
 

 
 

 

 
Abstract-

 
The object of the present paper is to study the totally umbilical hypersurfaces of weakly conharmonically symmetric 

spaces. 
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I. INTRODUCTION
 

n 1989 Tam´assy and Binh [16] introduced the notions of weakly symmetric and weakly projective symmetric spaces. A 
non-flat Riemannian space Vn(n > 2) is called a weakly symmetric space if its curvature tensor Rhijk satisfies the condition

 
 
 
where A, B, C, D and E are 1-forms (not simultaneously zero) and the ‗,‘denotes the covariant differentiation with respect to 
the metric of the space. The 1-forms are called the associated 1-forms of the space and an n-dimensional space of this kind is 
denoted by (WS)n. The existence of a (WS)n is proved by Prvanovi´c [11]. Then De and Bandyopadhyay [4] gave an 
example of (WS)n by a metric of Roter [12] and proved that in a (WS)n, B = C and D = E [4]. Hence the defining condition 
of a (WS)n reduces to the following form. 
 
 
 In this connection it may also be mentioned that although the definition of a (WS)n is similar to that of a generalized 
pseudosymmetric space introduced by Chaki [2], the defining condition of a (WS)n is little weaker than that of a  generalized 
pseudosymmetric space. That is, if in (1.1) the 1-form A is replaced by 2A and E is replaced by A then the space will be a 
generalized pseudosymmetric space. In particular, if in (1.1) the 1-form A is replaced by 2A and B, C, D and E are replaced 
by A, then the space turns into a pseudosymmetric space of Chaki [1]. On the analogy of (WS)n, De and Bandopadhyay [5] 
introduced the notion of weakly conformally symmetric spaces.   
As a special subgroup of the conformal transformation group, Ishii [8] introduced the notion of conharmonic transformation 
under which a harmonic function transform into a harmonic function. The conharmonic curvature tensor  of type (0, 4) on a 
Riemannian space         is given by [8]. 
 
 
 
which is invariant under conharmonic transformations, where Rij is the Ricci tensor of the space.Recently Shaikh and Hui 

[14] introduced and studied the notion of weakly 
 
conharmonically symmetric spaces with the existence

 
of such notion by 

several proper examples. A Riemannian space 
 
      (the condition   is assumed throughout the paper as for 

the conformal curvature tensor vanishes identically) is called weakly conharmonically symmetric space  
conharmonic curvature tensor T is not identically zero and satisfies the condition.

 
 
 
 where A, B, C, D and E are 1-forms (not simultaneously zero). Such an ndimensional space is denoted by (WCHS)n. Here 
‘W’ stands for the word ‘weakly’ and ‘CH’ represents the ‘conharmonic curvature tensor’. It is shown that [14] in a 
(WCHS)n the associated 1-forms B = C and D = E and hence the defining condition (1.4) of a (WCHS)n reduces to the 
following form: 
 
 
where A,B and D are 1-forms (not simultaneously zero). If in (1.4), the 1-form A is replaced by 2A and B, C, D and E are 

replaced by A, then the space reduces to a pseudo conharmonically symmetric space [1]. In [15] Shaikh and Hui also studied 
the decomposability of weakly conharmonically symmetric spaces with the existence by several non-trivial examples. 
Recently ¨ Ozen and Altay [9] studied the totally umbilical hypersurfaces of weakly and pseudosymmetric spaces. Again ¨ 
Ozen and Altay [10] also studied the totally umbilical hypersurfaces

 
of weakly concircular and pseudo concircular symmetric 
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Rhijk,l = AlRhijk + BhRlijk + CiRhljk + DjRhilk + EkRhijl,(1)

Rhijk,l = AlRhijk + BhRlijk + BiRhljk + DjRhilk + DkRhijl.(2)

Thijk = Rhijk −
1

n − 2

[
Rijghk − Rhjgik + Rhkgij − Rikghj

]
,

Thijk,l = AlThijk + BhTlijk + CiThljk + DjThilk + EkThijl,

(3)

(4)

Thijk,l = AlThijk + BhTlijk + BiThljk + DjThilk + DkThijl,(5)
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Vn(n > 3) n >3

 if its 
n =3  [14] 

