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Introduction

he effectiveness of CFRP retrofitting when used
only in tension zone of prestressed concrete
beams has been reported in the past[1-8]. The use
of CFRP is beneficial due to it’s high strength, light
weight, non-corrosive nature, and easy installation. [9]
Hussein and Razzaq [10] have previously published a
study of prestressed concrete box girders with CFRP
retrofitting in both tension and compression for use in
highway bridges. Presented in this paper is a study of
the effectiveness of CFRP sheets in increasing strength
and decreasing deflection when used not only in tension
but also in compression, or in both tension and
compression regions for prestressed concrete inverted
tee beams in buildings.
II.

retrofitting approaches are repeated with doubling and
tripling the CFRP sheets as shown in Figures 2e-2g and
2h-2j, respectively. Each beam has eight 7-wire ASTM
Grade 270 ½ diameter strands in one row as shown.
The
following
non-linear
stress-strain
concrete given by
( 𝑓𝑓 versus Є𝑐𝑐 ) relationship for
Lin and Burns [11] is adopted for the present study:
𝑓𝑓𝑐𝑐 = 𝑓𝑓’𝑐𝑐 [2(Є𝑐𝑐 /Є∘ ) − (Є𝑐𝑐 /Є∘ )2]

(1)

where 𝑓𝑓𝑐𝑐’ is the ultimate compression strength at
concrete strain Є∘ . The concrete use d in this study
has an ultimate strength of 8 ksi and a Young’s Modulus
of 5148 ksi. Furthermore, the CFRP sheet used has an
ultimate tensile rupture strength of 260 ksi and a
Young’s Modulus of 22000 ksi. The stress-strain relation
for CFRP in compression is nearly the same as in
tension. An elastic-plastic stress-strain relation is
adopted for prestressing steel. The problem addressed
in this paper is the identification of effective CFRP
retrofitting schemes that can practically be utilized for
prestressed concrete inverted tee beams in building
structures. This is achieved by first developing nonlinear
moment-curvature (M-ɸ) relations for cross sections
shown in Figure 2 followed by the formulation of a
numerical scheme to predict the load-deflection
response of the beam shown in Figure 1 up to collapse.

Problem Statement

A prestressed concrete inverted tee beam is
shown in Figure 1 carrying a distributed load in addition
to it’s self-weight of 0.45 kips/ft. Figure 2a shows the
inverted tee beam cross section without retrofitting.
Figures 2b through 2d show the beam cross section
retrofitted with single CFRP sheet in tension only,
compression only, and simultaneously in both tension
and compression, respectively. The CFRP sheet is 1/16
in. thick with a constant width of 11in. The same
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Figure 1: Prestressed concrete inverted tee beam and it’s cross section
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III.

Nonlinear Solution Procedure

The prestressing strands have a prestress force
of 160 kips after prestress losses. Figure 3 shows a
typical prestressed beam and strain distribution as well
as the associated concrete compressive stress
distribution and internal force resultants. The resultant
forces are Cc,Tps, and TCFRP representing,
respectively, concrete compression force, prestressing
force, and CFRP tensile force. The equation of the
resultant force on the compressed concrete and it’s
distance X from the neutral axis are given by [11]:
Cc = b × c2 × 𝑓𝑓𝑐𝑐′ ×
X = c(

ɸ

Є∘

(1 -

ɸ× c

8 Є∘ − 3 ɸ × c

12 Є∘ − 4 ɸ × c

3 Є∘

)

)

(2)
(3)

where:
b= cross-sectional width at the top,
c= neutral axis distance as shown in Figure 3b, and
ɸ = curvature.
Various loading stages are used to generate the
moment-curvature relations. The loading stages are zero
external moment, zero strain in concrete at the center of
the strands, cracking moment, and the concrete strain
reaching 0.001, 0.002, 0.00248, and 0.003 in./in. Elastic
bending stress and axial stress equations are used for
analysis until the cracking moment is achieved. For the
non-linear range, force equilibrium is satisfied after
assuming top fiber strain and then iteratively finding the
neutral axis location that is, the distance c. The moment
and curvature values are then calculated and used to
generate themoment-curvature relations for each beam
section shown in Figure 2. For the retrofitting schemes
with single, double, and triple CFRP sheets in tension,
compression, and in both tension and compression, the
moment-curvature (M-ɸ) relationships developed are
presented in Figures 4,5, and 6, respectively. Next, the
moment-curvature relationships are curve-fitted using
Excel for each of the beam sections shown in Figure 2.
For all of the non-retrofitted and retrofitted schemes, the
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following equation is established for the materially linear
range:
ɸ = (0.0005M – 1.2)× 10-5

(4)

For the nonlinear portion, the following M-ɸ
equations are developed for sections shown in Figures
2a through 2j, respectively:
ɸa = (0.008× 𝑒𝑒 0.001𝑀𝑀 ) × 10-5

(5)

ɸb = (0.0000006M2 – 0.005M + 9.54)× 10-5

(6)

ɸc = (0.007× 𝑒𝑒 0.001𝑀𝑀 )× 10-5

(7)

ɸd =(0.0057M– 32.56)× 10-5

(8)

ɸe = (0.0000002M2 – 0.0003M – 2.61)× 10-5

(9)

