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I INTRODUCTION

I_gt D = {z : |z| < 1} be the unit disk in the complex plane C, D its boundary and H (D)
be the class of all holomorphic functions in . For each a € D, the Green’s function with
logarithmic singularity at a € D is denoted by g(z,a) = logl%l(z)‘, where ,(z2) = {=% is
a Mobius transformations of D. Assume that K : [0,00) — [0,00) is a right-continuous and

nondecreasing function. The space Q of all functions f € H(D) such that

17118, = ilelg/DJf’(Z)IQK(g(z,a))dA(Z) < 00, (see [15]).

For an analytic function f on D and 0 < a < co. If

1 £lle = sup (1 — [2[*)*] f'(2)] < oo,
zeD

then f belongs to a—Bloch space B*. The little «—Bloch space B consists of analytic functions

f on D such that
lim (1 —[2[*)?[f'(2)] = 0.

|z[—1

For 0 < p < oo, the Bergman space AP is the set of analytic functions f in the unit disk ) with

11 =5 [ d4G) <
D

where dA(z) denotes Lebesgue area measure. If p > 1, AP is a Banach space with norm ||.|| 4» .
If 0 < p < 1, it is a complete metric space, where the metric is given by d(f,g) = [|f — g/|4» -

A? is a Hilbert space with inner product

() = [ 1290 dA(e)
D

and reproducing kernel k,(z) = (1_1_12)2 at a € D. It actually turns out that this holds for f € AP,

1 < p < o0. For more information about Bergman spaces we refer to [3, 4, 5, 6, 7, 14, 16].
A space closely related to AP is A™"™ (n > 0), which consists of functions f analytic in D with

£ ll.a=n = sup | F(2)1(1 = [2[})" < o0.
zeD
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1
A" is also a Banach space. It is easy to see that for any § > 0, A »=5 C AP. One can also

check that AP C .A*%. The space A" has been studied extensively (see [5, 10, 12, 13] and
others). In this work, if n = 1 we call that f € A~!. It should be remarked here that a function
f is in the Bloch space if the derivative of f isin A~! (see [5]). Palmberg in [10] introduced the
N,—spaces, (with p € (0, c0)) consist of f € H(D) such that

113, = sup
u€D / FEPA — lpal2)PPAA(2) < oo,
D

when p = 1, N, coincides N;. The Nj—space was introduced in [8].
Very recently El-Sayed and Bahkit [1, 2] introduced the space N of holomorphic functions.
This space consists of f € H(D) such that

/1% = sup
aeb

/D FIRK (g2 a))dA(z) < oo.

If
lim

lal—1 /D 1 (2)I?K (9(z, a))dA(z) = 0,

then f is said to belong to Ny . Clearly, if K(t) = P, then Ng = N, ; since g(z,a) ~ (1 —
|0a(2)|?). For K(t) =1 it gives the Bergman space AZ2.

In this paper, we introduced the new space Sk (p, ¢) by the right continuous and nondecreas-
ing function K : [0,00) — [0,00). For 0 < p < 00,—2 < g < 00, we say that a function f
analytic in D belongs to the space Sk (p, q) if

HngK(p,q) = sup

aeD/ 1F(2)P(1 = 212K (g(2,a))dA(z) < cc.
D

Clearly, if p = 2,q = 0, then Sk(p,q) = Ng. For K(t) = 1 it gives the Bergman-type space
Aj. Tt is easy to check that || - [|s,(pq) is @ complete semi-norm on Sk (p,q) and it is Mobius
invariant in the sense that || f o ¢lls,(p.q) = IIfllsx(p,q) Whenever f € Sk(p,q) and ¢ € Aut(D),
where Aut(D) is the group of all Mébius maps of the unit disk.

In this paper we show some rklations between Sk (p, ) and A, for a nondecreasing K, and
give a general way to construct different spaces Sk, (p, q¢) and Sk, (p, ¢) by using some functions
Ky and K5. We assume from this paper that

(1)

It is also clear that Sk (p,q) contains all constant functions. If Sk (p,q) consists of just the
constant functions, we say that it is trivial.
An important tool in the study of Sk (p, ¢) spaces is the auxiliary function ¢x defined by

K(st) 0<s<oo. @

or(s) = oiligl K(t)’

The following condition has played a crucial role in the study of Sk (p, q) spaces:

/100 ¢K(s)§ < 0. (3)
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The function theory of Sk (p,q) obviously depends on the properties of K. Given two weight
functions K7 and Ks, we are going to write K1 < K if there exists a constant C' > 0, independent
of t, such that K;(t) < Ks(t) for all ¢. The notation K; 2 K5 is used in a similar fashion. When
Ky < Ky < Ky, we write Ky ~ K.