Vn(n > 3)



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

spaces. The object of the present paper is to study totally umbilical hypersurfaces of a , and it is shown that such a 
hypersurface with Codazzi type Ricci tensor is a pseudo-conharmonically symmetric space or a totally geodesic hypersurface.
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II. PRELIMINARIES

Let {ei : i = 1, 2, . . . , n} be an orthonormal basis of the tangent space at any point of the manifold. Then from (1.3), 

we have the following [14]:

ghkThijk = − R

n − 2
gij = ghkTihkj,

where R is the scalar curvature of the manifold and

gjkThijk = ghiThijk = 0.

Also from (1.3) it follows that [14]

(1) 

(2)

(i) Thijk = −Tihjk,
(ii) Thijk = −Thikj,
(iii) Thijk = Tjkhi,
(iv) Thijk + Tijhk + Tjhik = 0.

(3)

Definition 2.1-In a Riemannian manifold  the Ricci tensor is said to be of Codazzi type ([7], [13]) if

Rij,k = Rkj,i.(4)

Proposition 2.1. [14] In a Riemannian manifold the relation

Thijk,l + Tiljk,h + Tlhjk,i = 0.(5)
        

holds if and only if the Ricci tensor is of Codazzi type.

Proposition 2.2. [14] If a is of non-zero constant scalar curvature, then its associated 1-forms A and B are 

related by A = 2B.

The above results will be used in section 3.

III. TOTALLY UMBILICAL HYPERSURFACES OF WEAKLY AND PSEUDO CONHARMONICALLY SYMMETRIC 

SPACES

Let be an (n+1)-dimensional Riemannian space covered by a system of coordinate neighbourhoods 

Let    be a hypersurface of   defined in a locally coordinate system by means of a system of parametric equation 

    , where Greek indices take values 1, 2, · · · , n and Latin indices take values 1, 2, · · · , 

(n + 1). Let be the components of a local unit normal to     . Then we have

gij = ḡαβyα
i yβ

j ,

ḡαβNαyβ
j = 0, ḡαβNαNβ = e = 1,

yα
i yβ

j gij = ḡαβ − NαNβ, yα
i =

∂yα

∂xi
.

(3.1)

(3.2)

(3.3)

The hypersurface  is called a totally umbilical hypersurface ([3],[6]) of if its second fundamental 

form satisfies

( V̄ , ḡ)
( V̄ , ḡ)

{U, yα}

Vn(n > 3)

Vn(n > 3)

(WCHS)n

(WCHS)n

( V̄ , ḡ)(V , g)
Ω

(V , g)

ij

ij = Hgij, yα
i,j = gijHNα,Ω

H = 1
n

∑
gijΩijwhere the scalar function H is called the mean curvature of (V, g) given by                                If, in particular, H = 0, i.e.,

(V , g)Nα

yα = yα(xi)

ij = 0,Ω
then the totally umbilical hypersurface is called a totally geodesic hypersurface of .(V , g)

The equation of Weingarten for  can be written as . The structure equations of Gauss and Codazzi 

([3],[6]) for   and are respectively given by

(V , g) Nα
,j = −H

n
yα

j
¯(V , g) ( V̄ , ḡ)

Rijkl = R̄αβγδB
αβγδ
ijkl + H2Gijkl,

R̄αβγδB
αβγ
ijk N δ = (H,i)gjk − (H,j)gik,

(3.4)

(3.5)

(3.6)

(3.7)
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Where           are curvature tensors of           and  respectively, andRijkl and R̄αβγδ (V , g) ( V̄ , ḡ)

Bαβγδ
ijkl = Bα

i Bβ
j Bγ

kBδ
l , Bα

i = yα
i , Gijkl = gilgjk − gikgjl.

Also we have ([3],[6])

R̄αδB
α
i Bδ

j = Rij − (n − 1)H2gij,

R̄αδN
αBδ

i = (n − 1)H,i.

