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Development of Boundary Element Method in
Polar Coordinate System for Elasticity Problems

Natela Zirakashvili

Abstract- The article presents an exact version of the boundary
element method, in particular, the fictitious load method used
to solve boundary value and boundary-contact problems of
elasticity. The method is developed in the polar coordinate
system. The circular boundary of the area limited with the
coordinate axes of this system is divided not into small
segments like in case of a standard boundary element method
(BEM), but into small arcs, while the linear part of the boundary
divides into small segments. In such a case, the considered
area can be described more accurately than when it divides
into small segments, and as a result, a more accurate solution
of the problem is obtained. Two test boundary-contact
problems were solved by using a boundary element method
developed in the polar coordinate system (PCSBEM), and

the obtained numerical values are presented as
tables and graphs.
Keywords: polar coordinates, elasticity —problem;

boundary element method; fictitious load method;

boundary value problem.
[. INTRODUCTION

he boundary element method [1, 2] is a helpful tool
to solve the problems of computational

mechanics. Many researchers and scientists use
standard BEM, with the boundary approximation done
by using linear segments (boundary elements), or
standard BEM is improved by considering the
conditions of a given problem [1-19]. The advantage of
using linear boundary elements is the opportunity to
analytically calculate the integrals, while with curvilinear
elements generally, it is possible to do numerical
integration [20].

The boundary element method, in particular, the
fictitious load method formulated to solve the boundary
value and boundary-contact problems of elasticity for a
circular ring and its parts are improved in the present
paper if considering that the circular segment of the
boundary is divided into arcs instead of linear segments.
This allows to describe the considered area more
accurately and to arrive at a more accurate solution of
the problem. So, when the considered area is limited
with circles or their parts, i.e., with the coordinate axes of
the polar coordinate system, then by dividing the circle
into small arcs, we can formulate BEM in the polar
coordinate system with all integrals solved analytically.
In particular, a fictitious load method is considered in the
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polar coordinate system, whereas it was described in a
Cartesian coordinate system by Crouch and Star
field [1].

The article gives a fundamental solution written
down in polar coordinate systems serving as a basis to
obtain a numerical solution, and a problem of constant
forces distributed along the arc is considered. A
numerical procedure is presented and boundary
coefficients of influence are written out.

Two test boundary-contact problems are solved:

1. Elastic equilibrium of an infinite area with a circular
hole is studied when a circular ring inserts near the
hole; normal constant stress is given on the internal
surface of the ring, the body is free from stresses in
the infinity, and the conditions of continuity of
displacements and stresses are given on the
contact line. Numerical values are obtained by
using: a) analytical solution, b) standard BEM, i.e.,
when a circular boundary divides into linear
segments, and ¢) PCSBEM, i.e., when the boundary
divides into arcs, and the results obtained in all
three cases are compared to one another.

2. A boundary-contact problem is solved for a double-
layer circular ring when the internal circular
boundary is loaded with a normal variable force, the
outer boundary is not loaded, and conditions of a
rigid contact are given for the contact line. The
numerical results are obtained by using standard
BEM and PCSBEM and are compared to one
another. MATLAB software was used to obtain the
relevant numerical values and graphs for both
problems.

II. THE FUNDAMENTAL SOLUTION IN THE
CARTESIAN COORDINATE SYSTEM

Let us consider the problem shown in Fig. one
known as Kelvin’s problem of plane deformation [1].
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a(x,y) iy ny(x+y (1)

where Vv is the Poisson’s ratio.

The displacements will be written down as
follows:

F F
u,(xy)= oo [(3-4v)g- Xg,x]+%(— y,),
@)

u,(x,y)= 2FG (- xg,y)+2F—é[(3— av)g-vg, ],

Figure 1: Kelvin's problem for plane deformation , ,
where G = is shear modulus, and E is
F= (FX, Fy) forces in Fig. 1 are a line of the 201+v)
Young's modulus.
For the plane deformation, the stresses for

Kelvin’s problem will be written down as follows:

point force applied along axis z in the infinite elastic
plane.

