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Theoretical Growth Model Space for Cities 
José Reyes Bernal Bellón

Abstract - This work raises a theoretical model of spatial 
growth for the cities in which makes explicit that the growth of 
population and income growth determined the city's expansion 
in terms of area built for business and the area destined for 
housing. At the same time, shows that local public policy can 
slow down the growth of the population in the cities by 
avoiding that generate an unbalanced growth and thus 
increase the housing deficit. 
Keywords : City, dynamic urban, growth balanced 
space, population. 

I. Introduction 

he purpose of this paperis to propose a model of 
balanced spatial growth of cities. To this end, the 
paper is divided into five sectionsof which the first 

is this introduction. The second pointis a brief 
presentation of the theoretical models of spatial growth 
while in the third and fourth presents the proposal of a 
balanced growth model together with its development 
and policy implications. In the fifth section draws the 
main conclusions. 

II. Theoretical Proposals Growth 
Urban Space 

The urban spatial growth can be understood as 
physical growth of the city and its people. Physical 
growth referred to the increase of housing, infrastructure 
and buildings for business within the urban area, while 
the population grow this accounted for as the rate at 
which expands people living within the city. Clearly this 
process can be understood as the dynamic behavior of 
the city. Understand what are the factors explaining this 
dynamic city, is what is known as a model ofurban 
dynamics(MDU). 

One of the first proposed to explain urban 
dynamicsis based on the land transport systems. These 
system sare critical to the economy of a city and its 
planning because they can affect the locationof families 
or households, the location of firms or companies, the 
paths of trade and because the levels of production and 
employment. 

Micro theory is based on the individual 
consumer or consumers and was initially developed by 
Von Thunen. In this model we introduce transportation 
costs and their impact on the location and prices. After 
you were making changes to improve it to the point that 
their solution is to maximize the usefulness and benefits 
and of course in land rents. 
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Krugman (1997,1999) has driven research in 
urban and regional context with the main analysis 
focuses on explaining the emergence, development and 
collapse of urban structures from the principle of self 
organization. 

In the past years has produced a series of 
works related to the study of urban dynamics. Examples 
are the works cited by Ontiveros, Cirelli and Cavdeville. 
In this vein, the work done by Couclelis(1995), 
Batty(1995,2004, 2005), White and Engelen (1993), 
Clarke, K., S. Hoppen and L. Gaydos(1997). These 
works rescue the implementation of models to explain 
urban dynamics based on cellular automata theory. 
These cellular automata classified urban space into cells 
which may contain specific areas of trade, industry or 
housing or because of specific social groups. 

The models developed have allowed the 
explanation of the growth of cities and focused on the 
processes of structuring of urban space and the quest 
for development. 

Likewise, other applications of these cellular 
automata models relate to the dynamics of the real 
estate market and urban ecology. Particularly Wegener 
andSpiekermann (2005) used cellular automata to 
model the diffusion process of urban pollutants. 
Additionally, the cellular automata theory has been 
applied to different urban transport systems as shown 
by Nagel and Schreckenberg(1992). 

Other developments in urban dynamics models 
have been developed by Forrester (1969). This 
development tries to find the internal forces that control 
the balance between population, housing and business 
structures in urban areas. 

   

The following is a specific growth model 
designed to Bogotáwas originally based on urban 
dynamics models proposed by Forrester(1969) but 
including a lot of changes.The original idea of the model 
is to show the factors that controla hypothetical balance 
between population growth, housing and business. 
Therefore, this model will try to show the factors that 
affect the  physical growth of the city along with 
population growth and the possible interactions that 
may occur to examine the balanced growth of the same. 

a) Urbangrowth model 
This model follows the logic of the city's growth 

is determined by population growth, the growth in 
physical units for housing and the growth of physical 
units designed for business. It starts with the following 
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assumptions: a) It is assumed that there is a certain 
area of the city and part of that area can be designed to 
increase the supply of housing or facilities whether they 
be commercial or industrial. b) It is considered that the 
remainder of the total area for other uses but are 
essentially determined by the local government such as 
parks, gardens, roads, public space and infrastructure 
ingeneral. Basedon the above factors arisestrict 
population growth, growth of housing and business 
growth. 

