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Subclass Of K—Uniformly Starlike Functions
Associated With Wright Generalized
Hypergeometric Function
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Abstract- In this paper we consider the class of functions of the
form

that are satisfying the condition

(l—u]@ﬂ»ﬂm) =1, (0<p<t -1¢y ¢l and n#0)
4

We obtain coefficient bounds, distortion theorem and extreme
points of the subclass of starlike functions defined by linear
operator. Furthermore, we discuss radius of convexity and
closure properties.

Keywords-Univalent, convex, starlike, uniformly convex,
uniformly starlike, Linear operator.

2000 Mathematics Subject Classification: 30C45.

l. INTRODUCTION

Let S be the class of functions /(2 that are analytic in the

unit disc U =111 <1 with f(0) = 0. Denote by T, the
subclass of S consists of functions of the form

f(z)=z- Zanﬂ, (an = 0)
2 1)

and also denote T, ,the subclass of S consisting of functions
of the form

o]

fle)=apz —Eanz”: (0,20, a1 >0)

n=1

,dy%ﬂ)or f(“’()):l( 1(2(}(1).
)

where, ither f(zp) = 29(~1< 7

Let T, be the subclass of T, satisfying

(1 —u)fi—?

Following Goodman [9, 10] ,
subclasses of S,

+1uf () =1 where (<1 <2< 1), 0<p <L,
®)
Renning[15] defined two
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(i)for the functions f in S is said to be k— uniformly starlike
functions of order if 7 if

L f
N {~f() }>k +1)
fz) f2)
and (ii)for the functions f in S is said to be k— uniformly
convex functions of order 7 if
')

fh‘(,) ’ 2
R{”m “}” ©

For positive real parameters
ayAr..op Apand 51, By By, By (pg €N =123,

-1, 2¢el, -1<y<L and k 20

L 2€eU, -1<y<1, and k>0,

that

q P
1+ Bu—)Y An>0. z€U.
n=1 n=1

The Wright generalized hypergeometric function[20]

(4)

ol i) Ay (B B . (o Bl o =p W an, AuglB B2
is defined by
ol A ZHF td [[mms 7 i€l
n=0 {=

IfA=1(t=1,2,..,p)and Bi=1(t=1, 2, ..., q)we have the
relationship:

. o S

Q}J‘I'q[(af: 1)l:p(.'dty l)l,qi = M LT aﬁq\fz) = ﬂ:gﬁ o

. . N (5)

(quH? p:qENO:NU{D};Z U) is the  generalized

hypergeometric function(see for details[8]) where N denotes
the set of all positive integers and (al. is the Pochhammer
symbol and

= (ﬁ F(Qf)) 7 (12[1—'(,3:)) .
t=0 t=0 (6)

By using the generalized hypergeometric function Dziok
and Srivastava [8] introduced the linear operator. In[4]
Dziok and Raina extended the linear operator by using
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Wright generalized hypergeometric function . First we

define a function
pdqllen, Ae) i (B, Be)ugi 2l = Qepol(os, Aoy plBhs Bi)gi 2]

Let W]len, Au) 1 (B, Bu)1g) : § = § be a linear operator defined by
Wlae, Adh i (8, Bihglf(2) = 2 pdym{og, Aoy (8, Bihgi ¢ )

We observe that , for f(z) of the form(l 1),we have

W[(at-Af)l.P;(ﬂt!Bt)lq 7 = 7"’29011 Ctl annr
n=12 (7)
where @ is given by (1.6)and nla1)is defined by

Loy +Ailn-1))...Tloy + 4yln-1))

BT TR,
V=M by 0 R0,

introduced by Dziok and Raina[4]. In view of the
relationship (1.5) the linear operator(1.7) and by setting

A=1t=1gamd B =1t=1.5 e ae Iled

immediately to the aforementioned Dziok- Srivastava
operator which contains, as its further special cases, such
other linear operators of Geometric Function Theory as the
Hohlov operator, the Carlson-Shaffer operator[3], the
Ruscheweyh derivative operator[16], the generalized
Bernardi-Libera-Livingston operator[2], the fractional
derivative operator[7], and so on (see, for the precise
relationships,Dziok and Srivastava [4, 5, 6, 8]).