The solution to this problem is given by the
following function [1]:

O-»((X’ y)= Fx lz(l_v)gx - Xg,xxJ+ Fy(ZVQy - ygxx)’
o, = Fx(ng’X - xg’yy)+ F, [2(1—v)g’y - ygyyy] ©)
o, (% y)=F, [(1— 2v)g, - xg'xx]+ F, [(1— 2v)g, - ygyxyl

As it can be seen from (1), (3), the stress at [22]. Following certain algebraic transformations, we
point X=0, y=0 has the singularity. It can be obtain the following expression for the function g(X, y):

shown that these stresses correspond to the point force 1
at the origin of coordinates [21]. g(X, y) = gl(r,9) =——Inr.
For the sake of simplicity, we mean that 477(1_‘/)
Fi :(FX,Fy) force is applied to the origin of For the components of a displacement vector,

coordinates. we will obtain the following equations:

[1I. THE FUNDAMENTAL SOLUTION IN THE
PorAR COORDINATE SYSTEM

Let us write down formulae (1), (2) and (3) in
polar coordinate system I,9 (O <r<w0<8< 27[)

- F .
a,(r,9)= ;é [(3— 4v)g, - r cosSglvx]Jr%(— rsin 199“),

- F F
a,(r,%)=—=—%(-rcos +—2L{(83-4v)g, —rsin
and for the components of the stress tensor we will obtain:

5xx (r 1 '9) = I:x |_2(1_ V)gl,x =TI COSngl,XXJ+ Fy (2‘/gl,y =TI SI n ‘9gl,xx)'
;W(r,S) = FX(ngl,X —r cosyglyw)+ F, [2(1—1/)91’y —r sinSgLyy],

G, (r.9)=F, [(1— 2v)g,, — 1 cosSglyxx]jt F, [(1— 2v)gy, —rsin 1991,xy],

()
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where g,y 91y 91 G1yy: G1x N the polar coordinate system have following form:

_ 1 cosd _ 1 gng
W) 0 W T Ay
1 cos(29) 1 cos(29)
gl’xx_47r(1—v) 2 DT dr(l-v) r?
1 sin(29)
gl’xy_4zz(l—v) 2

By using the superposition principle, we can
solve the problem for an infinite elastic body, with a set
of point forces acting at any of its points. If distributing
such forces continuously along some line of the plane,
we will obtain a problem with the forces given along this
line.

[V. CONSTANT FORCES DISTRIBUTED ALONG
THE CURVE

Let us consider the following problem: constant
and t, =P, forces are applied to the

Y, <3<, arc of a circle with radius Tin an infinite

body. This problem can be solved by integrating a
fundamental solution.

t, =P

r

Let us divide arc MN into the elements with a
length of d& (See Fig. 2). Then, the sum of the forces
acting on the arc element with its center at the point
(r,&), equals F (&)= P -rd& , where index i denotes
ror &. To solve this problem, let us insert the
expressions of F,(£) and F,(&) forces in (4) and (5),
change ¢ with $—<E&and integrate the obtained
expressions with & from &, to §,. The following
formulae are obtained for displacements:

Fil£)=Pr o

Figure 2: Integration of a fundamental solution

+0.5(sin(2(9-9,))+sin(2(9-9,)))]

{P,[B3-4v)&% -9, )Inr +0.5(9, - 3,)

~0.25P, cos(2(9- 9, ))-cos(2(9-%,))},

_ r?
b= 8Gr(—v)
_ r?

Y 8Gx(l-

e {0.25P, (cos(2(9 - 9, )) - cos(2(9 - 9, )))
)

+P[-(3-4v)% - 9,)Inr +0.5(% - 4,

+0.25(sin(2(9— 9, ))—sin(2(9 -

%))
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and the following formulae are obtained for stresses:

5, = —m{% [(4v - 1)sin(9-9,)-sin(9-9,))
- S(an(Es - 8)- 8n(@(s- 5,)
P [5- 4o 9 5,) o9 5,)
- ot ) ot 2,) |,

& = _m{pg [(5-2v)sin(9-9,)-sin(9-9,))

+3(an@0-8)-sns-5,))| 2
(o -2Ycos(3 - ,) - ot 5, )

" é(cos(S(S ~9,))-cos3(9- 9, )))}},

_ r

o, =—

Y 87(1

—_V) P, [(41/ — 3)(005(19 — 191)— 005(19 -9, ))

Lloosato-5)-coslo—5.)