 Population growth  
The population growth (Gn) of the cityis directly 

related to the net growth rate of births (Gnac) with the 
growth rate of immigration (Ginm) and inversely with the 
growth rate of emigration (Gemi) .In formal terms would 
have the following:   

Gn = f(Gnac, Ginm, Gemig)   (1) 

Also, the growth rate of immigrationis directly 
determined by the employment rate of the city (Uu) for 
the wage gap between rural and urban (Ws) and other 
factors (Fs) in which are rural social conflicts, the 
demands of higher education and so on.These 
considerations have their theoretical support in the 
postulates of Todaro (1969), Lewis (1955) and Fayand 
Opal (2000). One of the initial relations that can be 
made between the process of economic growth and 
expansion of the city, created with the Lewis model of 
development which posed a structural change in 
production. He believed that in the rural labor was 
abundant with zero productivity which should migrate to 
the city where higher wages were paid and where they 
could trainto participate in amostly industrial area. The 
process should continue to generate a large 
industrialization to absorb the labor field, to the extent 
that such excess is exhausted and wages go up in the 
traditional sector. Todaro shown through a model ofthe 
impact of migration is generated in the labor market in 
the city. This whole process could involve an expansion 
or growth of the city both economically and interms of 
space. As the region's population continues to increase, 
the pressures of urbanization increase and open spaces 
will be more appreciated and more expensive. Formally 
it would: 

Ginm = f1(Uu, Ws, Fs)    (2) 

Mean while, the net growth rateof births, which 
is the difference between birth rate and death rate 
depends on the rateof growth of income percapita (Gy) 
and the degree of education of women (Ged.) It is 
possible that these two variables are correlated, but it is 
also true, on the theory of endogenous growth in fertility 
to the extent that women are brought up the possibility 
of having a large number of childrenis also reduced. It is 
also possible to find that with higher income levels is 
possible to increase the birth rate or other wise 

accessed to highe reducation and vice versa. Formally 
have the following: 

Gnac = f2(Gy, Ged)    (3) 

Under the seconsiderations it is then that the 
rate of urban population growth is an inverse function of 
the emigration rate and directly related to urban 
employment, wage differences, socio economic factors, 
political and cultural etc. of income pecapita and level of 
education of women. Formally have the following: 

Gn = F(Gemi,Ws,Uu, Fs, Gy, Ged )  (4) 

(-)     (+)  (+)  (?) (?) (-) 

Signs in parentheses indicate the relationship 
between each variable and the rate of population 
growth. It is noted that the impacts of other factors and 
the rate of growth of income percapitaon the rate of 
population growth are not clear on the considerations 
above. 

 Physical growth in  developable  space  
As noted above, the total urban area is the sum 

of space allocated for the expansion of the city in terms 
of housing constructionin the construction of facilities for 
business, plus the area for the city's infrastructure and 
reserved area by the local government for different uses. 
Simplifying this division, the urban area is the sum of 
developable area and the residue for which local 
government provides. 
In formal terms can have the following: 

Au = Aurb + AUR    (5) 

From where Auis the total urban area, Aurbis 
the area Aurb and AUR is developable and the 
remaining area of the city designed specifically 
according to the guidelines and central government 
planning. If we divide equation 5 for Aumust be 
developable are a involving more participation from the 
rest of the area of the city show 100% of urban space. 
The task nowis to show the factors that determine the 
physical expansion of developable space, expansion in 
the sense of the occupation of this space, both for use 
in housing construction and for construction of facilities 
for the industry or trade. Therefore arises as follows: 

Aurb = Abv + Abn    (6) 

Where Abv developable are ais intended for 
housing and Abnis intended for the construction of 
commercial and industrial establishments. 

 Expansion of built-up area for housing  
Within the area of developable space, the 

space for housing may be determined by several 
variables that affect the expansion and occupation of 
this space. The first factor affecting the rate of 
population growth than others is not strictly necessary to 
consider the close and direct relationship. It is well 
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known that a process of urbanization is accompanied by 
increases in population and increases in housing 
construction. Normally, in most countries and especially 
in the underdeveloped population growth is faster than 
the growth of housing, thereby causing housing 
shortage for homes. In this regard, the population 
growth punctuates the expansion of the housing and if 
there is a shortage of the same, will tend to which the 
expansion takes place faster. 

An important factor in the expansion of the 
housing is credit constraints. This variable can be and 
indeed it is, the variable after the population growth 
could impact positively on the expansion of housing, ie 
greater availability of credit to higher demand for 
homeownership and therefore increased the 
constructed area. 

Decisions made by local government on a given 
area can influence the expansion of built-up area for 
housing and likewise to reduce it. Additionally, the local 
government can make investments in any specific area 
thereby encouraging housing construction. 

