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I. INTRODUCTION 

n general relativity one of the problem is to be solved is whether or not there exist

gravitational waves carrying energy. H.Takeno [1] mathematically investigated two types of 

purely plane gravitational waves of Z=(z - t) and 
 



 
=

z 
tZ type and obtained the line elements for 

both waves respectively in four dimensional space time V4 as, 
22222 dzDdxdy 2 dt Bdy Adx ds + −−−−= , (1.1) 

and  
222222 )(22 dt )dz ( C E Bdy E Adx Z C ZEdzdt Ddxdy ds ++−−−−−−=  . (1.2)

Furthermore, by calculating non vanishing components of energy momentum pseudo tensors of

Einstein and Landua and Lipschitz, Takeno [1], conclude that both the waves carries some energy

and  momentum in the direction of their propogation. In this paper we propose to obtain the

existence of Z=(z - t) type plane gravitational waves carrying some energy and momentum in the

direction of their propogation in the sense of Takeno [1] by extending to Six-dimensional space-

time deduced by Adhav and Karade[3]. 

II. DEFINITION  

A plane wave gij is defined as non flat solution of the field equation

0=ijR ,   i, j = 1,2,3,4,5,6. (2.1) 
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In an empty region of space-time with, 

),(Zgg ijij =  ) ( ix ZZ = where ) ,, ,, , zu( t v y xxi = (2.2) 

In some suitable co-ordinate system such that, 

0,
, =j
i

ij Z Zg 
 



 


∂
∂

=
xi
ZZ i, , (2.3) 

0, 0), , ,( 6 5; ≠≠t Z = Z zZZ (2.4) 

The signature convention adopted is, 
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, (2.5) 

(Not summed for a & b; a,b=1,2,3,4,5) ,

and accordingly 

g = det(gij) < 0.  (2.6) 

III. THE PLANE WAVE METRIC  

We adopt the space-time deduced by Adhav and Karade [3] for Z=(z-t) type plane gravitational

waves in six-dimensional space-time, 

,)(2)( 222 C E2 dt dz Edzdt C E dl ds +++− −− =  (3.1)   

(
)22

222

222

2222

Ldv KdudvEdu IdydvHdydu

Bdy IdxdvIdxdu GdxduDdxdy Adxdl

−−−−−

−−−−−− =
.  

It is known that E in (3.1) can be transformed away by suitable transformation of co-ordinate, so

in new system. 
2222 Cdt Cdzdl ds +− −=  . (3.2) 
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By using transformation t ztz + =+ 11 and ∫ = )+ , (11 dz zt C z  (3.2) can be transformed into 

simpler form 
222 2 dt dzdl ds +− −= . (3.3) 

The components of metric tensor gij and gij for (3.3) are as follows 

[ ]



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
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 


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
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



−
− −− −
− −− −
− −− −
− −− −

=

1 00000
010000
0 0
0 0
0 0
0 0

L KJI
K FH G
JH BD
IG DA

gij  , (3.4) 

where A > 0, B > 0, F > 0, L > 0 

and  

2 222 2

2

2 22222

2

22 _222

2

I HBFI GHIJJ G

BGIK LBG DFIJDGJK DHIKDGHL

K DFL DF AJAHJK LAH ABKABFL m

+−−+

+−−−+

+−=+−−=

(3.5) 

n = -1 


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
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


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−
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where, ( ) ,2 222

m
FJ HJKL HB K BFLA +−+− + 

=′  

( ) , 2 222

m
FIGJKL GAFL AK B +−++−

=′

( ) ,
2

m
GJKHIKDK HGL DFLD ++−+

= ′  
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( ) ,
2

m
HIJ GJBIK BGLDJK DHKG + −−++−

=′

( ) ,
2

m
HI GIJDIK DGLAHL AJK H −++−−

= ′  

( ) ,
2

m
I HHGI BFIDFJ BJK DHK I −+ +−−

= ′

( ) ,
2

m
GHI IG DFIAFI DGK AHK J +− −+ +−

=′  

( ) ,
2

m
BGI DGJDHI KAHJ D ABK K −++−−

= ′

( ) ,
222

m
BI DIKL DABL AJ F +−+ +−

=′  

( )
m

BG GDHF DAH ABFL
222 2 + −++−

=′ . 

