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|. INTRODUCTION

I n 1989 Tam"assy and Binh [16] introduced the notions of weakly symmetric and weakly projective symmetric spaces. A
non-flat Riemannian space Vn(n > 2) is called a weakly symmetric space if its curvature tensor Rhijk satisfies the condition

() Ryijky = AiRniji + BrRiiji + CiRuji + DjRuar + ExRhiji,
where A, B, C, D and E are 1-forms (not simultaneously zero) and the _,“denotes the covariant differentiation with respect to
the metric of the space. The 1-forms are called the associated 1-forms of the space and an n-dimensional space of this kind is
denoted by (WS)n. The existence of a (WS)n is proved by Prvanovi'c [11]. Then De and Bandyopadhyay [4] gave an

example of (WS)n by a metric of Roter [12] and proved that in a (WS)n, B = C and D = E [4]. Hence the defining condition
of a (WS)n reduces to the following form.

) Rpijiy = AiRniji + BaRiiji + BiRnijk + Dj Rk + Dy Rhpiji.

In this connection it may also be mentioned that although the definition of a (WS)n is similar to that of a generalized
pseudosymmetric space introduced by Chaki [2], the defining condition of a (WS)n is little weaker than that of a generalized
pseudosymmetric space. That is, if in (1.1) the 1-form A is replaced by 2A and E is replaced by A then the space will be a
generalized pseudosymmetric space. In particular, if in (1.1) the 1-form A is replaced by 2A and B, C, D and E are replaced
by A, then the space turns into a pseudosymmetric space of Chaki [1]. On the analogy of (WS)n, De and Bandopadhyay [5]
introduced the notion of weakly conformally symmetric spaces.

As a special subgroup of the conformal transformation group, Ishii [8] introduced the notion of conharmonic transformation
under which a harmonic function transform into a harmonic function. The conharmonic curvature tensor of type (0, 4) on a
Riemannian spaceVn(n > 3) is given by [8].

1
@) Thijk = Rniji — p— [Rijgnk — Rnjgir + Rukgij — Rirgns),

which is invariant under conharmonic transformations, where Rijj is the Ricci tensor of the space.Recently Shaikh and Hui
[14] introduced and studied the notion of weakly conharmonically symmetric spaces with the existence of such notion by
several proper examples. A Riemannian space Vn(n > 3) (the condition 7 >3 is assumed throughout the paper as for
n =3 the conformal curvature tensor vanishes identically) is called weakly conharmonically symmetric space[14]
if its conharmonic curvature tensor T is not identically zero and satisfies the condition.

®)  Thijkr = AThiji + BrLiji + CiThije + DiThar + ExThiji,

where A, B, C, D and E are 1-forms (not simultaneously zero). Such an ndimensional space is denoted by (WCHS),. Here
‘W’ stands for the word ‘weakly’ and ‘CH’ represents the ‘conharmonic curvature tensor’. It is shown that [14] in a
(WCHS),, the associated 1-forms B = C and D = E and hence the defining condition (1.4) of a (WCHS)n reduces to the

following form:
®)  Thijra = AlThiji + BrTiijie + Bilhjk + DiThas + DiThiji,

where A,B and D are 1-forms (not simultaneously zero). If in (1.4), the 1-form A is replaced by 2A and B, C, D and E are
replaced by A, then the space reduces to a pseudo conharmonically symmetric space [1]. In [15] Shaikh and Hui also studied
the decomposability of weakly conharmonically symmetric spaces with the existence by several non-trivial examples.
Recently ” Ozen and Altay [9] studied the totally umbilical hypersurfaces of weakly and pseudosymmetric spaces. Again ~
Ozen and Altay [10] also studied the totally umbilical hypersurfaces of weakly concircular and pseudo concircular symmetric
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spaces. The object of the present paper is to study totally umbilical hypersurfaces of a(WCHS)n, and it is shown that such a
hypersurface with Codazzi type Ricci tensor is a pseudo-conharmonically symmetric space or a totally geodesic hypersurface.

1. PRELIMINARIES

Let{ei:i=1,2,...,n} bean orthonormal basis of the tangent space at any point of the manifold. Then from (1.3),
we have the following [14]:

R
@ 9" Thijr, = o = 9" Ty,

where R is the scalar curvature of the manifold and
) G Thiji = ¢" Thiji = 0.
Also from (1.3) it follows that [14]
@ () Twijr = —Tingi,
( Z) Thijk = _Thikj7
(Z%) Thijk = Tjkhi;
(1) Thijk + Tijnr + Tjnir = 0.
Definition 2.1-In a Riemannian manifold V,,(n > 3) the Ricci tensor is said to be of Codazzi type ([7], [13]) if
(4) Rm}k - Rkj,i-
Proposition 2.1. [14] In a Riemannian manifold V/,,(n > 3)the relation
) Thijkg + Tijen + Tingri = 0.

holds if and only if the Ricci tensor is of Codazzi type.

Proposition 2.2. [14] If a (WC’ H S)n is of non-zero constant scalar curvature, then its associated 1-forms A and B are
related by A = 2B.
The above results will be used in section 3.