These factors affect the expansion of housing 
built area horizontally, but you can think of a vertical 
growth of the constructed area would condition a bit in 
the horizontal expansion. This variable may be referred 
to as the efficiency of utilization of the soil, so that to the 
extent that this factor increases land use horizontally is 
reduced. In formal terms would have the following: 

Abv = f3(Gn, Cd, Tdh, Dp, Tes, Ps)  (7) 
 
In this funtion Abvis the share of housing 

intended for developable area within the total city area, 
Cd is the domestic credit, Tdhis the rate of housing 
deficits, Dpare the decisions of local government policy 
and Tesis the efficiency rate of soil showing the vertical 
growth of the city andPsis the price of the area 
designated for housing. 

 Expansion  of the built  businesses  
Within this context of urban dynamics may be 

given multiple inter relationships between the variables 
being studied, for example, one can argue that the very 
process of population growth leads to the generation of 
goods and services essential to the survival and welfare. 
Under these considerations, it is possible to propose a 
direct relationship between the expansion of built area 
for the operation of business goods and services 
between the rate of population growth. Jones (1998) 
argues that population growth brings increased 
productivity because there are more individuals who can 
generate innovations that lead to the creation of new 
economic sectors and therefore the creation of new 
businesses. Also, changing economic conditions may 
cause

 

a transformation of the

 

space used for

 

housing in

 

an area for

 

business, in this sense, there may be

 

a rate 
of

 

demolition of houses

 

to be replaced by

 

commercial 
and industrial establishments. Of course, this process 

will take place in

 

all areas of

 

the city, but

 

in areas where

 

there are

 

certain kinds of

 

economic changes

 

together

 

with a large mass

 

of the population

 

but mostly because

 

the displacement o

 

fthe population of

 

outlying areas

 

is 
expensive.

 

Formally

 

have

 

the following:

 

Abn = f5(Gn, Tdv, Gy, Of)   (8)

 

In the ecuation 8 Abnis the ratio of

 

built area

 

for 
business

 

within the total

 

developable

 

area, Gnis the rate 
of

 

population growth, Tdvis the rate of

 

demolition

 

of 
houses

 

to be transformed into

 

business, Gyis

 

the growth 
rate

 

incomethat positively impacts

 

the construction of 
new

 

space

 

for business and “of”

 

are

 

other factors that 
may

 

affect the

 

growth of

 

built area

 

business

 

such as

 

land prices, policy decisions of local government,

 

etc.. 

b)

 

Dynamics of the model

 

The

 

basic idea of the

 

model is

 

the fact that any 
factor

 

that affects

 

the

 

population growth

 

alter

 

either

 

developable

 

space

 

for

 

housing construction

 

or 
construction

 

business. For example, if you increase

 

the 
level of education

 

of women,

 

then

 

this will lead to

 

a 
decrease

 

in the rate of

 

population growth

 

by the 
negative effect

 

on the

 

net birth rate

 

and therefore

 

will 
reduce

 

the pressures

 

on the use of

 

developable

 

space.  
Undoubtedly, that because of

 

the lack of planning

 

in the 
early

 

rapid expansion of

 

the city, provided the rate of

 

population growth

 

resulted in a

 

greater

 

housing 
shortage. The model could

 

show a balance

 

where

 

possible

 

balanced growth

 

among the population, 
housing and business.

 

This could

 

be illustrated through

 

a graph

 

that relates

 

the

 

population growth

 

along with

 

the 
occupation of the

 

developable

 

area

 

of the city.

 

It is 
necessary to note that

 

it is just

 

an exercise

 

to illustrate

 

the possible

 

balance through

 

curves

 

that reflect

 

the 
growth of

 

population and

 

developable

 

space. For this 
purpose

 

the three equations

 

that reflect

 

urban growth,

 

but can

 

be reduced to two

 

since the

 

developable

 

space

 

is the sum of

 

space used for

 

more

 

housing

 

used

 

for 
business. Formally

 

have

 

the following:

 

Gn = F ( Gemig, Ws, Uu, Fs, Gy, Ged)  

Abv = f3( Gn,

 

Cd, Tdh, Dp, Tes, Ps)   

Abn

 

= f5(Gn, Tdv, Gy, Of)  

Putting together

 

the last two equations

 

could be 
expressed

 

by

 

the following

 

hypothetical equilibrium

 

chart (No.1) that relates the

 

spatial growth

 

along with

 

population growth: 
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At point b of the graph relates the total 

developable area of the city but this can be increased by 
local government regulations or because they increase 
efficiency in land use or decreases in the rate of 
population growth. 

