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A Blow up Result In The Cauchy Problem For A
Semi-Linear Accretive Wave Equation

Ch. Messikh

Abstract - We investigate the blow up of the semi- linear wave equation given by uy—Au=|u;|""'u;, and prove that for a
given time T >0, there exist always initial data with sufficiently negative initial energy for which the solution blows up in time <T.
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[. INTRODUCTION

A very rich literature has been done on the semi- linear wave equation

H July 2011

Uy — Au = alug [P g + b |ul" w, (1)

where a and b are real numbers. Some special cases for the coefficients a and b have being considered by many
authors:

1) Whena <0 and b= 0, the damping term |ut|p*1 ug ensures global existence for arbitrary data (See, for
instance, Haraux and Zuazua [5]).

2) When a=0 and b >0, the source term |u|q_1u is responsible for finite blow up of the global
nonexistence of solutions with negative initial energy (See Ball [2]; Kalantarov and Ladyzhenskaya [7]; and,
Yordanov and Zhang [12]).

3) When a<0,b>0 and P>¢ orwhen a<0,b>0 and p=1, the global solutions ( in time) under
negative energy condition exist (Georgiev and Todorova [3] and Messaoudi [9]).

4) The case a > 0 is more complicated. For instance, a local existenceuniqueness solutions are guaranteed
only for small values of p and regular initial data. This is due to the fact that the non linear term |ut|p71 Uy
has bad sign and is not locally Lipschitz continuous on L?(Q2), where Q is a bounded open domain of R™.
This problem was studied by Haraux [4]. He showed that (with & = 0 on bounded domain) there is no
nontrivial global and bounded solution. He also constructed blow up solutions with arbitrary small initial
data. The same problem was considered by Jazar and Kiwan (See [6] and the references therein for the
same equation on bounded domain).

5) For the case when a = a(z,t) is a positive function, the author (see Ref. [10]) proved that any strong
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solution, with/utdx > (¢, where C'is a positive constant depends only of p, n, and R, blows up in finite time,

when supp(ug) U supp (u1) C Bgr(0) (the ball of radius R).

In this paper, we consider the semi-linear wave equation with a =1 and b = 0:
U — Au = ||t uy (x,t) € RN x [0,7),
u(.’L’,O) = Uo (fL’) € Hlloc,u (RN) ’ (2)
ug (,0) =uy (x) € L., (RY).

loc, u

Global Journal of Science

and show that given any time T" > 0, there exist initial data with sufficiently negative energy for which the solution
blows up in a time t* <T. To achieve this goal, we will follow the same approach of Zaag and Merle [MZ1] by B
comparing, for our case, the growth u: and k, where k is a solution of the explosively EDO ki = |k|P 1k,
associated with the equation (2). Unfortunately, the presence of the viscous term  |u:|P~1u; makes our task more
difficult. To overcome this difficulty, we draw attention to the work of Rivera and Fator [11] and rewrite (2) as follows:
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Upt — fot Auy (1) dT — Aug = |uy

)
u(x,0) =ug (z) € H, , (RY),
u (2,0) = up (z) € Ll2 ((RN)) . (3)

loc,u

P~ uy (2,t) € RN x [0,T),

Then, we substitute the following change of variable:
v(x,t) = u (z,t), 4)
in (3) to obtain the integro-differential equation

{ v — [y Av (1) dr — Aug () = [P o, (2,) € RN x [0,T)
v (z,0) = u (2,0) = uy () =: v € leoc,u (RY) . (5)

Now, we introduce w := u;/k , where k := m(T—t)_B with B = p—il and k=" Using the following
transformation defined by:

For aeRY and T >0

z=x—a, s:flog(Tft),v(t,x):mﬁq«/7a(s,z) (6)
and
0)= —~ 9 0,2) = —¢ — L
’LL(:L‘, ) — W a,00 > U( 72) - (T')B (507y) — W a,0;
where so = —log (T'). We then see that the function 6, = 1, (we write § for simplicity) satisfies for all s > —Log (T)
and all z € RY
0(5) 0. + 89 (5) 0~ [ 92(r) A7 — g(s0) A = g(s) 6" 6 ™)

Where g(s) = e#tDs and g(s) = eB—1s,

In the new set of variables (s, 2), the behavior of u; as ¢ 1 T'is equivalent to the behavior of § as s — co.As far as we
know, no local existence of solution was given for our problem (2). For this reason, we assume that there exists a set
A C R for which our problem (2) admits solutions for some p € A C R. In this work, We do not consider the same

condition as in [10]. First let us provide the following assumption. H; we assume that o > max (2, § B+ 1)) .

