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A Study on the Eigen-Property of the Cylindrical
Coaxial Cavity by FEM

Yeong Min Kim

Abstract- The eigen-properties of the cylindrical coaxial cavity
have been investigated by FEM. The eigen-equation has been
constructed basing on tangential edge vectors of the
tetrahedral element. It was retreated with the shift-invert
strategy to maintain the calculation stability. Krylov-Schur
iteration method has been applied to it in order to obtain the
eigen-pairs of TM and TE modes. Eigen-modes were
calculated from the unitary similar transforming matrices of this
iteration loop. Eigen-values have been determined from
diagonal components of the Schur matrix. The eigen-pairs
have been revealed as a result in the schematic
representations for each modes. The eigen-modes were so
complex that the surface features also have been shown in
accompanying with them to identify their characteristics.
Keywords.  elgen-pair, FEM, Krylov-Schur iteration
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[. INTRODUCTION

t has been well known that the knowledge about

eigen-mode is one of the most important thing

designing the resonant cavity. Acquiring an
information about the eigen-property is indispensable in
the process of developing more valuable product. There
are several factors influencing the eigen-property in the
cavity. Among others, the geometrical structure has
been considered as the most dominant factor
influencing on the eigen-property. Its structure
determines the eigen-mode which characterizes the
resonant electromagnetic field. The cavity would be
taken a variety of form in accordance with its applying
purpose. Previously, we have studied the eigen-
properties of cylindrical and rectangular resonant
cavities using FEM (Finite Element method) [1] [2].
These studies have revealed the several prominent
eigen-modes and corresponding eigen-values for each
TM and TE modes. The spectra have been shown
visually with the 3-Dim (Dimensional) schematic
representation. These results have suggested that the
similar method may be carried out on varied 3-
dimensional cavities and give valuable information
understanding the physical property of more
complicating system. In this study, FEM has been
performed on the cylindrical coaxial cavity as like the
previous study. The mesh element was a simple
tetrahedron and the shape functions were constructed
with constant tangential edge vectors. The matrix eigen-
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equation was established basing on the vector
Helmholtz equation. For a three-dimensional problem,
the number of variables increases drastically comparing
to a two-dimensional problem. It may be very difficult
problem to calculate the huge dimensional matrix
equation by common eigen-solving method. Krylov-
Schur iteration method has been known as one of the
most important and actively developing algorithms for
calculating the large dimensional eigen-equation [3] [4].
This method compresses and transforms similarly the
eigen-matrix into the Shur form. Even using personal
computer, this method was easily carried out on the
calculation obtaining the several prominent eigen-pairs.
Accompanying with it, the shift-invert strategy add more
helpful benefit to obtain the specific eigen-mode. So,
Krylov-Schur iteration method has applied to the matrix
eigen-equation in this study. As the results, the spectra
for each eigen-pairs have been visualized with the
schematic representations as like the previous study.
The spectra were so complex that surface components
of the field vector separated and presented side by side
to each spectra.

II. FINITE ELEMENT FORMULATION

The calculation for the eigen-mode is the same
as describing in previous studies. The formulation can
be followed by using either E(electric field strength) or
B(magnetic field strength) field. For a convenience of
calculation, only E would be considered in the following
discussion. The vector Helmholtz equation would be
used in determining the wave property of the resonant
cavity. It is described as following equation [5] [6]

V x (:—rV N E) — k%¢,E = 0(1)

where k, u. and g, is the wave number, relative
permeability p/u, and relative permittivity g/g,
respectively. The eigen-equation is constructed from
FEM basing on the tetrahedral elemental mesh. The
cylindrical coaxial resonant cavity and the tetrahedral
mesh is shown in the Fig.1. In the calculation, the lateral
surface of the cavity has been assumed to be PEC
(perfect electric conductor). This boundary condition
makes TM and normal derivative for TE components to
be vanished at the lateral surface. The Galerkin method
of weighted residual has been used to construct a linear
equation [7]. The equation resulting from this method is
given as following
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Fig. 1: Schematic representation of the 3-Dim mesh of
the coaxial cylindrical cavity

Jﬂi(ﬁx?}-(ﬁxﬁ)dv

=k§srfﬂT-Edv 2)

Where T is a weighting function. To avoid the
spurious solution attributed to the lack of enforcement of
divergence condition forE, basis functions have been
constructed with constant tangential edge vectors Wm of
the tetrahedral element

Wi = Iy (N1 VNpz = NpaVNgy ) m=1,2,3,4,5,6. (3)

In this representation, N,;and N, are the
simplex coordinates associated with the 1st and 2nd
nodes connected by edges m, and 1, is the length of
edge m. The simplex coordinates for a given elementary
mesh are

N, =a, +b,x+c,y+d,z n=1,23,4 (€))
And the gradient of any coordinate is
VN, =b,R+c,§ + d,2 (5)