Two quantities Ay and By, both depending on an analytic function f on D, are said to be
equivalent, written as Ay ~ By, if there exists a finite positive constant C' not depending on f
such that for every analytic function fon D we have:

éBf < A; < CB; (see [11]).

If the quantities Ay and By, are equivalent, then in particular we have Ay < oo if and only if
By < oo. Given two weight functions K and Ky, we are going to write K1 < Ky if there exists
a constant C' > 0, independent of ¢, such that K;(t) < CKa(t) for all t. The notation K < Ko
is used in a similar fashion. When K7 < Ky < K1, we write K~ K».

Recall that the function

f(r)= Zakrnk (with ng € N; for all k€ N)
k

is said to belong to the Hadamard gap class (also known as lacunary series) if there exists a
constant ¢ > 1 such that nfl—zl > ¢ for all k € N (see [9]).
Before proving theorems we recall a few facts about the Mobius function ¢,. First, the function
(pq is easily seen to be it own inverse under composition:

(<Pa o sOa)(z) =z forall z&€D

The following identity can be obtained by straight forward computation:

(L —laf)(L — |2%)

1_ |¢a(2)|2: |1_az|2 )

(a,z € D).

A slightly different form in which we will apply the above identity is:

1- ‘g)a(z)’z

Tt =), (@zeD) ()

For a € D, the substitution z = @,(w) results in the Jacobian change in measure given by
dA(w) = |¢,(2)|?dA(z). For a Lebesgue integrable or a non-negative Lebesgue measurable func-
tion h on D we thus have the following change-of-variable formula:

_ 1-lea(2)Y’
Jy Mctbanto = [ w5 ) asto )

Proposition 1.1 For f is non-constant function. If (1) does not hold, then f | € Sk(p,q).

Proof: By assumption there exists at least one point a € D such that f(a) # 0. By

2 e i
(1 al )”If(a)l”<—/0 (F oa)(re®)Pds, 0 <r <1,

— 27
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we conclude that
/D [F(2)P(1 = [21%)7K (g(z, a))dA(z)
1

= [I7oe@Pa -l x (1= ) 2K og [ )dA(:)
"

1
c =1y [ [T1F o pnrepde) x (1 r)otlog D yrar

Y

1
1
> - [aP)rR @ [ (1= )R o rdr = oc,
0 T
which means that f ¢ Sk (p,q).
[II HOLOMORPHIC SK(p, q) CLASSES

In this section we state some basic Banach space properties of the Sk (p, ¢)—spaces.

Theorem 2.1 Let 0 < p < 00, —2 < g < o0. Then
(i) Sk(p,q) C A

q

+2.
(i) Sk(p,q) = Aqsz if and only if
P

/01(1 — 372 K(log(1/r))rdr < cc. (6)
Proof: (i) For a fixed r € (0, 1), let
E(a,r)={z€D, |z —a|] <r(l—]a|)}.
We know that E(a,r) C D(a,r) and for any z € E(a,r), we have
(1=r)I—la]) <1—=]z[ <1 =7r)(1—lal),

which mans that 1 — |2|? ~ 1 — |a|? for any 2z € E(a,r). Since |f(z)|P is subharmonic, for a € D,

/ [F(2)P(1 = [2[)7 K(9(z,0))dA(z) > K(log 1)/ [F(2)P(1 = [2[*)7dA(2)
A D(a,r)

r

1
> 7 K(log —)(1 = [a|*)**| f(a) .
If f € Sk(p,q), then by estimate above we have

sup(1 — [a*)"*2| f(a) P < oo
aebD
Hence f € Ag+2. The proof of (i) is complete
P
(ii) Let (4) hold. To prove Sk (p,q) = Ag+2. We only need to show that Ag+2 C Sk (p,q).
For f € Aqr2 we notice that ’ ’
p
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JIPa= 10?7 Ko a)da) < 11, [ (1= 1772 Klota)dacz)
D = Jb

1A% /D(l = |w]*)™* K (log(1/|w]))dA(w)

N
1
= 2 |fl,,, /O (1—2)2 K(log(1/r)rdr < oo.
P
Hence f € Ag+2 C Sk(p,q) and we have proved that (4) is a sufficient condition that Sk (p,q) =

P
Agi2. Conversely, we assume that Sk (p,q) = Ag+2. To prove that (4) is a necessary condition,
r r

J(g+2—p) o

we study the Hadamard gap function f,(z) = a; 2 ¢ z°, we assume that (4) dos not

hold; that is,

e

1

J

1
/0 (1 —72)"2 K(log(1/r))rdr = cc.