Our main result in this paper is:

Theorem 1: Letbe p € AN (1, %) , and assume that the hypothesis H; is satisfied and 6 a solution for (7) on

Bsuch that E () (sg)< 0 for some so € R, then§blows up in H! (B) x L? (B) in time s* < s, where B is the unit ball
and E is the functional of energy associated to the equation (7). The above theorem implies directly the following
blowing - up result for (5).

Proposition 2 : Let p € AN (1, %) , and suppose that the hypothesis H; holds and v is a solution of (5) on B as

Era (V) (t) = E(01,4) (—log (T —t)) <0 forsome 0 <t < T and a € R, then v blows up in finite time 7" < T'. The
paper is organized as follows. In section 2 we define an associated decreasing energy to equation (7)(see Lemma 3)
and in the section 3 we provide proofs for Theorem 1 and Proposition 2.
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I1.

THE ASSOCIATED ENERGY

In this section we start first by defining a weighted energy associated to the equation (7) and then, prove the

lemma 3 . The wighted energy is given by

= apn2 1 a |g|pt+1
B6s) = =5 [ o@rtazt —= [ op"iop*a: (®)
1 [® o 2 2
+3 p02(r) {|4V0 () = VO ()] — |0 (s) " } dzdr
S0 B
3 2 —2 2 2
vo [ [ g20) [ =2 = 1) 2] 02 {10 (5) =0 ~ 10 ()} dar
° a—1 —27 2 —27 2
+a/ / g(r)p {[e 2V0 (s) —0(1)]" — [e*72V0 (s)] }dsz
S0 B
_ Sso) {/ p® V0 () + Voo|* dz —/ p° |V9(s)|2dz}
2 B B
—ag (s0) {/ P10 () — 2VBgo)* dz — / P L6 (s)]? dz} .
B B
. . . . B =1 2
where B denotes the unit ball, a is any number satisfying @ > max (27 5 (B+ 1)), and p(z): |2|".
Lemma 3 The energy s — E(s) is a decreasing function of s > so . Moreover, we have
E(s+1)— E(s)
s+1
= LD T 1 a(s) p |0(s)[PH dads’
— [T, a(s) p762 (') dzds’ .
—[a——(ﬁ—i—l)} fs+1 s') [ p20% (s) dzds’ ©)
—a [T [ () o 2 10 () dzds
= .7 [ 92(s") p* VO (s)] dads’,
where a > max (2, g B+ 1)) )
Proof. To calculate the derivative of E, we multiply equation (7) by p*0s and integrate the equation over B
pr s Jp 90) o7 0177 dz %UB s) p° 101" dz
= [ a(s) p*0%dz + 5 B 4[5 ol 0‘02dz 5(B+1) [, a(s)p0°dz
— [5 [o, 9(1) A (1) p* ()dez—Qs()f paAeoodz
which is equivalent to
%is vag(s)pagz Z = 1%% fB s) p© |g|p+1 dz
+ [ [, 9(1) p*VO (1) Vb (s )deZ*QOth [o a(r) p*=12V0 (1) 0 (s) drdz
+9(s0) J, O‘VQOOVH dz — 2ag (so pr ZVGOOH dz
= —ﬁ—fﬁj} [ a(s) p™ 01" dz — [ g(s) p™ [0s)7 dz + 8 (B +1) [ ols) p*62dz.
The last equation can be written as
gdif a(s) po0°dz — 2 4L [ ols) p° |9|p+1dz+11+12+13+14
=D 1 a(s) p 10T dz — [ 9(s) p* [0 dz + B (B+1) [ a(s) p62dz, (10)
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where
I = [ [5 02(1) p°VO (1) V ()dez
2
=—m{f3fsop 0a(r) |2V6 () — 46 (s)| drd)
+3 {pragz 5) [2v8 (5) — 190 (s) dez}
"%E 3092 deBp [V (s )| dz
—% 92(5) [ VO] dz,
2
%%{fosop 02(7) [2V0 (1) — 16 (s)| dez}
+%d% 2 a2 deBp V6 (s)* dz
+92(s) [5 P VO] dz,
Is = 9(s0) [ p* V000 VOsdz
— 2 d [ 9 Vb0 + VO dz — [ 07 VO] dz},
142_2049 S0 f Pa_lyveooesdz
= ag(s0) g5 {fBPQ Y [eV0oo — 0]° dz — [, p* [G]de}.
I *720‘fo ) =LV (1) 29 (1) 0, (s)] drdz
=2a [, Sogz ) [0 (1) V (2p*~ 19 (s))] drdz
=2a [y 5092 (1)0 (1) Np>~10, (s) drdz
—da(a—1) [5 [1 02 (1) 0 (1) |2 p* 20, (s) drdz
+2a [ o 92 (1) 0 (1) 2p* 7'V, (s) drdz
—A1+A2+A3
And