(3.8)

(3.9)

From (1.3), (3.6) and (3.8), we obtain

Tijkl = T̄αβγδB
αβγδ
ijkl − n

n − 2
H2Gijkl.(3.10)

Also from (1.3), (3.7) and (3.9), we have

T̄αβγδB
αβγ
ijk N δ = − 1

n − 2
H2[(H,i)gjk − (H,j)gik].(3.11)

By virtue of Proposition 2.1, we can state the following:

Proposition 3.1. In a Riemannian space  the relationV̄n(n > 3)

T̄bcde,a + T̄bcea,d + T̄bcad,e = 0.(3.12)

holds if and only if the Ricci tensor is of Codazzi type.Let be a weakly conharmonically symmetric space

with Codazzi type Ricci tensor. Then we have

( V̄ , ḡ)

T̄bcea,d = AdT̄bcea + BbT̄dcea + BcT̄bdea + DeT̄bcda + DaT̄bced,(3.13)

where A,B and D are 1-forms (not simultaneously zero). Permutating A, B and D in (3.13) and adding these 
equations and using (3.12), we obtain

AdT̄bcea + AeT̄bcad + AaT̄bcde + Bb(T̄acde + T̄dcea + T̄ecad

Bc(T̄bdea + T̄bead + T̄bade) + 2(DeT̄bcda + DaT̄bced + DdT̄bcae) = 0.

(3.14)

Let (V, g) be a weakly conharmonically symmetric space whose Ricci tensor is of Codazzi type.

Multiplying both sides of (3.14) by and then using (1.5), (2.5) and (3.10),we getBabcde
hijkr

n

n − 2
H2[AkGijrh + ArGijhk + AhGijkr +2(DrGijkh + DhGijrk + DkGijhr)] = 0.

Transvecting (3.15) by , we getgihgjr

H = 0, or Ak = 2Dk for all k.either

(3.15)

(3.16)

We now suppose that            Then from (3.16), we obtainH 6=0

Ak = 2Dk for all k.(3.17)

If the scalar curvature R is non-zero, then from (2.4), it follows that R is A constant. Then by virtue of Proposition 
2.2, we get

Ak = 2Bk = 2Dk for all k.(3.18)

Thus from (17) and (18), we have either H = 0, or

Ak = 2Bk = 2Dk for all k.

Consequently, the relation (1.5) reduces to the following

Thijk,l = 2AlThijk + AhTlijk + AiThljk + AjThilk + AkThijl,

i.e., the space   is pseudo conharmonically symmetric [1]. This leads to the following:

Theorem 3.1-If the totally umbilical hypersurface of a weakly conharmonically symmetric space with Codazzi type 

Ricci tensor and non-vanishing scalar curvature is a weakly conharmonically symmetric space with Codazzi type Ricci

tensor and non-vanishing scalar curvature, then it is a pseudo-conharmonically symmetric space or a totally

geodesic hypersurface.

We now consider that the hypersurface  is a totally geodesic, i.e.,H = 0. Then from (3.4), (3.10), we get

(V , g) -

(V , g)

T̄bcde,aB
abcde
rhijk = Thijk,r.

(3.19)

(3.20)



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Using (3.20) in (3.13), we have the relation (1.5). Thus we can state the following:

Theorem 3.2.-The totally geodesic hypersurface of a weakly conharmonically symmetric space is weakly 
conharmonically symmetric.

Corollary 3.1-The totally geodesic hypersurface of a pseudo-conharmonically symmetric space is pseudo-

conharmonically symmetric.

Let be a pseudo conharmonically symmetric space. Then we get(V , g)

T̄bcea,d = 2AdT̄bcea + AbT̄dcea + AcT̄bdea + AeT̄bcda + AaT̄bced.(3.21)

Multiplying both sides of (3.21) by and using (3.10), we getBabcde
hijkr

n

n − 2
H2[2AkGijrh + AiGkjrh +AjGikrh + ArGijkh + AhGijrk] = 0.(3.22)

Transvecting (3.22) by , we get

This leads to the following:

Theorem 3.3-If the totally umbilical hypersurface of a pseudo-conharmonically symmetric space is a pseudo-

conharmonically symmetric space then its associated 1-form A satisfies the relation (3.23).

H,k + (2n + 3)AkH = 0 for all k.                                   2(3.23)

gihgjr
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