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Strong Summability With Respect To A Sequence
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Abstract- In this paper we define the notion of strong
summability by a sequence of Orlicz functions and examine its
relationship with A-statistical convergence.
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l. INTRODUCTION

An Orlicz function is a function , which is continuous, non-
decreasing and convex with M(0) = 0,M(x) > 0 for x > 0
and M(x) — o as x — o . If convexity of M is replaced by
subadditivity, then this function is called a modulus function
see Maddox [11].

Lindendstrauss and Tzafriri [9] used the idea of Orlicz
function to define the following sequence space. Let s be the
space of all real or complex sequences x = (X) ,

oo

ZU(' i )(_’x:for some p > 0}
o

k=1
which is called an Orlicz sequence space. ¢M is a Banach
space with the norm

[lz|| = Inf{p = 0: Z."J (M) =1}
k=1 P

Also, it was shown [9] that every space 0wu contains a

subspace isomorphic to 2p (p = 1).The spaces of strongly
summable sequences were discussed by Maddox [10].
Parashar and Choudhary [12] defined these spaces by using
the idea of Orlicz function as follows:

Let p = (px) be a sequence of positive real humbers and s
be the space of all real sequences. Then

s :{;l‘ = s

. 1, z [\
Ma(M.p)={zes: =Y (M|[—| =0 a n—, fors > 0},
oMp)={zcs rw;( ( , ) as n — 00, for some p > 0}

W(M.p)={xcs:a—LecWy(Mp). { >0},

- 1 ‘L[‘
We(M.p)={z€s:sup= M < 00, for s = 0%
(M.p)={ 17111) IZ{ ( 0 ) 00, for some p > 0}

k=1
If M(x) = X, then the above spaces are deduced to [C, 1, p]O,
[C, 1, p] and [C, 1, p]oo respectively. For pk = p > 0 for
each k, we denote these sequence spaces by Wp 0 (M),
Wp(M) ,and Wpoo (M) respectively.
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Let X be a Banach space and s(X) denote the space of all
sequences X = () in X. A scalar matrix A = (ank)con,k is
called regular on s(X) if A maps c(X) into c(X) and limn
An(x) = limk xk in X. It is known that a matrix A is regular
on s(X) if and only if it is regular on s. The necessary and
sufficient conditions for A to be regular [5] on s are

(1) sup, ¥ |ank| < 00, (i) limy an, =0
k

lim, ank = 0 for each k,
(#12) lim, > ang = 1. .
and C These are well-known Silverman-
Toeplitz conditions see [5]. A matrix A is said to be

uniformly regular if it is regular, a, = 0 and

lim > |apx| =0 unlfonul\ onn <l
n
Ezn

An Orlicz function M is said to satisfy 42 - condition for all
values u, if there exists a constant K > 0, such that

M(2uw) < KM(w)., (w=0)

We define the following Definition. An Orlicz function M is
said to satisfy A 4 - condition for all values u if there exists
a constant K > 0 such that

M) < KAM(u) forall w>0and A > 1.

We define the following sequence spaces Let A = (ank)oo
n,k be a non-negative regular matrix and m = (MK) a
sequence of Orlicz functions such that each Mk satisfies A
A — condition. Then for p >0

Wy(m.AX) = {r £3(X): limZamﬁ (U; (‘II“)) =0, for some p > {]} .
n P P

WP(m, A X)={w € s(X): there exists g € X, (} — 29) € ﬂgj('m.nl. X)}.

For = € WP(m, A, X), we write 2, — 2z (IW?(m, 4, X)).
If M (x) = x for each k, then these spaces are reduced to

WZ(A, X) and TWP(A, X) .
respectively, where

WP(A,X) =<z ¢€s(X): there exists 29 € X such that hmz ||z — 2o —0}
k
If (M) is replaced by (fx) a sequence of modulus functions ,
then the above spaces are reduced to the spaces defined by
Kolk [7].
Il. INCLUSION RELATIONS

In this section, we prove the following results.
Theorem 2.1.-
WE(AX) c W (m. A X)

if and only if

lim sup My (¢t) =0 (¢ =>0).
t—=0+

1)
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Proof_Let H-DFL’:L.Y) C “gj(?n.:'l.X) .
If we take A =1 (unit matrix), then this inclusion is reduced
to

co(X) Ceo(m, X)

where

c(m, X) = {1 €s(X): limz (M'k (M)) = 0, for some p > 0}
n P
k

Suppose that (2.1.1) fails to hold. Then there exists a
number Qo > 0 and an index sequence (ki) such that

(i=1,2---)
)
for a positive sequence (tj) € c0. Define the sequence x =

(x«) by
tiy, for k=% andforafixedyc X with [y =1;
“"':{ 0. ifkZh.
Then x € c0(X) since ti € c0, and hence x € cO(m,X) . On
the other hand, by (2.1.2) and A A —condition we have
M, (M) — M, (t—) > K0, p51 (i=12-1)
\op \p) Kp
i.e., X /€ co(m,X) , a contradiction. Therefore (2.1.1) must
hold.
Conversely, suppose that (2.1.1) holds. Then for every @ >
0 there exists a number ¢ suchthatO< 6 <1and

ﬂff\". (ti) = €

a
(%3

My (t) < ] k=1,2--. fort=3§
) @)
(k) € WE(AX) let
For a sequence x =
so that limn T,, = 0. Now
. »
Zank |::|LI;; (M)] = 21 -+ ZQ
" ; @

where X1 is the sum over k such that EREEh and X2 is the
|

sum over k such that ~
(2.1.3), we have

“% Since A is regular and by

31 < €
®)
By (2.1.1), we have
up My (§) = H < OI‘M\1 =
skl My(d)=H < o & S 5>0 (6)

Since each My is non-decreasing and convex, we have by
(2.1.6) and A A —condition that for K > 0

i, (L2l ag (352 el
I P

< o1 Lzl (6)
o

< s grlzel
]

T, < (K6~VH)'T,.