Ay =2aN [, : (1) [0 (1) p* 10, (s)] drdz
=—aNg [ ;QQ( ) e () 0 (s))” drdz
+OLN%{ w2 (T)dr [ 192dz}
7O‘Nf3g2 (S) pa7192dz’

Ay = —da(a—1) fB " (1) (T )(|Z\2p§‘_29(8)) drdz
=2a(a—1) 5 fo ax(7 Izl P 210 (1) — 0 ()] drdz
—2a (a -4 deB |Z\2p°‘*292dz]
+2a(a—1) fBQ'z ) |2 p220%dz,

Az =2a [, f S g(r)0(7) 2p IV (e7270)  (s) drdz
—ait [5 ) o 9( )Pa_l [0 (1) — e 272V0 (s)]2 drdz
+ag { we To(r)dr [z po! (2V6)* dz}
—a fB 489 P~ (2V0)? dz
+a fB pol [9 (s) — e 25,V0 (s)]2 dz
=—af [; I, 9(7) p* [0 (1) —e ¥ 2V0 (s)]2 drdz
radk {3 fpe e o(r) drpe =t (:96)” dz

+a [ () p* 0 () dz = [ 02 () p* 12V (6(5)°)
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= _O‘ds fB fsso 9(7)p [9 (1) — e 272V0 (s)]2 drdz
gt {2 [pe ' o(r) ot (2V0)" d
+a [y 9(s) p 0 ()P dz + @ [0 (s) V. (p*12) 0 (5)* dz
= _O‘% Iz sso g(r)p*~t [9 (1) — e 272V0 (s)] drdz
rad {2 fye o(r) drpt (:V6 (7)) dz
+a [ 9(s) > [0(5)]” dz + aN Jpo2 ()07 L[ (s)]% d=
—2a(a—1) [ gas) p*~ 21216 (s)* dz.

N~—"\——

Then

I = _O‘N% fB :092( ) p L0 (1) — 0(s)) drdz
Nas {fso fB g2 (1) drp™~ 16’2dz}
+2a(a—1) g, fo 92 ) |2]* p- 2[9( ) — 9(8)]2d7'dz
—Qa(a—l) e deB|Z| P 2[9(3]
_adis fB fsso 9(7) o 1 [9 (1) — e 272V0 (8)}2d7dz
Vo {2 o et o) drpt (2V0) d=}
+a [y a(s) p* 1[0 (s)] dz.

Substitute Iy, ..., I4 in equation (10) we finally obtain

L E(s) %ZIB p \w|p+1 dz
(a——ﬁ—l—l)fB s)}de
—a [ 9(s)p*! \z| 92dz—fB ) p*0idz

- g2 (S)pr VO dz.

We choose o > max (2, § B+ 1)) . So we deduce (8) . This completes the proof of the lemma.

[I1I.  PROOF THE MAIN RESULT

In this section, we prove results of explosion for equation (7) and (5), using the method Georgiev and Todorova.

Proof of Proposition 2:  Suppose that there exist 7> 0,0 <ty < T, and a € R" such that Zr (v) (t) < 0. Let

so = —log (T —to), then E (wr,4) (s0) < 0. By applying Theorem 3 (see bellow), we find that the solution 6 of (7)

blows up in finite time s* < co. Since v (¢, z) = T t) ———50(s,y) , we deduce that v blows-up in finite time 7" such that
=—log(T —t*) > —log(T —T'),sowe have T" <T —e~5 <T.

Proof of Theorem 1 : Since E(sg) < 0 and E(s) is decreasing and then E(s) < Oforall s > so.

By setting h(s) = —E(s) , it follows that h(s) > h(so) forall s > so.

Consider two different cases:

1. Assume that h(s) is bounded. Then, we deduce that all the right terms in the following equation

p+1 fso fB ™) p® |9|erl dZdT-l-f fB O‘Gidsz
+(a=8@+D) 3 fs o7 ) 02 dedr

+af0pra Lo(r) (20) dZdT+ fSOfB 92(7) p* |VO| dzdr
= h(s) = h(so).
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are bounded. It means that
I3 [ 9(r) po0Pdzdr, [7 [ o(r) p 0] dzdrand [2 [5 o2(7) p* | VO] dzdr are

bounded for p < N+3

Now, we introduce the following functional defined by

o(s) = (h(s))15+5/sg(7)d7/}3pa+1 10 (s)? dz.