For ~1<1 <L we 1et T HCM 1.k denote the subclass of
starlike functlons corresponding to the family UCV for
functions f(z) of the form (??) such that

(Wl (2)) _,,} | 0Baalf)
Re{ Walfe) 2 W)
E20ad-1<7< L,y ot

TW ],k 20) = W) [au], 7,k 20) N T,
the subclass of Tu consisting of functions of the form (1.2)
and satisfying the analytic criterion(1.3).
Using the techniques of Silverman [17] and motivated by
the earlier works [12, 11, 14] and [19], in this paper we
obtain the coefficient bounds, distortion bounds, extreme
points, radius of starlikeness and closure theorems for the

(10)

For

functions belong to the class TWil[], 7,k 20).
II.  MAINRESULTS

Theorem 1. A function f(z) of the form (1.2) is in the class
H‘?([Ql],’}:k,zu)

i[n(l + ) = (a+0)Q0os(o)as < ar(l—a),
@

if and only if

1<y <Lk 20,

The proof of the Theorem 1 is similar to that of Theorem
2.2, in [1], hence we omit the details.

Theorem 2-Let f(z) be defined by (1.2 ). Then
fl2) € TS{0.0.0.2) if and only if

2 { [nu - }i)__a(k - ?.)]'Qﬂ'n(ﬂl) - [(1 - fl) + 12,‘1]33_1} ay < 1!

n=2 (2)
1<y <Lk,

Proof- Since

(1- u) +,uf'("'0) =1, (0<p<]; 1<z <! and 2 #0), we get

ap =1+ E[(l — 1) + npanz
n=2
Substituting for «.in (2.1) we get (2.2). ©)
Corollary 1-Let the function f(z) defined by (1.2 ) belongs

TWil[oal, .k, 20). Then
IR . . _1
n < wg]%(m) _ [(1 _|_ ”#] -1
122 -l<a<l 620 o equality for
- [n(L+k) = (k+7)Q0n(a )z - (1=7)e"
f(Z) (] n-1

n(L+k) = (k+7)
Theorem 3-Let

filz) =z and fyz) =

Qon(ar) = (L =)[(1 = ) + mpg 3)

(L4 k)= (k47 Qolag)z = (1-7)"
(14K)= k44 (o) - (1)1 p)

Then /) ETW(al .
the form

f(z)= z Anflz)

Proof-The proof of the Theorem 3, follows on line similar to
the proof of the theorem on extreme points given in
Silverman [17] (b)

nl

@

|f and only if it can be expressed in

a0
, where A, > 0 and Z)\n =1.

n=1

I1. A DISTORTION THEOREM

Theorem 4-Let the function f(z) defined by (1.2 ) belong to
TWi([en], 7,k 20)

(-a)
)] 2 @il {“WMM}

119 <o {1+ el
@

)

forzel.
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: {oy(y) -
Proof-In the view of (2.1) and the fact that is non-
decreasing for ™= 2. we have

Qaa(a1)(2 - a+ ) Z a < E[n(l +k) = (k+7)|Q0n(0)an
n=2 n=2
< (=)

©)

which is equivalent to,

- ai(1-7)

LT ﬁk ik

= T Q)2 +k—7) @
Using (1.2 ) and (3.4), we obtain

@ > all =Y an
n=2
1.2 ai(1—7)
S P [P E
(1-)
> oil{1- g
and

)
1 < a1+ i)

V. CLOSURE THEOREMS

®)

Let the functions fj(z) be defined forj=1, 2,...m by

a4}

= an; 2"

n=2 (1)
0 >0, 05,720, 2600
Theorem 5. Let fj(z) defined by (4.1) be in the class
TWE([“'I]"M*ZU)' Then the function h(z) defined by

= Zdjfj(r?), dj =20

filz)=a1; 2

(2
also in the same class ™ ([0‘1] T b '0)

m
> dj = 1.
j=1

where

©)

Proof-From (4.2) we have
0
h(z) =bz -I—Zb P
n=2

where

m
b] = Z djal,j

= -and
since 112) € TWE((a], 7k 20) (5 =1,2,...m)
applying Theorem 2, we get

(4)

by =3 djan; (n=2,3,...)

Ts

and by

l-w

X (= -1 1. 1.2

n=2
Therefore, we have

> { B - - i }Zdam

n=2
-Y4 {Z (g, o) - -+ i J]
j=1 n=2

h(z) € TWE(lay). v, k. 2
Which implies that h (z) € TWyllea], .k, )

complete.

and so the proof is

V. RADIUS OF CONVEXITY AND STARLIKENESS

In this section we obtain the radius of starlikeness of order

J{0<a<), radius of convexity of order 6(036(1), for the
Tl ).

