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On Uniformly Spriallike Functions And A
Corresponding Subclass Of Spirallike Functions

C.Selvaraj' and R. Geetha®

Abstract-In this paper we introduce and study the class of
uniformly-spirallike functions of order and a subclass of it.
Also some convolution results are obtained.
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I.  INTRODUCTION

Let A denote the class of all analytic functions

flz)=2+ ZG..RZ"
n=2
o)
defined on the unit disk = = =+ 12l =1} normalized by

F0) =0, £1(0) = 1. The function f € A is spirallike if

Re{e‘i"%} > 0 for éll ze A

of < /2.

and for some a with
Also f(z) is convex spirallike if if zf’ (z) is
spirallike.

Definition 1.1-

(Uniformly a-spirallike functions of order 3). The function
f(z) of the form (1.1) is uniformly a-spirallike of order * )
if the image of every circular arc I with center at © lying
in A js o-spirallike of order 7 with respect to HO- This

) i
(f(Z)—f(C) J?em)

condition is equivalent to arg lies

between © and @7
The class of all uniformly -spirallike functions of order
is denoted by  USF(ex. ).

Theorem 1.1.- Let [ € A Then /= UCVI9) 7
2f"(2)

')
Re{l+ > )

f(z)

+0,z€ A
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This class extends the class of UCV functions introduced
and studied by various authors in [3, 4, 7, 12]. We now give
the following analytic description for US(a./)-

o] < w/2, B >

Theorem 1.2- Let U Afunction €A

belongsto USP(a.5).  jff.

Re {eiﬂm} >B,2#4( 2 €A

Proof.Describe s by 2(t) = ¢ +re, t € [0, 27]. Then
2(t) = i(z — Q). Now USP(, ) iff

Re {eff“% >B, 24z ¢ €A,
Since

=1/2+a+arg (e% - 6) ,
we have -
~71/2 <arg (e% - ﬁ’) <7/2

Or

_ia (2= Q) (=) }
R R 8 0
A e o) =
Or
_ia (2 = Q) F'(2) } .
Reqde "™—F———— 4 > (3.
{ ) —rQ ) — @)
This extends obviously the class of functions studied in [4].
An equivalent form of Theorem 1.2 in terms of Hadamard
product is
Theorem 1.3-
if () = 2z ang 9(2) = oo ba?" are analytic in
A then the Hadamard product of f and g s
frg= Zf:o by 2"
In particular, if f is a normalized analytic function in A

By, 0B <1,0<[y <1,
then for all " " (see [10]) we
have
D
=J\pz) = *
[C A 1 — 3z
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and

EOES O >
B— (1—=p52)1 —~v2)

, z
2f'(Bz) = f * 7(1 — B

USP(w,B) i
Theorem 1.3-Let / €A Then (v, B) iff

Z
LS o s g

z

Re{ &

1
< —,
e

w=bz, ( =cz.

Proof-Let
Now

f(bz) — f(c2)
fa < _ b—c
(1 —02)(1—c2) 2f'(bz)
flw) = f(¢)
w0
2f'(w)
fw) = f(€)
(w=0Of(w)

frm——— :
o (A=b =) | _ o f i) -5 1
Re{e e }R{ (wf@')f’(w)}gs

and the result follows from Theorem 1.2.

Theorem 1.4-If red satisfies
Re {em;’,((:}} < %, Z,w€A
then

=

(b)

feUSP(a,p).
Proof-Note that

fe) -
= 0r )

o 1 PR

) 7e‘fﬁf’(z)4/0 ftz+ (1 -t)¢)dt

= Zemif’(w) w, where w =1tz —t)¢
7/4 ST h)d, h tz+ (1 —1)C.

L)N\e —

ia (W)
Rl <
f(z) = f(Q)
rel =) =
which is equivalent to
—ia (7 — C)f’(z}}
R s~ e v
{ 1) - 1)
= fe USP(xo, 7).