Thus we find a continuous strictly decreasing function h : [0,1) — [0,0) tending to zero at 1
such that

1
/ h(r)(1 — %) ™2 K (log(1/r))rdr = cc. (7)
0
It is easy to see that
1
P22 exp{—2F*2(1—1r)}, re [5, 1). (8)
We know that for a > 0, 2> exp{—4t} is decreasing in [, %2] and
o 2c
sup 2 exp{ —4t} = t** exp{—4t}|;_e = <—) e 2w,
t>0 2 2
There exists an integer k for 3 < r < 1, such that ¢ < 2%(1 —r) < %2 and
a+ 2\
920k exp{—2k+2(1 _ 7“)} > ( 5 ) e—2(a+1)(1 _ T)_2a. (9)
For % <r <1 and k above we define
o0
b2 24

fa(z) = Z aj 2
j=1

where a; = [h(1 — é’gﬁf&f)]%, j=0,1,2---. By (6) and (7) we conclude that

2m )
M;(r fa) = /0 Falre®)2d0 = 273 a2 (55 22
k=1
> amhs (2 exp(- 25421 - 1))

—2(q+2)

> Chr(r)(1—1)" »

Since f, is defined by a Hadamard gap series, we have

MQ(T7 fa) ~ Mp(n fa):
where

My(r, fa) = ( /0 - | fa(rew)lpde) %.
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Therefore,

sup /\fa JP(1 = |5[2)0K (g(2, @) dA(2)

> /0 My fa><1—r2>4f<<log$>rdr

%

1
1
/ MY (r, f)(1 — r?)1K (log ;)rdr
0
! 1
> C A h(r)(1 —r) 2K (log ;)rdr =00
1
It means that f, € Aq+2\Sk(p,q), which is a contradiction. Hence (4) holds.
p

Theorem 2.2 Let 0 < p < 00,—2 < g < o0. Then
(i) So,x(p,q) C Ay at2.
p
(i) So,x(p,q) = Ay a2 if and only if (4) holds.
TP

Proof: (i) Without loss of generality, we assume that K (1) > 0, from the proof of Theorem 2.1

we have
r(1/e)! KO)(1— a2 2 f()P < K1) /E CIERER D
> K1) /D ICLUNERRETO
> [ IEPa - P Ko ) dAG),
D

where E(a) = {z €D : |z —a| < (1 —|a|)}. If f € So,k(p,q), we have

Jhm, (1~ [a2)"¥ |f(a)] =

Hence f € Ay ot2. The proof of (i) is complete
(ii) We only need to show that A, a2 C So,x(p,q). Assume that

1
A= /0 (1 —7%72 K(log(1/r))rdr < .

For given € > 0 there exists an r1,0 < r; < 1, such that

/1(1 —72)72 K(log(1/r))rdr < ¢ . (10)

T1

Then we have

/ [F(2)P(L = |a?)? K(g(2,a))dA(2)
D\D(a,r1)
1A% . /D\D( )(1 —[2*)7% K(g(z, a))dA(=)

IN

!IfI\Aq+2/<| I<1(1—Iw\2)_2 K (log(1/[w]))dA(w)
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1
= 2R, / (1 - r2)~% K (log(L/r))rdr

1

< eI,

P

Similarly, if f € A; 42, we have that
’p

q+2

|f(a(w)|(1 = [a(w)[?) #" — 0

uniformly for |w| < r if |a| — 1, where r is fixed and 0 < r < 1. Then

|h|m1 [F()P (1= [2[*)7 K(g(2,a))dA()
al=1JD(ar)
= lim | (pa(@)P (1 = pa(w)[?)TH(1 = |w[*) 7 K(log ™ |)dA( z)

lal=1 J|w|<ry

< C lim sup |f(pa(w))]” (1= |pa(w)]?)T* = 0.

lal—=1 |w|<ry

By the above it is easy to see that

liml/D [F(2)IP (1= [21%)7 K (g(2,a))dA(z) = 0.

|a]—

Conversely, by the proof conversely of Theorem 2.1, we have
sup [ (21 = |2P)7K (g(z.a)dA(2)
1
> / Mp(r, fa)(1 — r2)K (log = )rdr
r
1
~ / ME(r, £2)(1 — r2)7K (log ~ )rdr
r
9 1
> C )(1—r) “K(log - )rdr:oo.
It means that f, € A ¢+2\So,x (P, q)7 which is a contradiction. Hence (4) holds.
TP

III  WEIGHTED FUNCTIONS ON SK(p, q) CLASSES

The following result means that the weight functions K can be chosen as bounded.