+P[(5-4v)sn(9-4)-sin(3-9,))

—§<sm<3<s—sl»—sn(e(s—sz)»}}.

Equations (6) and (7) are displacements and
stresses in an infinite elastic body when constant

t, =P and ty, =P,forces are applied to

§ <8<, arc of a circle with the radius I . These

equations are the basis for the boundary element
method considered later. The following peculiarity of the
analytical solution given above is worth mentioning.

Displacements from the origin of coordinates to
the infinitely distanced points are not limited because of
the logarithm included in them. Therefore, equations (6)
show only relative displacements. In any concrete case,
we must choose a reference point and determine the
displacement in respect of such a point.

V. NUMERICAL PROCEDURE

The analytical solution obtained above is the
basis for the boundary element method used to obtain a
numerical solution of the boundary value problem of the
theory of elasticity. Let us explain the physical aspect of
this method by using a specific example. Let us
consider a boundary value problem for an infinite body
with a hole (with a circular hole in our case). We will

© 2018 Global Journals

consider a plane deformation. Let us denote the
boundary of the cut, which is a circle in our case, by C
(See Fig. 3). At any point of the C curve, local S and N
coordinates have the direction of a tangent and its
perpendicular. Therefore, they change at different points
along the border. We take these coordinates so that the
direction of N should coincide with the direction of an
outer normal at the same point as the border and S
should coincide with the direction of the boundary line.
In this case, the direction of the boundary line is
anticlockwise. Let us assume that the same normal
stress (o, =—P) acts at all points of the hole wall

n
(i.e., there is compression) and tangential stress

o,=0. Let us calculate the displacements and

stresses in the body caused by such a load of the
boundary.



Figure 3: lllustration of the problem statement

The numerical solution of this problem can be It should be noted that the real normal and
obtained as follows: first, let us divide circle C into N tangent tresses acting on the element | do not equal to
small arcs (elements). As these elements are small, we

can consider that normal o, =—p stress acts along
the whole length of every element, and the tangent is

free from stress. In this case, the boundary conditions

will be as follows: have applied stresses Pn' and PSJ and real stresses
j

Gri] - Gis =0, (i =1,--.N)- o, and O'Sj caused by the action of the stresses

PJ) and P/, if stresses act on other elements, too.

Therefore, there are two different kinds of stresses for
every element. For example, for the element J, we

, , applied to all N elements.
Let us imagine that constant normal and

tangent stresses act on every element of the circle, e.g., lBy using (6) and (7), we can calculate real o,
let us denote the normal and tangent stresses actingon  gnd o stresses, i =1,...,N in the middle point of
the element j by B and P/, respectively. each element with the following formula:
ol =3 (AP + ALP)) o
i1

N
oh=Y (AP + ALRI) =1,

=1

i N

| where ... are the boundary coefficients of OZZ(AESPJ . AE]PHJ- )'
the influence of the stresses for the considered problem. i ) 9
For example, Al is the real tangent stress in the center N, ]! I=1...N, ©)
. — I pl I pl
of the element | caused by the constant normal unit B p_Z(AhsPs + AR ),

. i i=1
load (P} =1) applied to the element | . :

L iy _ which is a system of 2N linear algebraic
By considering the boundary conditions, we will

obtain the following equations: equations with 2N B/ and R} (j=1...,N)
unknown values.
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It should be noted that P and P, stresses in

these equations are fictitious values. They are
introduced as an intermediate quantity to obtain the
numerical value of the problem, and they have no
physical essence. However, a linear combination of a
fictitious load presented with formulae (8) has a physical
essence in the considered problem, and is the basis to
obtain a system of algebraic equations (9). After solving
this system, we can express displacements and
stresses at any point in a body with another combination

of P) and PJ, (j =1,...N) fictitious load.

n

The above-described boundary element

method is called a fictitious load method [1].