By hypothesis,

—

[

—

®

> 3.

(@)
I, UniFormLY convex O-Spiral

FUNCTIONS OF ORDER p

Let v be the image of an arc I-:2=2z(f), (e =1 =1

under the function f(z). The arc L« is convex @spirallike

of order 7 if
), ') L
arg (z’(t) +2'(t) ) — fFie )

a and o + 7.

lies between

Definition 2.1-The function f(z) represented by (1.1) is

uniformly convex a-spiral of order Bif the image of
every circular arc U= with center at ¢ lying in A is

convex -spirallike ¢ grqar "

The class of all uniformly convex «-spiral functions of

. UCSP(a, 3).
order # is denoted by (@5)

. . - UCSP(a, f).
We now give an analytic description of

A . .
Theorem 2.1. A function UOA is in (¢S 8) il

Re {e_i“ (1 + 4(2 - C)f”(Z)) } 2 .‘35 Z 7& Ca ZrC € A.
f'(z)

(2) e UCSP(, 3).

s (20440

A

Then we have
")
f'(2)

where the curve L= is given by -

Proof-Let !

- ,Bz'em) <oa+T

(1) =C+ret, 0<t<2m

Then f(2) € UCSP(a, ) iff
a < arg (z’ +i(z — (_,)J;”((;) — ,Biem) <o+
Since
it — B e T JPRY i I
o (4= =) = T (14605 - ).
o —g <arg (l+ (z— C)];:((j)) - fSei‘*) <a+ g
(or)
m f"2) )T
-3 < —+arg (1+(2_C)f’(2) — [e ) < 5
Hence Re {e’w (1 + (2~ C)’}’,’((:)) - ﬁem)} > 0.

or Re{e‘i“ (H— (z—(,)’}((j)))} >B,24C 2, EA.
(@)

We now prove a single variable characterization of the class
UCSP(a, ).

Theorem 2.2-A function f(z) € A s in = ¢~ (@A) if

e (o)) 2

p

+0,z€ A,
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UCSP(a, ).
Proof-If f € (e, ) then we have

N

I_:Tquivalently,
)} i) o

Re {e‘i" (1 +

forevery =7 (€A
Choose © =e''z such that

,‘ J”(Z)} ’ f”(Z)‘
Rell e~ 1 3= 1 8.
{ ‘T2 “Flo)
Then we have
NP ) £(2)
R‘{ (” f(:))}>‘ | T

Conversely assume the inequality is satisfied. Let Cea
be arbitrary. Since

_mL f”(z)‘ }
Rede (1 -
B{E ( e C)f'(f)) is harmonic in A it is

enough to prove that

Re {e‘ic" (1 + (2 - C)i:((j)))} >

for all ~ < for which
|z > IC].
Now
ia Zf”(ff))} 2f"(2)]
Re{e (l—l— e > o) + 4
Lia 1(2)
= e Cf,(z) +3
Lia  f"(2)
ERE{E gf(Z)}ﬂj
:Re{e—ia( (2 g){f((z)))} > 4.
= f(z) e Aisin UCSP(a, 3).
f(2) (a, B) -
Definition 2.2-A function f(z) € A is in Sh(e B) if
_in2f(2 )} 2f'(2)
Reqe™ > —1/+8. 2 A,
{ ) J 1) :

=f'(2)
7@ lies in the parabolic

Geometrically it means that

region
Q, = {w: Re{e ™w} > |w— 1|+ 5}
.- —ic, cosa+f3
If ©€%, then Fele™wl =5 and therefore the

functions in the class “1»(@: ) are a-spirallike of orqer
‘ 3 =10, SP,(a, )
When

cosa+[3

: reducesto S4p(a) [11].

The class UC5P0-9) s the class UCV(5). In fact, every

UCSP(a, 3)

function in the class is related to the class U

UCV(). as in the following theorem.