It is clear that the model can be used at the city 
or disaggregation by localities or blocks or specific 
sectors of the city. If you are thinking of implementing 
this model to the block level to be submitted only 
drawback is the lack of information on population per 
acre because the rest of the information would be 
available. 

Overall and in every model is expected to have 
high explanatory power, which is simple, applicable to 
the information available, etc.. Urban growth patterns as 
those based on cellular automata are very complicated 
but mostly costly in time for calibration and money for 
the software to be acquired for simulation and 
implementation; example is a model applied to the city 
of St. Francis whose cost amounted to two million 
dollars because its calibration takes a little over two 
years. Therefore, it would not be feasible for the time 
adapt a model for urban growth like this, but it would be 
appropriate to start thinking about implementing it to be 
important benchmarks for policy decision-making 
planning even local government. 

 

 

IV. Determination of Model of Urban 
Growth 

For calibration of themodelof urban growthwill 
takefirst theequations thatmake up the modeland the 
analytical solutionof the same.The equationscomprising 
themodel are as follows: 

Gn = f(Gnac, Ginm, Gemig)   (1) 

Ginm = f1(Uu, Ws, Fs)    (2) 

Gnac = f2(Gy, Ged)    (3) 

The solution of the first block of equations leads 
to the equation of population growth in terms of 
exogenous variables in parentheses and the signs 
reflect the expected relationship between the behavior of 
the variation in population growth and behavior of each 
of variables. 

Gn = F(Gemi,Ws,Uu, Fs, Gy, Ged )  (4) 

 Au = Aurb + AUR    (5) 

Aurb = Abv + Abn    (6) 

Abv = f3(Gn, Cd, Tdh, Dp, Tes, Ps)  (7) 

Abn = f5(Gn, Tdv, Gy, Of)                           (8) 

Overall and in every model is expected to have 

high explanatory power, which is simple, applicable to 
the information available, etc.. Urban growth patterns as 
those based on cellular automata are very complicated 

but mostlycostlyin time for calibration and money for the 
software to be acquired for simulation and 
implementation; example is a model applied to the city 

of St. Francis whose costamounted to two million dollars 
because its calibration takes a little over two years. 

Therefore, it would not befeasible for the time adapt a 
model for urban growth like this, but it would be 
appropriate to start thinking about implementing it to be 
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The   figure  shows  a  hypothetical   equilibrium 

equilibrium if the rate of growth of the population so that 
this curve to shift down and this crossing point c. The 
conditions are that an increased level of education of 
women, socio-political conditions be improved and 
public order in the region or country, or to the extent that 
the government promotes employment in the rural 
sector.

between the  rate of population growth and the developa-
ble area reflected  in  paragraph  a. The reality is that the 
city is at  the point c, where the rate of growth is not com-
patible with the built-up area for housing and businesses.
Thus  it  is  possible  to achieve  a  reduced  hypothetical  
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important bench marks for policy decision-making planning even local government. 
 The reduced form of this model of urban growth in terms of population growth and physical expansion of the city may be reflected in the following equations: 

GrcdF
GFGemigGrcdFGFFFWFUFdG

Grcd

YGYGrcdYGYSFSSWSVVN

∂
+∂+∂+∂+∂+∂+∂+∂=

2

2221101

 
Where the sign of the coefficients are as follows:  

01 VUF , 01 WSF , 


FSF1  0 , 


GYF2 0, GrcdF2 0 

The physical expansion of the city may be reflected in the following equation: 

ofFGyF
TdvFGNFTESFDpFTdhFcdFGFAuRb

ofGy

TdvGNTESDptdhcdNGN

∂+∂

+∂+∂+∂+∂+∂+∂+∂=∂

55

5533333

 

Where the sign of the coefficients are as follows: 

GNF3 >0 ; cdF3 > 0 ; tdhF3 >0; DpF3 >/< 0 ; TESF3 < 0 ; GyF5 > 0 ; ofF5 </> 0.

The last two coefficients are also positive 
because higher GDP growth of a city the greater the 
area designated for business. 

The intention nowis to try to find the coefficients 
more robust for making some kind of simulation in some 
cities that lead to consistent results in terms of 
population growth and growth in the use of the urban 
area whether for business or housing. 

V. Conclusions 

We have proposed at heoretical model of 
spatial growth for cities in which it is made explicit that 
the growth of population and income growth determine 
the expansion of the city in terms of built area for 
business and the area allocated for housing. 
It  also plays a key role local public policy to curb 
population growth in cities leads to unbalanced growth 
generating increases inresidential housing shortage. 
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