S0

where 0 < § < 1 and € are positive constants to be determined later.
We note that

e = o (ne+e [ ot [ 00 dz>ﬁ

S0

¢ (h(s)l_l‘; + /S:Q(T)df </B " |9(s)|2dz)1_15>
C <1 +9(s) <Lpa |9(8)|1T"'5 dz)> 7

we choose § such that = <p+1 sowe have § < T} €(0,1).

IN

IN

The derivative of this functional is given by

¢ (s)=(1—=08)(h(s) °h(s) + 25f g(t de P10 (s) 05 (s) dz
+2g(s) [ 04110 (5) 2
> (1= 0) My 'h(s) + Io + 2eg(s) [ p° 110 (s)|* dz.

because h is bounded.
From (7), it follows that

L = /s:g(T)dT [3 2710 (5) 0, (s) dz

= —p / :g(T)dT /B pt16%dz
+ < / :g(T)dT> 91(s) /B 2710 (s) ( / :g2 (1) A0 (7) dT> i

+ [ otryar [9@0—8) [ o006 ddz + [ g+ dz},
S0 B B

then from the Green’s formula we can write

Ip=—5 / g(r)dr / P 0%de+ I+ I+ Is+1s+ / g(r)dr / P 0(s) [P d,
S0 B

S0 B
Where

n o= - (/S:Q(T)dT)Q_l(S)/Bpa+1V9 (s) /s:gg (1) V0 () drdz
/B poTIVe (s) / ’ 92 (1) VO (1) drdz

S0

Y]

Y]

_ [01 gz(s)/Bpo‘|V9(s)|2dz+011/5:/3g2 () o [V0 ()| dzdr | .

© 2011 Global Journals Inc. (US)
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Using Young’s inequality, we obtain

L = +2(a+1) ( /S:Q(T)d7'>g1(s) /B 270 (s) ( /ng(f)ve(f)df) i (14)

> —2(a+1) {029(8)/3/)0‘29(3)2dz+02_1/8:80/3g2 (T)pava(T)dedT]

Similarly, we find

I; = —g(so—s)/ g(T)dT/pO‘HVQ(s)VGOOdz (15)
S0 B
> [0 o V0P + o (9190 5) ]
B
and
L = 2(a+1)9(so—s) / o(r)dr / 270 () Voood= (16)
S0 B

\Y]

—2(a+1) {04_1 / P |VOoo|” + 04 g(s)/ P (20 (s))? dz] .
B B
Substituting (13)-(16) into (11) we obtain

J(s) > %m®éfﬁﬂﬂﬁfw

+an (=G4 n) 2] [ o ez

+[M1a—4(04+1)€(04—|—02)]/3 a(s) p° 1 20 (s)]* d=
+ % — 2 (g3l+gl)] gQ(s)APa|V9|2dz

—2¢[2(a+1)07" + 03] / PV 050dz
B
—2¢ (o7 +037) / / P go(7) VO ()| dzdr
S0 B

(B+1) /S/ ptl
M 10 dzd
s [ [ oo dear

where M7 = (1]\}5).

Now, the first we choose 0 such that

S (a—‘g(ﬁ+1))—265M0 p-1 .
< (a—‘g(ﬁ+1)> "p+1

So
B
Mi(a=5(B+1))—28>0.
After we choose o¢1,02,03 and o4 such that the following coefficients are Positive
[Mloz —4 (a + 1) € (0’4 + 0’2)]

M
[71—28 (0§1+01)/pa|V9(7)|2d7'} > 0.
B

v
=
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Then

v

@' (s) B+ M// o |07 dz

p+1
96 (2(a+ 1) 0! + 03) 9(s0) / V62,

(o7} + 05! 25// ) VO (7)) drdz

CoTe (s) — 2 (2(a+1)o5" +03) / P2 HVe3,dz
B

— (07" + 07" 25//% 7)V6 ()2 drdz

v

andas [p fsso p* gy (1) |V ()| drdz is bounded, then we can choose & small enough such that

C‘PlTl‘s (s) —2¢ [2 (a+1)o; +0’3] f p”‘“V@Z dz
- (Ufl —l—o;l) 2 [ fSO Pt go(7) VO (7 )| drdz >0,

This implies that there exists &’ such that

¢ (s) 2 €'pT (5).

So we deduce that

S

o (5) = (h ()™ +s/

S0

Q(T)dT/BpaJr192 (s)dz

blows-up in finite time s*, It follows that [, 9(7)dr [ p°+10% (s)dz blows up also in finite time because 5 (s)
is bounded. Thus 101l .25y blows-up also in finite time.

2. We assume that h(s) blows-up in finite time s* and since

()< sup [0l + 10tll ey |

s0<s<s*

then the solution 8 blows - up in finite time
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