Theorem 2.3-Let f(z) € A and s(z) be defined by f'(z) =
(s:(z))eiacosa

Thenfz) e VO 0) it 5(z) = UCV(A).

Proof-The result follows since

et (1 + z}r,(S)) +isino

COS ¥

25"(2)
1 —
")
We now prove a two variable characterization of the
Py(a. ).

function in the class o
Theorem 2.4-The function f is in Shle ) iff

el (e 079}

Proof-We have f(z) is in
8) iff [ 12z e UCSP(a, ).

%y the two variable characterization for the class
CSP(a, 3) for
F(z) —f d e UCSP(w, ),
FH’
refe (14605 ) f 2
—_ 77/& ff(z L:
= Re{ (( ~ 9% _)} =7
@
Theorem 2.5- The function
f(z) =z +a,2" is in SP,(a, B) iff
cosa—f3
|a,| <

n(l+cosa)-1-f

)=z a?zanSP OL\,B iff
Proof-The function il i »(@, )

1" 1 .

Zfr () _ 1 +8< Re{e_mzfr ()}”| <1l

) ) "
It suffices to prove (2.1) for |z] = 1. Let |an| =
a,2" ' = ret. )

Then equation (2.1) becomes
n—1)re? 14 nre?
(1_|_7)‘e +8< Re{e"‘“ﬁ}
re re’
2

Simplifying and separating the real part of the expression
on the right hand side of (2.2) we get
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Red gt nre’ ) [L+(n+1)rcosf +nr’jcosa+sina(n - 1)rsinf
' Lire? [ 14724 2rcosf)
Therefore inequality (2.2) gives

(14 (n+)reosf+nr’) cosa +sina(n — Irsinf

L AL 9 e V2
(n=1)r+3{14+r"+2rcosf) = < TR

The minimum for the expression in the right hand side of the
above equation occurs at ? = 7 and this minimum value is
cosa(l —nr). Therefore the necessary and sufficient

SP(a,B) .
oo )IS that

condition for /(2) = =+ " tg he in
(n—=1)r+p(1-r)<cosa(l —nr).
Solving this equation for r = |a;| we have
cosa — 3
n(l+cosa)—1-4

|an| <
@

f € UCSP(a,B) iff zf'(2) € SPy(av, B)
we have the

Since
following.
Corollary 2.1-The function

f(z) =z+ay2" is in UCSP(w, 3) iff

cosa — (3

a,| <

nn(l+cosa) —1—4

A(2) € SPy(a, B), i = 1,2,...,
Theorem 2.6-Let f\(i) p(e, ), i T
be given by )
F(z)= [ TI., (@)al dz where a; > 0 and > a; = 1.
Then F(z) € UCSP(w, 3).
Proof.-

- 2F'(2) N~ 2fi(2)
Since 1+ F2) :;ai .

oo (o)) B ()

SN

")
- ;a“(ﬁ-(z) 1)

2F"(2)
F'(2)

" and F(@z)

+8

+ /3.

im.  CONVOLUTION THEOREMS
flz) = 24307 ap2"
Theorem 3.1-If n=2""""and

9(2) = 24+ 202, b.2" are glements of UCSP(a, )

(F#9)(2) = h2) = 2+ Y oL anby2" is in
then ) ‘
UCSP(a,r) where

cos 32+ 3cos” o - Weosa - 8F + 352 + 2 cos o) - 45

<
- 30 +costa+ 3~ 16cosa - 160+ 65 cosa

!

0<a<1,f>0.

