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I. INTRODUCTION 
 

et A denote the class of all analytic functions 

 

 

                                           (1) 

defined on the unit disk   normalized by 

The function f ∈ A is spirallike if 

   and  for  some  a  with  

Also f(z) is convex spirallike if if zf′ (z) is 

spirallike. 

 

Definition 1.1- 

(Uniformly  The function 

f(z) of the form (1.1) is uniformly  of order  

if the image of every circular arc with center at  lying 

in  is  of order  with respect to This 

condition is equivalent to arg   lies 

between  and  

The class of all uniformly  functions of order  

is denoted by  

Theorem 1.1.- Let Then    
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This class extends the class of UCV functions introduced 

and studied by various authors in [3, 4, 7, 12]. We now give 

the following analytic description for  

Theorem 1.2- Let A function   

belongs to iff. 

 

        

Proof.-Describe  by  Then 

Now  

 
Since 

 
Or 

       
Or 

                      (a) 

This extends obviously the class of functions studied in [4]. 

An equivalent form of Theorem 1.2 in terms of Hadamard 

product is  

Theorem 1.3- 

If  and are analytic in 

 then the Hadamard product of f and g is 

  
In particular, if f is a normalized analytic function in  

then for all  (see [10]) we 

have  

 

L 
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and 

          

Theorem 1.3-Let  Then  

        

   Proof-Let   

Now 

  

(b) 

and the result follows from Theorem 1.2. 

Theorem 1.4-If   satisfies  

then  

Proof-Note that  

 

 
By hypothesis, 

           
which is equivalent to 

        (a) 

II. UNIFORMLY CONVEX  

                             FUNCTIONS OF ORDER  

Let    be the image of an arc  

under the function f(z). The arc  is convex  

of order  if   

              

lies between   

 
Definition 2.1-The function f(z) represented by (1.1) is 

uniformly convex  of order  if the image of 

every circular arc with center at  lying  in   is 

convex   of order  . 

The class of all uniformly convex   functions of 

order  is denoted by  

We now give an analytic description of   

Theorem 2.1. A function  is in   

 

Proof-Let  Then we have  

 

where the curve  is given by  

Then   

        
Since 

 
(or) 

 
                                                                                            (a) 

We now prove a single variable characterization of the class 

 

Theorem 2.2-A function f(z) ∈ A is in  

 



P a g e  |38 Vol.10 Issue 5(Ver 1.0)September 2010 Global Journal of Science Frontier Research 

 

Proof-If f ∈  then we have  

           
Equivalently, 

 

for every   

Choose  = eirz such that 

   
Then we have  

   

Conversely assume the inequality is satisfied. Let  ∈   

be arbitrary. Since 

  is harmonic in  it is 

enough to prove that 

 for all   for which 

Now  

 

                     (b) 

Definition 2.2-A function f(z) ∈ A is in  

 

     

Geometrically it means that lies in the parabolic 

region  

    

 If then  and therefore the 

functions in the class  are   of order 

When  reduces to   

The class    is the class In fact, every 

function in the class  is related to the class U 

 as in the following theorem. 

 

Theorem 2.3-Let f(z) ∈ A and s(z) be defined by f′(z) = 

(s′(z))eia cos a 

. Then f(z) ∈  iff s(z)  

Proof-The result follows since 

         
We now prove a two variable characterization of the 

function in the class  

Theorem 2.4-The function f is in  

         
Proof-We have f(z) is in  

   
By the two variable characterization for the class 

 

       

            (a) 

Theorem 2.5- The function  

      

       

Proof-The function   

               (1)  

It suffices to prove  (2.1) for |z| = 1. Let |an| = r  

 Then equation (2.1) becomes 

              (2) 

  Simplifying and separating the real part of the expression 

on the right hand side of (2.2) we get 
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Therefore inequality (2.2) gives 

 
 

The minimum for the expression in the right hand side of the 

above equation occurs at  and this minimum value is 

Therefore the necessary and sufficient 

condition for to be in  is   that  

 
Solving this equation for r = |an| we have 

                                    (a) 

Since we have the 

following. 

Corollary 2.1-The function  

       

   

Theorem 2.6-Let and F(z) 

be given by  

 
Proof.- 

 
III. CONVOLUTION THEOREMS 

 

Theorem 3.1-If and  

      elements of  

then  

 

 

 
 

                            (1) 

and 

                            (2) 

imply that 

                                     (3) 

for all 

 
From (3.1) and (3.2) and by means of Cauchy-Schwarz 

inequality, we get that  

                          (4)  

Hence it is enough if we prove 

 
From (3.4) it follows that 

                       (5) 

The above inequality is equivalent to 
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             (6) 

The right hand side of (3.6) is an increasing function of n, (n 
= 2, 3, . . . ). By taking n = 2 in (3.6) we get 

 

 

 
                                                                                    (a) 

Theorem 3.2-For  and 

 we have   

 
Proof-Proceeding as in the proof of Theorem 3.1 we get 

(7) 

The right hand side of (3.7) is an increasing function of n = 

2, 3, . . . . Setting n = 2 we get 

 
                                                                                         (8) 

Theorem 3.3-Let Then 

 

 

         

                                                                                          (a) 

Substituting for r and simplifying we get the required result. 

Theorem 3.4-Let  

 

 

 

Proof. Since f(z) and g(z) are in   we have 

 

  
We wish to find the largest r such that 

 
Equivalently we want to show that the conditions 

                                 (9) 

imply that 

                    
for all 

    
From (3.8) and (3.9) and by Cauchy-Schwarz inequality, we 

get that 

                     (10) 

Hence it is enough if we prove 

 
From (3.10) it follows that 

             
The above inequality is equivalent to 
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   (11) 

The right hand side of (3.11) is an increasing function of n 
(n = 2, 3, . . . ).By taking n = 2 in (3.11) we get 

(a) 

 

Theorem 3.5-For 

and we have  

   

  
Proceeding as in the proof of Theorem 3.4 we get 

 
The right hand side is an increasing function of n = 2, 3, . . . 
. Setting n = 2 we get 

 

Corollary 3.1-Let  Then  

 

 
 

From Theorem 3.4 we get  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Substituting for r and simplifying we get the required result. 
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