U]
Hence Ty — 0 as n — oo, Therefore x € W (m, A, X).
This completes the proof of the theorem.

Theorem 2.2.(a) {175 (m, 4, X) C W5 (4, X) and (M) is pointwise convergent fort > 0
(it i not necessary that every My satisfies the Ay condition ) then

inf My(t) >0, t>0,
(@)

(b) If

inf My(t) >0, ¢ 0, @
and every Mk satisfies the A A  condition then
WP (m, A.X) CWE(A X).
Proof-(a) Let W2 (m, A, X) € WF(A,X).
does not hold. Then

inf My(t) =0 (¢ >0)

Suppose that (2.2.1)

(b)

and thus we can choose an index sequence (ki) such that

1
My, (to) < " for certain #9 >0 (i=1,2,--) ©
C

Now, define a sequence x = (xk) by

toy, for h=Fh; where y€ X with |y|=1andty > (;
= .
710 otherwise,

llze]| = |zl = to.

and so by (2.2.2) and (2.2.3) we get

lim M, (M) =0
K p

and hence

. P
- [,.m. (M)} ~0
k p

Further by regularity of A, we have

. [EAE
11?1111 Z ank | Mg (T =0
k

e o =) €75 (m 4. X) gyt on the other hand

limZan;\- |zg || = th limZ ang = th,
" T

z ¢ WP(A, X). R .
w & el A Which contradicts

Hence (2.2.1)must hold.
(b) Conversely, let (2.2.1) hold and = & "¢ (m.4.X). Suppose

Hence that

WE(m, A, X) C WP(A. X).

xé Wo(A.X).' .
that Then for some number Q0 > 0 and index

ko we have lell=« (i<F) for some subsequence of
indices (ki), since A is regular. Thus

My (E—O) < My (M) for some p > 0,
P P
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@) g
and further by regularity of A, we have limMy (*’)

e WA X),

which contradicts (2.2.1). Hence o)

This completes the proof of the theorem.
I1l.  A-STATISTICAL CONVERGENCE

In this section we find relation of A-statistical convergence
with strong A-summability defined by a sequence m = (M)
of Orlicz functions.

Let K = {ki} be an index set, i.e. precisely the sequence (ki)
of indices. Let ¢ k be the characteristic sequence of K, i.e.
dk=(okj), where

{1: If j=k j=12--

0 ,otherwise,

ko
o) =

If ¢ kis (C,1)-summable then the limit

n
. 1 IS
lim — E o5
n 74

=1

is called the asymptotic density of K and is denoted by 6
(). An index set K = {k;} is said to have A-density if

54(K) =lim A, 0"

:hmg ange
n

kER

= (ank )%y - : :
\inklnk=1 g g non-negative regular matrix

exists, where 4
[cf,6].

The idea of statistical convergence was introduced by Fast
[2] and studied by various authors, e.g. by ~ Sal’at [13],
Freedman and Sember [3], Fridy [4] Connor [1], and
Kolk[6] .

sequence X = (x) € s(X) is said to be A-statistically
convergent to x0, [6] i.e. Xx — xo(Sa(X)) if for every @ > 0,
6 a(Lo) =0, where Ly = {k : [|X« — Xol| > @}. We denote

by SA(X) the set of all A-statistically convergent sequences
in X. If A is C1—-matrix, then A-statistical convergence is
reduced to the statistical convergence.

Example. Define x,.if k is a square and xk = 0 otherwise.
then {(h<n:op 0} < ()2, 502 = ()

Theoem 3.1.- Let A be uniformly regular matrix and the
orlicz functions sequence m = (M,) be a pointwise
convergent. Then

ap — 2o(Wf (M, A X)) = o — 20(Sa(X)),
if and only if
lim My () > 0 (¢ >0).
1)
Proof. Let @ > 0. Then as in [8 , Theorem 3.8] we can find
numbers s > 0 and r € IN such that

o ) 2 — x| P
anp = s F E ank |:Jf;\. (7)] .
: k=T ’ P

(]

k
k

I M

L.
”

O]

Where
L. = {k : |lzx — =] = e} . Since xz; — :50(11'5’(;:1.‘4._‘())
da(Le) =limy Y ang = 0. Therefore xp — 20(S4(X)
implies that kel
Conversely, suppose that Xk —

a’o[TT'éJ[?n. A X)) = zp — z(54(X)).
If (3.1.1.) is not true, we
have

li;n My (tg) =0 for some #5 > 0.

Since A is uniformily regular, by Lemma 2.4. of Kolk [8],
there exists an infinite index set K = (k;) with § a(x) = 0.
Define a sequence y = (yx) by

0, kek,
9= fuz.

otherwise:
where z € X with llzll = 1. Then

»
lim {M,\. (—”yﬁ“ )] =0.
2 P

and by the regularity of A we have

yir — 0(WP(m, AX)).
But for 0 < ¢ < .

Salk: |yl =€) = limy, Za”"“ —d4(K)=1-0=1
k
Thus yk does not — 0(Sa(X)) , i.e. contradiction to the
hypothesis. Hence (3.1.1) must hold. This completes the
proof of the theorem.
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