VI. INFLUENCE COEFFICIENTS

Let us write down the expressions of the
tangent and normal displacements and stresses in the
middle point of the i-th element caused by fictitious

loads P} andP), j=1,...N applied to the j-th

n
element. For the displacements, we will have:

L 2 _
ul =P’ {m[(?,—@)(sl ~9,)InF+0.5(% - 9,)

+0.255n(2(3 - 9,)-sin(2(7 - 9, )]

B {Wa) ool - 8,))cos% -5, ))]},

=2

- r
pil_ T
T {867:(1—1/)

=P {—%[003(2(5— ) cos2(g -5, ))]}

[(3-4v)% -9, )InF-05(% - 9,)

_0.25lsinl2(g - 4 )-sin(2(g - 4, )))]},

© 2018 Global Journals



and for the stresses, the expressions will be as follows:

= PJ {m[(m/—l)(sm(& 9, )—sin(3 - 3,))
- LEn@E(@ - 9)-s5n@@ - 2,)|}

+ P {W) [(5— 4v)(cos(F — &, )—cos(T — 3,))
- £(cos(a(7 - 9,) coslal@ - ,) |}

—T

i — Pl _—-r
s s {8#(1—1/

) [(4v — 3)(cos(F — 3, )— cos(F — .2,))

+ 3 (cos(o7 — 2)) - cola@ - 2.)) ||

—F

L P {m[(s—m/)(sin(ﬁ—91)—Sin(§—92))

——(gn<3(§—91>)—sn<3(§—92>))]}
o _p{ e 2)EnE - 8)-sn@ - 2.))
+—<s-n<3(§—sl»—sn(e(a—.gz)»]}

+ P

{ 87 (1

[(4v —1)(cos(F — &, )—cos(F — 2,))

N (cos(s(g —9,)—cos(a(z —2.)) |1
J

where I and § are coordinates in the local
coordinate system, with its center coinciding with the
middle point of the i-th element. Generally, the

displacements and stresses in the i-th element are
functions of the P} and P/ fictitious load on all N

elements. So, by (10) and (11), we can write down:.

N
us =Z(B” PJ Bgnl:)nJ )’
J;l
J;l
ol =Y (AP} + ALR/)
J;l
on =2 (AP + ALR)
j=

In these equations, boundary influence B;,

and A;'S, coefficients are calculated with the
expressions in the curly braces of equations (10) and

(11). For example, the A; coefficient is calculated with

the expression given in curly braces at Pnj of the first

equation of (10).

[I. NUMERICAL EXAMPLES AND DISCUSSION

There are two test problems of using a fictitious
load method given below. We have an exact solution to
one problem. Therefore, in the case of dividing the
boundary into segments and arcs, the numerical results
obtained by using the boundary element method will be
compared to the exact values. Another problem will
compare the numerical values obtained by using the
fictitious load method to one another in case of dividing
the boundary into segments on the one hand and into
arcs on the other hand.
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Figure 4: A circular ring in an infinite plate with a hole

(2) ) _

—h: W=
r_b' Oy =0y, O-rS_

The solution to this problem is obtained from
standard formulae [23, 24] for a thick-wall cylinder. In

1 a? NS
o-rr:l_aiz F_p _(p_p)r_z

b2
Oqgq = 1 H a’ p']
99 2 2
1—‘;‘2 b
b2
Jrr:_p'r_z
b2
O-L%szlr_g

A numerical solution of this problem is obtained
with a fictitious load method for the following parameter

E
%, vi=v, =025, =2 P 10

2 2
Because of the symmetry of the problem, one-fourth of

the area, in particular, the space between ¢ =0 and

s
1925 is considered. Within this range, the I'=a

a
values: — =
b

boundary surface and both sides of the r =b contact
surface are divided into n=90 elements each, and the
obtained visual and numerical results are presented in
Fig. 5, Fig. 6, Table 1 and Table 2, while in cases shown
in Fig. 7, Fig. 8, Table 3 and Table 4, they are divided
into 180 elements each.