class

Theorem 6-Let fETS(MB Zﬂ}. Then
1) fis starlike of order 4 (0<9<1).in the disc !/ <"s

that is, fe { 1e) }>d, (2] <7y 5 0<d<1), where
(kﬂ-n}nh

. 1—8[n(l+k)—
rl—;‘;ffg{“”nﬁal)m o

2) fis convex of order (<0< in the unit disc
that is Re

z2f"(2)
{H‘IJ,(MT} >0
J0<8<1), where

1
. 1-d)[n(1+k) = (k+4)] ]
e it g 20 = )
n<2 n{n—d)(1-1)
Each of these results are sharp for the extremal function f(z)
given by (2.4).
Proof-Given feTi.and fis starlike of order 4. we have
:f'(z)
f(2)
For the left hand side of (5.1) we have
Z(ﬂ*l)anl "t
a; — f: an |z|"1 ‘

n=2
The last expression is less than 1-9 if

n—13 n—1
2 Ty I
. O]

o
a=1+Y[1-p+ nu]anzg'l
n=2

(|2

-1f<1-4d

)

<< 1.

Substituting in (5.2), we have
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n—4
Z{l Iz = [(1—u)+nmza‘*}ans1

= ®
TP I .
Using the fact, that fe quﬂ“ﬂs’hkwﬂ] if and only if
2 {WQO},(G[) -(1-p+ ny.]zg_l} ap < 1.

n=2

We can say (5.1) is true if
n=0, . n(14k) - (k+7
e Lo

l-a
Or, equivalently,

(L=8)n(L+k) = (k +7)]
I

which vyields the starlikeness of the family. (2) Using the
fact that f is convex if and only if zfO is starlike, we can
prove (2), on lines similar the proof of (1). €))

Qrfor) - [1- ) il

|,’|n—l

Remark-We note that the radius of starlikeness and
convexity are independent of the fixed point zo.

VI. CONVEX FAMILIES

Suppose Bp is nonempty subset of the real interval (0, 1),we
define Iwﬂ(lalmk;B) b)r

TWo(Joa], 7.k, B) = | TWh([eul v, k. 29).

zieB

P vk z
If B consists of a single element say z0 then TWillea) k)
is a convex family. Because if fl(z) and f2(z) are in
TWE([au], v, k. 20), . AL Mz
ACIYE) then it can be seen that for DEA<T Mle)+
is in TWE(lat 7k 20) To examine this class for other (-~ W22)
subsets of B, we prove the following lemma

If flz) € TWE(leal, sk ) N TR (fu ], By 2a),

Lemma 1.- where
z0 and z1 are distinct positive numbers then f(z) = z.
Proof-For the functions of the form (1.2 ), we have
ap =1+ Z an[(1 — ) + npzf
n=2
and
[a's]
=1+ Z an[(1 = ) +np2]
n=2
That is,
-1 1
an[(1 =)+ mplfey ™ =z [ =0.
Hence @ =0rn=24and so the results follows. (a)
Theorem 7.- If B is contained in the interval (0, 1) and

0<a <L, §20, tenTWE o] 7.k, B)

only if B is connected.
Proof-Let B be connected. Suppose

is a convex family if and

of the form (1.2 ) is in 7.2 € Bwith 2 < 2. I f(z)

TWil[a], 7,k z0) and g(z) = byz - E by2"

is in T2l 1k 2) then for <) <L we shall prove that
there exists a 2 (@ < 2 S 1) such that hlz) = Mf(z) + (1= Nglz),

TWE (o], 7, k, 2). Set
tz) = [(1-p)—

sin
hlz +ph(2)]
Z ll"

1 +)\Z [an{(1= )+ np} ("
n=2

l 1)+ np)

+(1-4) lbl = b (1= ) g
n=21
_ Zn—lﬂ

Z {(1= )+ b~ - 2" |

n=2

(6)
and we observe that f(z) is real when z is real with
t(Z[)) > 1and f(zl) <1.

Hence for some zy, o < 7, = z;, we have t(z,) = 1. Since z,
Z, and 7 are arbitrary, the family 7s(u.a.3.8) Conversely,
suppose B is not connected. Then we can take z0, z1 z0, z1
2 B, z, /2 B such that zg < z, < z;. Let us assume f(z) and
g(z) are not both identity function. Then using (6.1)

fixing z = z and allow 7 to vary,
tz) = tz, A)
= 1"')\2 an{(1 = p) +npt(zg™ _3;_1)]

n=2
00

+(1- /\)Z [bn{(l -+ n#}(zil—l _ z;_l)} .

n=2

Since f,0) > Land t(z,1) <1 there must exists 2" <%0 <1

which 122:%) =L jence
h(z) € TW([ai], 7k, 22) for A = . Since 29 ¢ B
since 2%% from the Lemma 1, it
h(z) € TWE([ea], 7.k, B).