Theorem 3.1 We assume that K1(1) > 0 and Ks(r) = inf{K;(r), K1(1)}. Then Sk,(p,q) =
SKl (p7 q)

If f € Sk,(p,q), f must be

/ [F)P (1= [2%)? Ki(g(,a))dA(2)
D(a,1/e)

IN

— 22 -2 Z,a z
191 /D I Kl @)aA )

)

= HfH’}lm/ )(1—!w!2)_2 Ky (log(1/w]))dA(w) < C [IfI,.,

)



Global Journal of Science Frontier Research Vol.10 Issue 8(Verl.0),December 2010 Page | 37

Hence f € Sk, (p,q) and the theorem is proved.

Corollary 3.1 Let 0 < p < o00,—2 < g <oo. Then f € Sk(p,q) if and only if

Sup/ [F)PQ = [2) 7K (1 — pa(2)|*)dA(2) < oo. (11)
D

a€eb

Lemma 3.1 Let 0 <p < o0,—2 < g < 0. Then

(i) f € Ags2 if and only if there exists § € (0,1) such that
P
sup [ P YK (902 )dA() < o (12)
a€D J D(a, )
(ii) f € AO a+2 if and only if there exists § € (0,1) such that
Top
lim 1F(2)P(1 = |2*) K (9(z, a))dA(z) = 0. (13)
lal=1 ./ D(a, &)

Proof: (i) Assume f € Ag+2. For any § € (0,1) and a € D, we have
P

/ PP~ [2P)IK (g2 ) dA(2)
D(a,d)

/ 1 (0a(2))P(1 = |(pa(2))[})TH2(1 - |Z|2)2K(10g i)dA(Z)
D(0,8) |2|

IN

1
b 1—7*) 2K (log =)rd
s [ (1)K hom Ly

)

p
< ClfIn,.,.
P
Conversely, suppose that (10) holds for some d, 0 < § < 1. By the proof of Theorem 2.1 we have

/ [F(2)P(1 = [2]*)1K (9(z, a))dA(2)
D(a,d)

> K(lowg) [ 17RO A

)

o 1 z —|2/? z
K(l g;;L) / o P A
# 1 (10 3) £ @P (1~ )+,

v

Y
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which shows that f € Agi2.
p
(ii) We omit the proof since its proof is similar to that of (i) above.

Theorem 3.2 Let 0 < p < 00,—2 < q < o0. Assume Ki(r) < Ksy(r) for r € (0,1) and

28; — 0 asr— 0. If (4) is divergent for Ko, then

NKQ p7 ;Nfﬁ p, Q)

Proof: It is clear that Sk, (p, q) C Sk, (p, q). Suppose that Sk, (p, q) = Sk, (p, ¢). From the open
mapping theorem, we know that the identity mapping from one of these spaces into the other
one is continuous. Thus there exists a constant C' such that

I ||81<2(p,q) <C|- ||8K1(P7Q)'
Since IIE;ET; — 0asr — 0, then there exists rg € (0, 1) such that K;(r) < 55Ko(r) for 0 < r < rq.
Choose tg = e~ " and deduce that if f € Sk, (p,q), then

sup / FEPA — |22 Ka(g(z ) dA(2)
acD JD

< C sup/ If(2)P(1 = |2[*)1K1(g(2, a))dA(2)
a€D J D(a,to)

1

+ 5 s [ FEP0= ) Koz )dAC).

Therefore,
/D [F(2)P(1 = |21*)1Ka(g(z, a))dA(z)

< 20 sup /D o TP 2P g2 ) AC).

aebD

By Lemma 3.1 there exists a constant C’ such that for f € Sk, (p, q),

sup/ [F(2)P(L = [2*) Ka(g(z, a))dA(z) < C"[IfII%y,,, - (14)
aeD JD o

If h € Agr2 and hy(2) = h(rz),0 <r <1, then [|hq||a,,. < [|h]l4,,,- Since b, € Sk, (p,q), we
P A B
can choose f = h, in the inequality (12). Using Fatou’s lemma, we deduce that

sup / [h(2)P(1 = [2]*)1K2(g(2,a))dA(z) < C"||hlfy .,

aeD JD P

We have proved that h € Sk, (p, ¢). It means that

SKQ (pa Q) = AM-
p

It follows from Theorem 2.1 that the integral (4) with K = K5 must be convergent, a contra-
diction. We obtain that

SKQ b, q g ’SK1 b, q )
This completes the proof.
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