© 2018 Global Journals

a) Ring in an infinite plate with a circular hole
The study area consists of the a<r <b ring

with v, and E, as its elastic characteristics and infinite
area with a circular hole with r = b radius, with v, and

E, as its elastic characteristics (See Fig. 4). o,, =—p

normal stress is given on the internal surface of the ring,
while in the infinity, the body is free from stresses, and
the continuity conditions of displacements and stresses
are given on I =b contact surface. So, we will have the
following boundary conditions:

r—ai ol =—p,  ofl=0
r—oo: Gr(rz) =0, Ufz) =0,

and contact conditions:

2 1 2 1 2
9, =y, =)
particular, the radial and tangential stresses are

calculated with the following formulae [1]:

when a<r <b,

r>b.
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Figure 5: Shearing stress o 44/ pinthe ring 0.5< 5 <1 and infinite body b >1 (n=90)

. ) ) r o r
Table 1: Shearing stress o g,/ P inthering 0.5< b <1 and infinite body b >1 (n=90)

Approximate solution

Relative error, percent

No.| r/b | Exactsolution | Incase of the division In case of the
. C Segments Arcs
into segments division into arcs

1 0.5500 1.0294 0.9726 1.0010 5.5160 2.7574
2 0.6000 0.8827 0.8446 0.8637 4.3169 2.1543
3 0.6500 0.7686 0.7437 0.7561 3.2348 1.6174
4 0.7000 0.6780 0.6621 0.6701 2.3412 1.1706
5 0.7500 0.6049 0.5950 0.6000 1.6392 0.8196
6 0.8000 0.5451 0.5392 0.5422 1.0956 0.5478
7 08500 0.4956 0.4923 0.4939 0.6601 0.3300
8 0.9000 0.4540 0.4528 0.4534 0.2769 0.1395
9 0.9500 0.4189 0.4194 0.4191 0.1096 0.0548
10 1.0500 0.1512 0.1507 0.1509 0.3242 0.1621
11 1.1000 0.1377 0.1370 0.1374 0.5607 0.2803
12 1.1500 0.1260 0.1250 0.1255 0.7963 0.3981
13 1.2000 0.1157 0.1146 0.1151 1.0238 0.5119
14 1.2500 0.1067 0.1053 0.1060 1.2381 0.6192
15 1.3000 0.0986 0.0972 0.0979 1.4361 0.7181
16 1.3500 0.0914 0.0900 0.0907 1.6165 0.8083
17 1.4000 0.0850 0.0835 0.0843 1.7787 0.8894
18 1.4500 0.0793 0.0777 0.0785 1.9234 0.9714
Average 1.6605 0.8306
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Figure 6: Normal stress o, [ pinthering 0.5< 5 <1 and infinite body —>1 (n=90)

(on

. , r o r
Table 2: Normal stress o, / pin the ring 0.5< 5 <1 and infinite body 5 >1 (n=90)

Approximate solution Relative error, percent

No. r/b Exact solution In case of the division into In case of the

L Segments Arcs
segments division into arcs

1 0.5500 -0.8072 -0.8160 -0.8116 1.0951 0.5498
2 0.6000 -0.6605 -0.6725 -0.6665 1.8187 0.9093
3 0.6500 -0.5463 -0.5588 -0.5526 2.2884 1.1438
4 0.7000 -0.4558 -0.4671 -0.4615 2.4873 1.2545
5 0.7500 -0.3827 -0.3921 -0.3874 2.4410 1.2239
6 0.8000 -0.3229 -0.3300 -0.3265 21918 1.1097
7 08500 -0.2734 -0.2782 -0.2758 1.7851 0.8939
8 0.9000 -0.2318 -0.2347 -0.2333 1.2643 0.6365
9 0.9500 -0.1967 -0.1980 -0.1973 0.6700 0.3173
10 1.0500 -0.1512 -0.1521 -0.1516 0.6113 0.2834
11 1.1000 -0.1377 -0.1379 -0.1378 0.0929 01777
12 1.1500 -0.1260 -0.1256 -0.1258 0.3699 01777
13 1.2000 -0.1157 -0.1148 -0.1153 0.7785 0.3808
14 1.2500 -0.1067 -0.1055 -0.1061 1.1357 0.5313
15 1.3000 -0.0986 -0.0972 -0.0979 1.4453 0.7294
16 1.3500 -0.0914 -0.0899 -0.0907 1.7117 0.8195
17 1.4000 -0.0850 -0.0834 -0.0842 1.9396 0.9808
18 1.4500 -0.0793 -0.0776 -0.0784 21335 1.0984
Average 1.4589 0.7343
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Figure 7: Shearing stress o g/ P inthering 0.5< 5 <1 and infinite body b >1 (n=180)
. ) . r o r
Table 3: Shearing stress o gy / P inthering 0.5< b <1 and infinite body b >1 (n=180)
Approximate solution Relative error, percent
No. r/b Exact solution In case of the division In case of the s
) PR egments Arcs
into segments division into arcs

