuitionistic fuzzy hypervector space.

Therefore T~ (v ) (x) = vy (8) = vy (T(6)) = T~ (v ) (6).

So vp(1) < T (vy)(0) < T (vy) (x).

Therefore the fourth condition of theorem 3.5 is satisfied.

Hence T~1(B) isan intuitionistic fuzzy hypervector space of a hypervector space V over A.
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