Proof. Since f(z) and g(z) are in UCSP(a, §) we have

Yoo n(2n —cosa = ), < cosa - [ and

Yo, n(2n —cosa - )[b,) < cosa— . We wish to find the largest 7 such
that ), n(2n—cosa—r)|a,b,| < cosa—r. Equivalently we want to show
that the conditions

> 2n —cosa — f3
S B <1

—~ cosa— 3
1)
and
o0
I —cosa—f3
Z 7,fn|bn\ <1
cosa — 3
n=2 !
2
imply that
= —cosa—r
Z %n\anbu\ <1
cosQ — T
n=2
3)
for all

o o8 a(32+3cos’ o — 20 cosa — 8+ 33 + 23 cosa) — 43°
T
- 32+ costa+ 2 —16cosa— 165+ 6Fcosa

From (3.1) and (3.2) and by means of Cauchy-Schwarz
inequality, we get that

oo

Z 2n —cosa — 'Sn\/m <1,
n=2

cosa — 3
4)

Hence it is enough if we prove

n—cosa—r 2n—cosa—f3

—nlayh,| € ————n/|ayh,| forn=273 ...

cosa— T abn] < cosa — f§ b o
(or)

b < n-cosa—f cos@—r
aﬂ. n| = .
cosa—f3 n—cosa—r

From (3.4) it follows that

cosa — 3
ny/ |anbn| < :

The above inequality is equivalent to

— foralln.
2n—cosa— 3 5)
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9 Theorem 3.4-Let

f(2) =242 pan2", g(z) = 2+ 0 b2"
f.g € SBy(a,3). Then f g€ SP,(a, 1) for

cosa — 3
7 4 cos n—cosa—3
2 T ' ll cosa — f3 r'

COs &x — l

_ cos af8+costa+ 32 —6eosa+ feosa — ] — 23

n— — r
n [2n - cosa =3 (6) - 2(4-2cosa— 26+ fcosa)
The right hand side of (3.6) is an increasing function of n, (n SP, (. 5)
=2,3,...). Bytaking n = 2in (3.6) we get Proof. Since f(z) and g(z) are in =~ “* we have
[o'e]
i cosa(32 + 3cos’ a — 20 cosa — 8 + 3% + 23 cosa) — 4 Z(Qn —cosa — f3)|ay| < cosa — f and
- 3+ costa+ 32— 16cose — 16§ 4 63 cosa ‘ n=2
00
) Z(Qn—cosa—ﬁ)|bn| <cosa —f3.
Theorem 3.2-For for f(z) €« UCSP(«, 1) and n=2
9(2) € UCSP(o, ) £(2) + 9(2) € UCSP(a, ) where We wish to fgd the largest r such that
we have
Z(Qn —cosa — 7)|anby| < cosa — 7.
. cosa(32 - Neosa+ 3cosPa - 4(G, + ) + 38,8y + (B, + By) cosa) - 463, n=2
r= 304+ costa+ 4y - 16cosa - 8(F, + ) + dcosa(f; + fb) ' Equivalently we want to show that the conditions
Proof-Proceeding as in the proof of Theorem 3.1 we get i 2n —cosa — _ﬁ‘ | 1
—a
cosa — cosa — [ = cosa—f T
CcoOsx — =
cosa + 1 - 2n—cosa— Gy | |2n —cosa— [y iy that ©)
2 - . 1[ cosa — 3 }[ cosa — [l } imply tha
|2 —cosa-j 2n —cosa — 3; > O —cosa—r
) S 2 e oy bl <1
The right hand side of (3.7) is an increasing function of n = n=2
2,3,....Setting n =2 we get for all
cosa(32—Wcosa+3cos’a — 4By + B) + 3518 + (B + B) cosa) — 46,5 ) » )
- 32+ cos2a + BBy — 16cosa — 8(3; + B) + 3cosa(B, + ) ' r< cosaf8 +cos* o+ * —Geosa + Feosa — ] — 2
(8) - 2(4—2cosa— 26+ fFeosa)
Theorem 3.3-Let [f(2).9(2),h(z) € UCSP(x,3). Then From (3.8) and (3.9) and by Cauchy-Schwarz inequality, we
Then f(z)*g(2) = h(z) € UCSP(a,r) where get that
o0
6.cos® a + cos" (286 — 100) + cos® (240 — 2765 + 185%) n—cosa—f = g
+cos® a(—672 + 5148 — 1086 + 105°) Z_: cosa — f3 [anba| < 1.
. eosa(1024 - 7686 + 1445 — 285°) + 165 = _ (10)
"= 7004 - 7685 + 1545 — 45° + 10cos" a + cos’ a(—116 4 185) Hence it is enough if we prove
+cos? (512 — 2986 + 326%) + cos a(— 1280 + 256 — 1568% + 65°) In—cosa —7 | < 2n—cosa— 3 o
cosa—r T cosa—f e
Proof. From Theorem 3.1 we get f(2) * g(2) € UCSP(a,r) where (o
or
. cos (32 + 3cos? a — 2 cosa — 84+ 342 + 2 cosa) — 4° bl n—cosa—f3 cosa — T
= 324 cos?a+ 72— 16cosa — 167 + 6 cosa ' b < cosa— f3 Mm—cosa—r1)"
f(2)#g(z) = h(z) e UCSP(a,r) where From (3.10) it follows that
cosa — 3
9 oot — 0 st~ Ao -t B 4 Voot I Boetin 4 oo — i Nk €~ for all n.
" $cosa—2cos"a—deosa(r+ )+ 3cos’a+ (r+ ) cos"a + 3rfeosa — 4rff apby,| < o —cosa— or all n