1 0.5500 1.0294 0.9895 1.0095 3.8708 1.9317
2 0.6000 0.8827 0.8539 0.8683 3.2648 1.6331
3 0.6500 0.7686 0.7475 0.7580 2.7475 1.3757
4 0.7000 0.6780 0.6622 0.6701 2.3276 1.1659
5 0.7500 0.6049 0.5960 0.6005 1.4713 0.7274
6 0.8000 0.5451 0.5400 0.5445 0.9356 0.1101
7 08500 0.4956 0.4930 0.4940 0.5246 0.3228
8 0.9000 0.4540 0.4531 0.4536 0.1982 0.0881
9 0.9500 0.4189 0.4183 0.4185 0.1432 0.0955
10 1.0500 0.1512 0.1509 0.1510 0.1984 0.1323
1A 1.1000 0.1377 0.1372 0.1375 0.3631 0.1452
12 1.1500 0.1260 0.1252 0.1256 0.6349 0.3175
13 1.2000 0.1157 0.1150 0.1154 0.6050 0.2593
14 1.2500 0.1067 0.1058 0.1062 0.8435 0.4686
15 1.3000 0.0986 0.0978 0.0983 0.3043 0.8114
16 1.3500 0.0914 0.0907 0.0912 0.7659 0.2188
17 1.4000 0.0850 0.0844 0.0847 0.7059 0.2353
18 1.4500 0.0793 0.0788 0.0791 0.6305 0.2522
Average 1.1408 0.5717
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Figure 8: Normal stress o, / p inthe ring 0.5< % <1 and infinite body %2 1(n=180)
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Table 4: Normal stress o, / p inthering 0.5< 5 <1 and infinite body 5 >1(n=180)
Approximate solution Relative error, percent
No.| r/b Exact solution | In case of the division | In case of the division
; ; Segments Arcs
into segments into arcs

1 0.5500 -0.8072 -0.8124 -0.8098 0.6519 0.3268
2 0.6000 -0.6605 -0.6675 -0.6640 1.0552 0.5308
3 0.6500 -0.5464 -0.5535 -0.5499 1.3036 0.6496
4 0.7000 -0.4558 -0.4622 -0.4590 1.4077 0.7060
5 0.7500 -0.3827 -0.3880 -0.3854 1.3926 0.7013
6 0.8000 -0.3229 -0.3271 -0.3250 1.2871 0.6452
7 08500 -0.2734 -0.2764 -0.2749 11177 0.5647
8 0.9000 -0.2318 -0.2339 -0.2329 0.9077 0.4640
9 0.9500 -0.1967 -0.1980 -0.1973 0.6761 0.3173
10 1.0500 -0.1512 -0.1522 -0.1517 0.6921 0.3496
11 1.1000 -0.1377 -0.1383 -0.1380 0.4447 0.1880
12 1.1500 -0.1260 -0.1263 -0.1262 0.2216 0.1397
13 1.2000 -0.1157 -0.1158 -0.1158 0.0207 0.0512
14 1.2500 -0.1067 -0.1065 -0.1066 0.1600 0.0625
15 1.3000 -0.0986 -0.0983 -0.0985 0.3226 0.1210
16 1.3500 -0.0914 -0.0910 -0.0912 0.4690 0.2728
17 1.4000 -0.0850 -0.08.45 -0.0848 0.6011 0.2752
18 1.4500 -0.0793 -0.0787 -0.0790 0.7203 0.3415
Average 0.7473 0.3726

b) Double-layer circular ring

Let us consider the boundary-contact problem
shown in Fig. 9. This problem, too, is symmetrical to
both coordinate axes and therefore, we will consider it
for a one-fourth of a circular ring. So, the area to be

considered is QQ = Q, + €2, where
| r=a: oV =—psin®(29), o%=o0.

le{aﬁrﬁb, 0393%},

Global Journal of Researches in Engineering (J) Volume XVIII Issue V Version I E Year 2018

sz{bﬁréc, osgs%}.

