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I. INTRODUCTION AND PRELIMINARIES  

he free-electron laser (FEL) high-gain equation (HGE) 
describes the evolution of the optical field when it is far 

from the saturation. Denoting with ( )a τ  the dimensionless 
field amplitude, the HGE is written in the form of a Volterra 
integro-differential equation, namely ([9], [10]): 
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The Riemann-Liouville operator of fractional integration of 
order ν is defined by  
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provided that the integral (1.2) exists. The Riemann-
Liouville fractional derivative of order ν is defined in the 
form ([17], [18], [19], [15])       
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Boyadjiev et al. [6] studied the following nonhomogeneous 
form of fractional integro-differential equation of Volterra 
type: 
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    (1.4)     
where  , Cβ λ∈ and v R∈ . 
Al-Shammery et al. [1] considered a generalization of (1.4) 
in the form 
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where  , , Cβ λ δ ∈ , v R∈ . ( ) 0,αℜ > and ( ) 1δℜ > − . Al-Shammery et al. [2] further studied another     generalization 
of (1.5) 
in the form 

0

( ) ( ) ( , 1; ) ( ',1; ), 0 1D a a b iv d b iv
τ

α δ
τ τ λ ξ τ ξ δ ξ ξ β τ τ= − Φ + + Φ ≤ ≤∫

…….................................................................................(1.6) 
where  , , , Cα β λ δ ∈ , v R∈ . ( ) 0,αℜ > and ( ) 1δℜ > − . 
Saxena and Kalla [21] derived the solution of a further generalizaion of (1.6) in the 
form 
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τ

α δ γ
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………... (1.7) 
where  , , , , Cα β λ δ µ∈ , v R∈ . ( ) 0, ( ) 1α γℜ > ℜ > − and ( ) 1δℜ > − . 
 Recently Kilbas et al. [13] systematically studied a generalization of (1.7) in the   

  
followingform
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where  , , , Cλ µ ρ γ ∈ , w R∈ . ( ) 0, ( ) 0α µℜ > ℜ >
and f is assumed to be Lebesgue integrable over the interval 
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A detailed account of various operators of fractional integration and their applications can be found in a recent survey paper 
of Srivastava and Saxena [20], Oldham and Spenier [18], and Miller ad Ross [17].   
In  90’s, Watugala [22] introduced the following integral transform 
 
Sumudu Transform:  The Sumudu transform is defined over the set of the functions  

/
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by     
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More detail and properties about this transform, please see ([5],[6]) and others. 
 
The Lorenzo-Hartley function and its relationship with some other functions:- 
The Lorenzo-Hartley function , , ( , , )G a c tυ µ δ  is introduced by Lorenzo & Hartley [16] defined as  
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 ( 0, 0, ( ) 0)υ µ υδ µℜ > ℜ > ℜ − >                                                
 
 
 

 

where ( )kδ  is Pochhammer’s symbol defined by     
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be the set of natural numbers. Particularly at c=0, the above 
Lorenzo-Hartley function reduces in to the following form  
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Lorenzo-Hartley function yields the following relationships with various classical special functions: 
Mittag-Leffler function (see [13] )  

       

, 1,1
0

( )( , ) [ ] , ( 0).
( 1)

k k

k

a tG a t E at
k

υ
υ

υ υ υ υ
υ

∞

−
=

−
− = − = ℜ >

Γ +∑ … (1.14)                 

Robtonov&Hartleyfunction(LorenzoandHertley 
[16]) 
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where , [ ]E atυυ υ µ−  is the well known generalized Mittag-Leffler function (see [13]) defined as  
  

,
0

[ ] ,  0,  >0 .
( )

k

k

tE t
kυ υ µ υ µ
υ µ

∞

−
=

= ℜ > ℜ
Γ +∑

 
R function (Lorenzo & Hartley [16])  
The method followed here in finding the solution of 
Cauchy-type problems (2.1) and (2.2) and other Cauchy 
problems is based upon certain properties of fractional 
calculus and the Sumudu transform. The solutions derived 
are in closed forms and are suitable for numerical 
computation. 
 