11 TOTALLY UMBILICAL HYPERSURFACES OF WEAKLY AND PSEUDO CONHARMONICALLY SYMMETRIC
SPACES

,g)be an (n+1)-dimensional Riemannian space covered by a system of coordinate neighbourhoods{U, y }
g

) be a hypersurface of ( 1_/, g ) defined in alocally coordinate system by means of a system of parametric equation
) where Greek indices take values 1, 2, - - - , n and Latin indices take values 1, 2, - - -,

. Let/N “be the components of a local unit normal to( Vv g) Then we have

B gy = Japyly)

(3.2) Gap Ny =0, GagN*NP =e=1,
oy~
A

The hypersurface(V,g) is called a totally umbilical hypersurface ([3],[6]) of( g) if its second fundamental
form 25 satisfies

33  yylg? =g — N°N°, 4o =

B4 Qi = Hgij, v = g HN®,
where the scalar function H is called the mean curvature of (V, g) given by H = % > gijQij If, in particular, H = 0,i.e.,

(3.5) Qij =0,
then the totally umbilical hypersurface is called a totally geodesic hypersurface of ( V;Q).

The equation of Weingarten for (17, ¢) can be written as N 3= —%y;-‘ . The structure equations of Gauss and Codazzi
([31,[6]) for (V. g) and(V/, g)are respectively given by -

(3-6) Rijk:l - Rag»ﬂ;BZi?g + HQGZ'jkl,

3.7 Rapys By N = (H,) g5 — (H ) g
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Where R, and Ry, are curvature tensors of ( 1/, g )and (1, g)respectively, and

alvyd a «a for
By = BYB/B]B}, By =y, G = gag — girdi-

Also we have ([3],[6])
(38) Ra(sB?B}S = Rij — (n — 1)H292‘j,

(39) RosN°B) = (n—1)H;.

From (1.3), (3.6) and (3.8), we obtain - n
(310) Ty = TagrsBin)” — — 2JLIZ‘C%W.
Also from (1.3), (3.7) and (3.9), we have
_ o 1
(311) TopsBiy N = _mHQ[(H,i)gjk — (H;)gin]-

By virtue of Proposition 2.1, we can state the following:
Proposition 3.1. In a Riemannian space\_/n(n > 3) the relation
(3.12) Tbcde,a + Tbcea,d + Tbcad,e = 0.
holds if and only if the Ricci tensor is of Codazzi type. Let (f/’ g) be a weakly conharmonically symmetric space

with Codazzi type Ricci tensor. Then we have
(3'13) Tbcea,d = AdTbcea + Bdecea + Bchdea + DeTbcda + DaTbced;

where A,B and D are 1-forms (not simultaneously zero). Permutating A, B and D in (3.13) and adding these
equations and using (3.12), we obtain

(3'14) AdTbcea + AeTbcad + AaTbcde + Bb(Tacde + Tdcea + Tecad
Bc(deea + Tbead + Tbade) + 2<D6Tbcda + DaTbced + DdTbcae) = 0.

Let (V, g) be a weakly conharmonically symmetric space whose Ricci tensor is of Codazzi type.
Multiplying both sides of (3.14) by Bgé’]‘?gﬁ and then using (1.5), (2.5) and (3.10),we get

n
(3.15) mHQ [AkGijrn + ArGijn + AnGijir +2(D,Gijin + DrGijrr. + DiGijnr)] = 0.

Transvecting (3.15) by ¢"¢”", we get

(3.16) either H =0, or A, =2D, for all k.
We now suppose that H 0 Then from (3.16), we obtain
(3.17) A, = 2D, for all k.

If the scalar curvature R is non-zero, then from (2.4), it follows that R is A constant. Then by virtue of Proposition
2.2, we get

(3.18) Ay = 2By, = 2Dy, for all k.
Thus from (17) and (18), we have either H =0, or
(3.19) A, = 2B, = 2D, for all k.

Consequently, the relation (1.5) reduces to the following
Thijig = 2A1Thiji + AnTijr + AiThie + AiThak + AgThij,

i.e., the space (V, g) is pseudo -conharmonically symmetric [1]. This leads to the following:

Theorem 3.1-If the totally umbilical hypersurface of a weakly conharmonically symmetric space with Codazzi type
Ricci tensor and non-vanishing scalar curvature is a weakly conharmonically symmetric space with Codazzi type Ricci
tensor and non-vanishing scalar curvature, then it is a pseudo-conharmonically symmetric space or a totally

geodesic hypersurface.
We now consider that the hypersurface( V, g) is a totally geodesic, i.e.,H = 0. Then from (3.4), (3.10), we get

s bed
(3.20) Tocde.aBrnijr = Thijk.r-
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Using (3.20) in (3.13), we have the relation (1.5). Thus we can state the following:

Theorem 3.2.-The totally geodesic hypersurface of a weakly conharmonically symmetric space

conharmonically symmetric.

Corollary 3.1-The totally geodesic hypersurface of a pseudo-conharmonically symmetric space is

conharmonically symmetric.
Let(V, g) be a pseudo conharmonically symmetric space. Then we get

(3.21)

is weakly

pseudo-

Tbcea,d = 2AdTbcea + Adecea + Achdea + AeTbcda + AaTbced-

Multiplying both sides of (3.21) by B2b¢de and using (3.10), we get

(3.22)

hijkr

Transvecting (3.22) by ¢?"¢7" , we get

(3.23)

This leads to the following:

Theorem 3.3-If the totally umbilical hypersurface of apseudo-conharmonically symmetric space is a pseudo-
conharmonically symmetric space then its associated 1-form A satisfies the relation (3.23).
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