ɸf = (0.0038× 𝑒𝑒 0.0011𝑀𝑀 )× 10-5

ɸg = (0.0000001M2 + 0.001M – 4.6)× 10-5

(11)

ɸh = (0.0000001M2 + 0.0006M – 4.26)× 10-5

(12)

ɸi = (0.0023× 𝑒𝑒 0.0011𝑀𝑀 )× 10-5

(13)

ɸj = (0.0026M – 14.5)× 10-5

(10)

(14)

It should be noted that the last pointon the Mɸrelations for beam sections 2c, 2f, and 2i are excluded
in the above M-ɸ equations. However, the excluded
points are separately included when determining the
load-deflection relations.
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Figure 2: Reference Inverted Tee beam section (a), and various
CFRP retrofitting-approach sections (b) through (j)
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Figure 3: Strain and stress distribution for a simply-supported beam from Figure 2b
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Figure 4: Moment-curvature curves for sections in Figures 2a-2d
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Figure 5: Moment-curvature curves for sections in Figures 2a and 2e-2g
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Figure 6: Moment-curvature curves for sections in Figures 2a and 2h-2j
To determine the load-deflection relation for
each scheme, the M-ɸrelations are coupled with a
central finite-difference algorithm similar to that used by
the authors[10].For the present study, the beam is

2017

( a ) No CFRP

10000

divided into ten equal segments (h=L/10), and the
curvature at any given node i along the beam length is
expressed as[12]:
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ɸi = (
where:

𝑑𝑑 2 𝑣𝑣

)
𝑑𝑑𝑑𝑑 2 i

=

V i−1 – 2V i + V i+1

(15)

h2

Vi= deflection at beam nodei.
To calculate the external moment value at any
node for various applied loads, the following equation is
used:
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IV.

(16)

where z is the beam longitudinal axis.
The nonlinear solution algorithm predicting the
beam response are as follows:
1. Specify beam length L, cross-sectional dimensions,
and material properties for concrete, prestressing
strands, and CFRP sheets.
2. Divide the beam into N equal segments along the
longitudinal axis associated with node numbers i=
1, 2, 3, …, (N+1) over the domain 0≤ z ≤L.
3. Specify external load w = w1.
4. Determine Mz using Equation 16 at all nodal
locations.
5. With Mz values from step four, determine ɸiusing
the applicable Equation 4-14.
6. Using Equation 15, generate the following matrix
equation to determine nodal deflections, Vi:
[Q]{Vi}={ɸi}

(17)

7. Solve Equation 17 for the nodal deflection vector
{Vi}.

Numerical Study

Figure 10 compares the maximum moment
versus CFRP thickness relations when CFRP is used in
tension only to the schemes in which CFRP is used
simultaneously in both tension and compression. A
comparison of the two curves in this figure reveals that
using CFRP in both tension and compression has a
greater effect on increasing the moment capacity
compared to the scheme involving retrofitting as the
tensile side only.
For the presented study, Table 1 presents a
summary of the various retrofitting schemes. Presented
in this table are the neutral axis location c, the collapse
load wmax, and the increase in wmax, w*.
As can be seen from Table 1, the most effective
retrofitting scheme is when three CFRP sheets are
simultaneously used in both tension and compression.
This scheme (section 2j) resulted in a strength of 2.22
times that obtained with the reference beam (section
2a). The remaining retrofitting schemes are found to be
from 1.02 to 1.92 times stronger than the reference
beam.
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1
Load, w, (kip./in.)

Year

2017

Mz = [(w× L× z) – (w× z2)]/2

8. Increase w to w2 that is, set w2 = w1 +∆w and go
to step 4.
9. Repeat until the load-carrying capacity is reached
corresponding to the collapse condition.
Using the above algorithm, load versus midspan deflection, V6, are predicted and are presented in
Figures 7, 8 and 9 for CFRP retrofitted beam sections of
2b-d, 2e-2g, and 2h-2j respectively.
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Figure 7: Load-deflection curves for sections in Figures 1a-1d
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Figure 9: Load-deflection curves for sections in Figures 1a and 1h-1j
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Figure 10: Maximum moment versus CFRP thickness
Table 1: Summary of inverted tee beam results at w max
Section
(Figure 2)

c
(in.)

wmax
(kip./in.)

w* = wmax/
0.506

2a
2b
2c
2d
2e
2f
2g
2h
2i
2j

4.78
6.96
4.12
6.51
8.25
3.47
7.46
9.23
2.81
8.16

0.506
0.742
0.517
0.780
0.876
0.525
0.966
0.974
0.533
1.124

1
1.47
1.02
1.54
1.73
1.04
1.91
1.92
1.05
2.22

V.

Conclusions

Based on the various CFRP retrofitting schemes
studied in this paper, the following principal conclusions
are drawn:
1. Developing upon the desired degree of increase in
the load-carrying capacity of a prestressed inverted
tee beam, are more of the retrofitting schemes
considered in this paper can be utilized.
2. The simultaneous use of CFRP retrofitting on both
tension and compression is the most effective of the
retrofitting schemes considered in this paper.
3. The most effective retrofitting schemes investigated
herein result in a very significant reduction in the
beam deflection.
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The results presented in this study can possibly
be implemented in practical CFRP retrofitting issues,
related to prestressed inverted tee beams in building
structures.
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