32+ cos? ") —1bcosa — B)+3(r+4)cos . L .
AR Thee - BRI st The above inequality is equivalent to

@

Substituting for r and simplifying we get the required result.
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2

.o 08 af8 +cos’ a+ % — 6eosa + feosa — f] - 25

cosa — [

cosoy—n | —————
-r+cosa< 2n —cosa— f3 -

2 N ] cosa — 3 :

n—cosa— 3

(11)
The right hand side of (3.11) is an increasing function of n
(n=2,3,...).Bytakingn=2in (3.11) we get
. cosa[8 +cos’a + 3 — Geosa + feosa — ] — 2°
' 2(4—2cosa — 26 + feosa) '

(a)
R . . 1)
Theorem 3.5-For [(2) &€ Sh(a, k) and g(2) € SP,(a, )
and 9(%) = STp(@52) e have 2)
f(2) * g(z) € SP(a,7) where 3
< cos (8 + cos® o + B1 3 — 6eosa) — 2533
T 8 —dcosa — 2B + o) + (B + Fa) cosar) 4)
Proceeding as in the proof of Theorem 3.4 we get .
cosa — i cosa — [f )
CosQ — 1
4 cosa - In—cosa— | |2n—cosa—fy
2 - | cosa — [ cosa — [ ' 6)
In—cosa— | |2n—cosa— ffy
The right hand side is an increasing functionofn=2, 3, . .. 7)
. Setting n = 2 we get
.o cosa(8 + cos?a + 13, — 6eosa) — 26,5 8)
~8—4dcosa—2(0+ ) + (B +fa)cosa)
9)
Corollary 3.1-Let /(%):9(2)-1(2) € SFy(a. ). Tpgn
f(z) % g(2) = h(z) € SB,(a, 1) where 10)
46° +cos* (38 — 4) +cos® (32 + ) +cos’ (B — 352 + 606 — 80)
. +eosa—40 +23° - 486 + 64)
R TIY 484 + cos* o + cos® af — 8) + cos® (36 — 153+ 33 11)
+cosa(80 4 505 - 127
12)

« g(z) € SPy(a,7) wh
From Theorem 3.4 we get 1) * 9(z) (. 7) where

2(4—2cosa— 23+ fcosa)

f(2) * g(z) x h(z) € SP,(a, 1) where

- cosa[8+ cos® o+ fr — 6cosa) — 26r
r .
"= 8 dcosa— 28— + (B+71)cosa

Substituting for r and simplifying we get the required result.
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