€ TWi([a1], 7, k, B).

"for

follows that

Therefore is not a convex family.

(b)

1(t =1,2,.
ap, and

Concluding Remarks
Observe that, if Ay=1(t=1, 2, ..., p) and B, =
q) spemahzmg the parameters p, q, , X2,

T Wg([ﬂﬂmff,zo) o
"in the class we obtain various
classes introduced and studied in the literature ( see [12, 14,
17, 19)).
VI, REFERENCES

1) K. Aouf and G.Murugusundaramoorthy, On a
subclass of uniformly convex functions defined by
the Dziok-Srivastava Operator, Austral.
J.Math.anal.and appl. , 1 (2008),



Page |56Vo0l.10 Issue 5(Ver 1.0)September 2010

2)

3)

4)

5)

6)

7)

8)

9)

10)

11)

12)

13)

14)

15)

16)

S. D. Bernardi, Convex and starlike univalent
functions, Trans. Amer. Math. Soc., 135 (1969),
429-446.

B.C.Carlson and S.B.Shaffer,
prestarlike  hypergrometric  functions,
J.Math. Anal., 15 (2002), 737 - 745.
J.Dziok and Raina, Families of analytic functions
associated ~ with  the  Wright  generalized
hypergeometric function, Demonstratio Math., 37
(2004), N0.3,533-542.

J. Dziok, R. K. Raina, and H. M. Srivastava, Some
classes of analytic functions associated with
operators on Hilbert space involving Wrights
generalized  hypergeometric ~ function.  Proc.
Jangjeon Math. Soc., 7 (2004), 4355.

J. Dziok and H. M. Srivastava, Classes of analytic
functions associated with the generalized
hypergeometric function, Appl. Math. Comput.,
103 (1999), 113

J. Dziok and H. M. Srivastava, Some subclasses of
analytic functions with fixed argument of
coefficients associated with the generalized
hypergeometric function, Adv. Stud. Contemp.
Math., 5 (2002), 115125.

J.Dziok and H.M.Srivastava, Certain subclasses of
analytic functions associated with the generalized
hypergeometric function, Intergral Transform and
Spec. Funct., 14 (2003), 7 - 18.

AW. Goodman, On uniformly convex functions,
Ann. polon. Math., 56 (1991), 87-92.

A.W. Goodman, On uniformly starlike functions, J.
Math. Anal. & Appl., 155 (1991),364-370.
S.R.Kulkarni., and U.H.Naik., A new class of
univalent functions with negative coefficients with
two fixed points, Indian J. Appl. Math.,
27(7),(1996),681 - 688.

G.Murugusundaramoorthy, K.G.Subramanian, and
P.Balasubrahmanyam, On uniformly convex
functions with two fixed points, Ganita, Vol.53,
no.2 (2002), 109 - 116.

G.Murugusundaramoorthy and N.Magesh, A new
subclass of uniformly convex functions and
corresponding subclass of starlike functions with

Starlike and
SIAM

fixed second coefficient,
Journal.Inequal.Pure.Appl.Math, Art 85, Vol.54
2004).

R.K.Raina., and T.S.Nahar., A certain subclass of
analytic functions with negative coefficients and
fixed points, Kyungpook.Math.J., 40, (2000), 39 -
48.

F.Rgnning, Uniformly convex functions and a
corresponding class of starlike functions, Proc.
Amer. Math.Soc., 118,(1993),189-196.

S. Ruscheweyh, New criteria for Univalent
Functions, Proc. Amer. Math. Soc., 49 (1975), 109
-115.

Global Journal of Science Frontier Research

17)

18)

19)

20)

Silverman, Extreme points of univalent functions

with fixed points, Trans.Amer. Math. Soc. ,
219,(1976), 387 - 395.
K.G.Subramanian, T.V.Sudharsan,

P.Balasubrahmanyam and H. Silverman, Class of
uniformly starlike functions, Publ.math.Debercen.,
53(4) (1998), 309 - 315.

Uralegaddi.B.A., and Somanatha.C., Generalized
class of univalent functions with two fixed points,
Tamkang.J.Math., 24, No.1,(1993), 57 - 66.
E.M.Wright, The asymptotic expansion of the
generalized  hypergeometric ~ function,  Proc.
London. Math. Soc., 46 (1946), 389-408.



	 9. Subclass Of K−Uniformly Starlike Functions Associated With Wright Generalized Hypergeometric Functions