The non-vanishing components of christoffel symbols for metric (3.3) are, 
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 (3.7) 
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Where   

m
I IG GD D A A P 

2
′+′+′+′
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m

D HA GI KG FP 
2
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= ′
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2

′+ ′+ ′+ ′
= ′ . 
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Pawar et.al [5] investigated coexistence of Z= (z - t) type plane gravitational waves with

electromagnetic waves in six-dimensional space-time and obtained exact solution of field equation 

(2.1) as, 

{
} .2

222228

22

22

LKF

JH BIG DAN

′+ ′+ ′

+ ′+ ′+ ′+ ′− ′− ′− ′=

ξ ηξη

ρξ ρηρ σξη σρσ π
(3.8) 

IV.  SOME USEFUL FORMULAE 

For metric (3.3) and from (3.7) we made following formulae which are useful to calculate the

components of pseudo tensors. 

( ) 
 



 
 −= −=−
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(4.3) 

Where,  

{ }L LK KF FJ JH HB BI IG GD DA Am ′−′− ′− ′− ′− ′+ ′− ′− ′− ′− = 22222  

and    i = 1,2,3,……. ,6  a, b, c, d = 1, 2, 3, 4;  p, q, r, s = 5,6 and summation convention is used 

with respect to these indices. 

V.  PSEUDO-TENSOR OF EINSTEIN  

We calculate the components of energy-momentum Pseudo-tensor j
it introduced by Einstein 

which satisfies the conservation relation in the form 
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( ){ } ( ), 1 , 3   2  , 6 
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When j
iT  is energy momentum tensor of matter coincides with j

iE  

According to Einstein theory the j
it  expresses the energy momentum due to gravitational field and 

is given by 
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If we substitute (3.3) and (3.7) into (5.2) and using (4.1), (4.2) and (4.3) we obtain following

result; 
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Where  

{ }L LF FB BA AK KJ JI IG GD D ′+ ′+ ′− ′− ′− ′− ′− ′− ′ 2= 2 222
2
1β  

And other 0=j
it . 

From above, we have 

φ= =− =− = 6
6

5
6

6
5

5
5 tttt , (5.4) 

where    
m
βπφ =16 . (5.5) 

Here φ is a function of Z and does not Vanish in general. 
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Next we calculate the components of the symmetric energy momentum pseudo-tensor t*ij proposed 

by Landau and Lipshitz which satisfies the conservation relation in the form 

( )( ) { } , 0* =+− ij
ijij tT g (i,j=1,2,3,….6) 

and it is given by expression 
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If we substitute (3.3) and (3.7) into expression (6.1) and using (4.1), (4.2) and (4.3) we obtain 

following result : 

, 0other*, *66 *65 *56 *55 =*  = = = = ijttttt φ (6.2) 
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and            

Again * φ is not zero in general. 

To compare results (5.4) with (6.2) we introduce the quantity tij in the coordinate system, as, 

.ijijj
k

ik ttt g = =  (6.5) 

VI. . Pseudo-tensor of Landau and Lifshitz 
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( )( ) ( )( ) ( )( ) 

( ) ( ) ( ) ].22222 2

222

222

222

222

222222

222222

HI GJDK KD HIDK GJJ GJG DKHIIH

BG HDK IG LAH GDJKH LFDGHJ ID L

AJ IDK HJ FBI JDG KI FLD JIGHD F

AK IGH JK BFIGKJ DI BLG IKD HG B

BK JHG IK AKH JFI DJ ALH JKG DB A

D ABKLFGAF JB LI ALD BF

H BFI LA JBL GF AK FLD BA

− −+ −−+ −−+

−−+−−+ −−+

−−+ −−+ −−+

−−+ −−+ −−+

−−+−−+ −−+

−− +−− +−−

−− +−− +−−=β



When the field equations (3.8), is satisfied, we have 

(

) .22

22228
24 2

22

22
2

2

LK F J

H BIG DA
mm

m 
m

mN

′+ ′+ ′+ ′

+ ′+ ′+ ′− ′− ′− ′= −− =

ξ ηξη ρξ

ρη ρσξ ησ σρ πβ
(6.7) 

Hence we have, 

.
2

2* 16

,
42

2 16 2

2


 



 
 −=


 




 


+ −=−

m
mNand

m
m 

m
mN

πφ

πφ

(6.8) 

Also when space-time is empty, we have N=0, φ and φ* becomes respectively 

.
2

* 16

,216

2

m
m

m
m

mm

− =


 



 

 + − 

=−

πφ

πφ
(6.9) 

Again these values are functions of Z and do not vanish in general. 

VII.  CONCLUSION  

We conclude that, the energy momentum pseudo tensors (5.1) or (6.1) which expresses the energy

momentum due to gravitational field hence the gravitational waves given by (3.3) carry some

energy and momentum in the direction of their propogation. 
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