The boundary conditions will be written down as
follows:

r=c: c?=0, ¢9=0.
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The conditions of a rigid contact will be written down as follows:

r=b: ot =of?, of) =of)

1 r

v

Figure 9: A double-layer circular ring
A numerical solution of the set problem is
obtained by the boundary element method for the

following data: E, =2*10°kg/cm?, |, v, =0.3, surfaces and both sides of the r =b boundary surface
v, = 0.46 ., a=1cm, b=1.5cm, c=2cm, is divided into n=50 elements each.

V4
0< SSE within the range I =a, I =C boundary
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Figure 10: Stress o, onthecircle I =a
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Table 5: Values of stress o, onthecircle I =a

In case of the division

In case of the division

Relative error, percent

4 . ; Load
into segments into arcs Segments Arcs
0.0157 -3.09909783x102 -3.09909790x 10" -3.09909789x10% 2.253x10° 2.674x107
0.2042 -6.264072573x10 -6.26407257 %10 -6.26407257 %10 7.184x10" | 2.235x107°
0.3927 -3.53553391x10*2 -3.53553391x10"2 -3.53553390%x10%% | 5.656x10™" 1.414e-10
0.6440 -8.85548231x10*2 -8.85548231x10"2 -8.85548230x10"2 | 1.128x10™" | 6.776x10™"
0.7697 -9.98520411x10*2 -9.98520411x10*2 -9.98520411x10*2 | 1.001x10™ | 4.007x10™
0.8953 -9.29476324x10*2 -9.29476324x10*2 -9.29476325x10*2 | 1.075x10™ | 3.227x10™
1.1467 -4.22062458x10*2 -4.22062458x10*2 -4.22062458x10"2 | 2.369x10™ | 4.738x10™
1.3352 -9.35707896x10 -9.35707897x10 -9.35707896 %10 7.481x10" | 1.175x107°
Average 2.818e-07 3.351e-08

c) Discussion

The error of the numerical solutions of the
problem considered in paragraph 7.1 obtained by using
PCSBEM and BEM, in particular: a) shearing stress

o4/ P (See Fig. 5, Table 1, when n=90 and Fig.7,

Table 3, when n=180) and b) normal stress o, / p in
r r

ring O.SSBSI and infinite body BZl (See Fig. 6,

Table 2, when n=90 and Fig.8, Table 4, when n=180),
is almost twice as less in terms of percents. It should be
noted that in case of dividing the boundary into very
small elements, e.g., when n=180, the error is more, as
the arithmetic operations with very small numbers
results in additional errors (counter error).

Paragraph 7.2 considers the boundary-contact
problem for a double-layer circular ring with a normal
load of a special kind given on its internal boundary

(a(l) =—psin3(29)), while the external boundary is

rr
free from loads. Here, the numerical values of o,

stress on the internal circle by using PCSBEM and BEM
and numerical values of the special load are obtained.
All three of them are given in Fig. 10 and Table 5, where
one can see that they coincide with one another quite
exactly.

VIII. CONCLUSION

The article develops BEM, in particular, the
fictitious load method in the polar coordinate system
(PCSBEM) to solve the boundary value and boundary-
contact problems of the theory of elasticity for the areas
limited by the coordinate axes of a polar coordinate
system. The bodies relevant to such areas are quite
frequent in practice, e.g., in building the underground
structures (tunnels), in mechanical engineering, etc.
Consequently, the above-described method (PCSBEM)
is one of the means to obtain the adjusted solutions of
the problems of computational mechanics, as the
boundary of the considered area is divided not into
small segments, like in case of a standard boundary
element method (BEM), but into small arcs. In this case,
the boundary of the considered area can be described

© 2018 Global Journals

more accurately, and consequently, the solution to the

problem will be more accurate. To illustrate this case,

two test boundary-contact problems are solved by using
standard BEM and PCSBEM. The obtained numerical
results given as tables and graphs are analyzed in

paragraph 7.3.
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