 
 In order to prove our main results, we shall required the 
following results 
Lemma 1.1.  Lorenzo-Hartley function , , ( , , )G a c tυ µ δ  is 

given by (1.12), the Sumudu transform of , , ( , , )G a c tυ µ δ is 
given by . 
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, 
 provided that  0,  >0, ( - )>0.υ µ υ µℜ > ℜ ℜ  Proof: By definition of Lorenzo-Hartley function, we may see that 
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Taking the Sumudu transform both side 
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which gives  
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2. Solution of generalized fractional integro-differential equation of Volterra type.  
We begin by proving  
Theorem 2.1. Consider the following generalized integro-differential equation of Volterra type 
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where 0 1; , , , , Cτ κ µ υ δ η≤ ≤ ∈  and  0,  >0, ( - )>0.υ µ υ µℜ > ℜ ℜ  
together with the initial conditions 

0( ) |  ( 1, 2,... )k
kD h a k Nα

τ ττ−
= = =  

( : [ Re( )]) : 1 Re( ) : ),N N N Nα α= − − − < ≤ ∈                                ……………………………… (2.2) 

where 1,... Na a are prescribed constant and ( )f τ  is assumed to be continuous solution of the Cauchy-type problem (2.1) and 
(2.2) given by 
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Proof: Applying the Sumudu transform to (2.1) and using the Lemma 1 , we find that 
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where H(s) and F(s) represent, respectively, the Sumudu transform of the function ( )h τ and ( )f τ . Solving (3.6) under the 
initial conditions (2.2) we find that, 

1 1

1
( ) 1 ( ) 1

(1 ) (1 )

N
k

k
k

s sH s s a F s s
as as

α δυ µ α δυ µ
α α

υ δ υ δκ η κ
− −+ − + −

−

=

   
= − + −   − −   
∑

,…………………………………………………. (2.6) 
where it is tacitly assumed that 
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By taking the inverse Sumudu transform, we get the required result  
Setting 1µ υ= − , 1δ =  and replace ‘a’ by (-a) 
Corollary 2.1.  Under the various relevant hypotheses of Theorem 2.1 , a unique continuous solution of the Cauchy-type 
problem involving the Volterra-type integro-differential equation 
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Where 0 1; , , , Cτ κ υ η µ≤ ≤ ∈ and  0,  >0, ( - )>0.υ µ υ µℜ > ℜ ℜ , together with the initial condition (2.2),  is given 
by  
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Corollary 2.2. Under the various relevant hypotheses of Theorem 2.1, a unique continuous solution of the Cauchy-type 
problem involving the Volterra-type integro-differential equation 
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3. Solution of the generalized Volterra integral equation. 
Theorem 3.1. The  Volterra type integral equation  

( ) ( ) ( , ) ( ),, ,
0

D h h G a d f
τλ τ κ ξ ξ ξ η ττ υ µ δ

− = +∫
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has its solution given explicitly by 
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where 0 1; , , , , Cτ κ µ υ δ η≤ ≤ ∈ and  0,  >0, ( - )>0.υ µ υ µℜ > ℜ ℜ  

 
Proof: Now taking the Sumudu transform on  both the sides of Volterra integral equation (3.1), we get  
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and F(s) and H(s) denote the Sumudu transform of ( )f τ  and ( )h τ  respectively. 
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 Now taking the inverse Sumudu transform 
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where ( ) ( )r rµ µ λ λ= + + and  0,  >0, ( - )>0.υ µ υ µℜ > ℜ ℜ  by using Lemma 1.1. 
 
If we set 1δ = in  Theorem 3.1 we get, 
Corollary 5.1. The Volterra type integral equation  
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provided  0,  >0, ( - )>0.υ µ υ µℜ > ℜ ℜ  

If we set 0µ = , 1δ =  and replace a by - a in Theorem 3.1 
Corollary 5.2. The Volterra type integral equation which is given by, 
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