The simplex coefficients are calculated by
inverting the coordinate matrix

ap by ¢ dy 11 1 17"

az by ¢ dy _|X1 Xz X3 X4 6)
az; by c3 dj Yi Y2 V3 Va

a, by ¢4 dy Z1 Iz I3 Z4

Where (x,,¥n,2,) iS @ rectangular coordinate of

the node n of the tetrahedral mesh. Each edge and
node for element mesh are related with each other as
illustrated in Fig.2. The electric field strength in a single
tetrahedral element is calculated with the tangential
edge vector as

m=6

E:Zemv_l/’m

(7

Fi1g.2 : The tetrahedral element mesh
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The six unknown parameters e, ..., egare
associate with tangential edges of the tetrahedral
elemental mesh. Substituting equation (7) into equation
(2), the eigen-equation of one tetrahedral element can
be written in matrix form

[Seille] = k?[Te/le] ®)
Where the element matrices are given by

1 - o = —
[S.] = ﬂ M—(VxW)-(VxW)dV ©)

[T] =& [[f W -Wdv (10)
The evaluation of the element matrix requires
the curl product for each basis function Wm
V x Wm =Vx Un (N1 VN2 = Nip2 VN 1)
= 21, VN,,; X VN,,,
= Zlm((cmldmz - Cmdel)jc\ + (bmzdml - bmldmz)y
+ (bn1Cmz — bmatn1)2)

= 21w, (11)
And from it
[Sel]mn = 4lman(Wm ' Wn) (12)

To obtain the element matrix [T,;], the scalar
product between W,, and W, may be calculated as
Wm ' W/;Q = lm(Nm1VNm2 - NmZVle)

: ln (anﬁNnZ - anﬁan) (13)

=lul, [lean(me,nZ = N1 Nn2@man1 — N2 Na1 @iz
+ NmZNnZ(pml,nl] (14)
Where q)mi,nj = VNmi ' VNn] = bmi bn] + Cni Cn]' + dmi dn]

In the process of [T,;] calculation, following
volume integration for 3-Dim simplex coordinates may
be used

[l vy avy v avyav
3Liljlktl!
“Gritjrkrn’

(15)

These integrals can be simply summarized in
the following matrix form [8]

[M;] =%fﬂ1v,-1vjdv =%

From the equations (13), (14) and (16), the
element matrix can be written as following

1
(16)

NN
_ RN e
RN, e
[ERNEN

[Tel]mn = Vlm ln [(me,nZMml,nl - (me,nlel_nz -

(17)
Pmin2Mpzny T Pmin1Mmanz]

These element matrices are assembled over all
tetrahedral elements in the 3-Dim cavity to obtain a
global eigen-matrix equation.

[S1le] = k?[T][e] (18)



I11. RESULTS AND DISCUSSION

The following discussion is similar to the
previous studies. The same FEM formulation was
applied to the cylindrical coaxial cavity. But it is confirm
that the mesh structure was differently constructed from
these studies and the results sufficiently reflected on the
characteristics of the present cavity.

In this study,FEM has been used to construct
the eigen-equation. The variable of vector Helmholtz
equation was the vector edge of the tetrahedral mesh.
The vertices of the tetrahedron were arranged following
the right hand rule to obtain the positively determinant
value of the element mesh. The dimension of the eigen-
matrix equation was so large that the Krylov-Schur
iteration method has been used to obtain several
prominent eigen-modes. The calculation was more
efficiently promoted in finding specific eigen-pairs by
imploring the shift-invert strategy as following [9]

__ [ _
Ale] = m[e] = [M]l[e] (19)
where A = kzl—a' As mentioned in the previous study, the

sparsity and symmetry of the eigen-equation would be
lost. But by this strategy, the convergent rate was further
increased at the specific value o. The Krylov-Schur
iteration method has been performed on this square
matrix [M]. By this iteration method, the matrix [M] has
been transformed into a Schur matrix. The eigen-modes
were the column vectors of the similar transforming
matrix which convert the square matrix [M] to the Shure
form. The wave numbers were calculated by converting
each diagonal component of the Schur matrix into
valuesk? = % — 0. As a result, the eigen-pairs have been

schematically represented in Fig. 3. The wave numbers
were written in the blanket under each spectrum. As can
be seen in the spectra, eigen-mode has shown the
complicating distribution of electromagnetic fields. So,
the surface components were separated from each
spectra and positioned side by side to them. From these
spectra, it could be identified that the field strength
components were oriented to a specific direction. The
mode type could be determined readily by investigating
the direction of these field strength. These mode type
are shown under each spectrum accompanying with a
wave numbers. The lateral surface component of TM
modes was not depicted definitely in the figure. The
reason for it has been on PEC boundary condition which
did not permitted tangential magnetic fields on the
lateral surface.

V. CONCLUSION

The 3-Dim eigen-equation of the cylindrical
coaxial cavity has been constructed by FEM. Eigen-
pairs have been calculated by applying the Krylov-Schur

iteration method to the shift inverted matrix. As a result,

the spectra have been represented schematically in the
figure. To identify the mode type, the surface
component were separated from the 3-Dim spectra. The
mode type and wave numbers have been written under

R
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each spectra. From these results, it could be identified
that the spectra reflect the characteristics of the coaxial

o iﬁ%
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cylindrical cavity.
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Fig.3 : The schematic representation of the eigen-
modes and corresponding wave numbers
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