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[. INTRODUCTION AND DEFINITIONS
et C denote the class of functions of the form
f(z)= z+ianz”, 1)
n=2

where a, >0 and ne N, that are analytic in the open unit disk U = {z:|7| <1}.

A function f € C is said to be starlike univalent of order o, 0 <« <1, if and only if Re(Zf—(Z)J >a,

t(2)
zeU. Also f(z) of the form (1) is uniformly starlike, whenever Re(%) >0, (z,&)eU xU.

This class of all uniformly starlike functions is denoted by UST ([3]) (see also [11], [14] and [7]).

The function f € C of the form (1) is uniformly convex in U whenever Re(1+ (z —f) ]; ,((Z))J >0,
z

where (2,5) e U xU. This class of all uniformly convex functions is denoted by UCV ([2]) (also refer

[1], [12], [4] and [6]). Further it is said to be in the class UCV(a),aZO , f
Re 1+Z]c 2) > 21(2) +a
#@) ) | @)
H. Silverman [8] introduced a subclass B of C consisting of functions of the form
f(z)=2->a,2", a,>0. (2)
n=2
A function f of the form (2) is said to be in the class USTN(a), 0< a <1, if

Re(M) > o, where (z,&)eU xU.
(z-¢)f'(2)

In the present paper, we shall use analogues of the lemmas in [8] and [9]. Respectively in the following
form:
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Lemma 1. A function f of the form (1) is in the class UST(«), if Z 3-a)n-2]ja,|<l-a)N,

where N >0 is a suitable constant. In particular, f € UST whenever Z(3n—2)| a,|<N.
n=2

Lemma 2. A sufficient condition for a function f of the form (1) to be in the class UCV («) is that

Zn[(a +1)n—ala, <N, where N >0 is a suitable constant. In particular, f eUCV whenever
n=2

n’a, <N.

L [M]e

N

Lemma 3. A necessary and sufficient condition for a function f of the form (2) to be in the class
UCV (a |sthatz n[(@+)n-ala, <N.

The generalized Fox -Wright function is defined by ([5], p.271, eqn.(7))

(a.,a.;A_) : :l ilﬂ[{r(aj +ajn)}Aj o
|5 : o
(bJ’IBJ’BJ)lvq’ n=0 1—[{1_‘(bJ +ﬁjn)}Bi !

=1

pgq(z):pgq{

Where 1+Zﬂ >Zo¢J . a;(=1..p)and g;( = 1,...,0) are real and positive and A, (j = 1,...,p)

j=1 j=1
and B;(j = 1,...,q) can take non-integer values.

It is interesting to note that qu ([5], p-271, eqn.(9)) is obtained by taking «; = B, =1(i=1,...,p;
J=1,...,09) ineqgn. (3) and F, can also be obtained by taking A =B; =a; =8, =1(i=1,....p; ] =

1,...,9)s ineqgn (1.3).

For the sake of brevity, we use here the following notation:
q

H{T(b,- )}BJ

i

-

H{F(aj )}AJ

=

I1. MAIN RESULT
] ] p
Theoremn 2.1 If &, >0(i=1,...,p), b; >0(j=1..,q), Db, >> a,+1and 1+> B, > > Ae,, then
=1 j=1 j=1
a sufficient condition for the function yz
(3—0!} & (a +0£ aJ’AJ)lpll l// (
l-«a P ( +ﬂ]’ﬂ]’ J) P (

1q’

~ _;1} <y*1+N) (4)
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Proof. Since

) ﬁ{ (a +a,(n- 1))}Ajyz”
yz{ } Z+) q’: ,
”=2H{F(b + B, (=) (n—1)!

according to Lemma 1, we need only to show that,

[1ire, <o, 01y

]

0

Se-ah-2]

n=2

<(@-a)N.

Jq b, + B,(n=1))> (n-1)
1k -0y
[T, +4,(0-2) (0-1)

Now i [B—a)n-2]

Ty +a,(0+0)) 1Ty +ap) \
-y-al} 2 +y-ay
" TTir,+ 5, (n+0)f"n " Tk, + g}

q p q P
Theorem 22 If a,>0(i=1..,p) b;>0(j=1..,q) D b;>> a,+1and 1+> BB, >> A, ,
= = =1 -1

then a sufficient condition for the function yz{p:/_/q (z)} to be in the class USTN(a), 0 < <1, is that

3-a) - [(a+aeiA); (aeim) 5]
(E)pwq[(bj+ﬂj,ﬂj;Bj)1:q;1}+ [(b B B) 1]<y (1+N) 5)

Proof. The proof directly follows from the Theorem 1.

q P q P
Theorem 2.3 If g >0(i=1..,p), b;>0(j=L...q) D b;>>a;+2 and 1+> BB, >> Aa;,
= =1 1 -1

then a sufficient condition for the function yz{ w,(z )} to be in the class UCV («), 0< a <1, is that

SO s R |
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= {((Z Z :J;i:i}y Y1+ N) (6)

Proof. By Lemma 2, it suffices to show that

p

) H{F(a. +a(n —1))}A" y
dnll@+1)n-a] ] = <N.
[Tir(; +5,(n-1) (n-1)

=1

=
Q.)
+
N
R
+
R
—
>
8
=
QJ
+
R
+
R
:
==

this last expression is bounded above by N if and only if (6) holds. Hence the Theorem 3 is

proved.
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[II. AN INTEGRAL OPERATORS
In this section we obtain sufficient conditions for the function yp:/_/ {( ﬁ’ B ) z} = yj p;/_/q (x)dx
0

to be in the classes UST and UCV.
q p
Theorem 3.1 If &, >0(i=1...,p), b; >0(j=1..,q) > b;>> a; and l+ZB B, >ZAJaJ , then a

j=1 j=1 j=1

sufficient condition for the function y{pﬁ (z )}: yj oW 4 (x)dx to be in the class UST, is that
0

3y [(aj,ocj;A)lp 1} ) [(a ~a, aj;Aj)lp;l}

by, 5,385 2| b, - 5,58,
ﬁ{r(aj _0‘1)} j L)
+2-1= <y*L+N).
[Tirb, -4 "

Proof. we have,

z [TirG, +a,0-1)yzr

y{p;q(z)}z yj paq(x)dx =1 +i J lq . (8)
0 n=2 g{ (b +B,(n- 1))}"n!
Now

ZByi = —2yi = +2y-- -1
0 RATRY SUL § (a CRVIRY LVl § A RN IS

+2y- -1, (9)

[Tk, -5,

j=1
which in view of Lemma 1, (9) gives the result (7).
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q p q p
Theorem 3.2 If a,>0(i=1...,p), b;>0(j=1..,q), D b;>> a, and 1+ > B3, >> A, then a
i1 1

-1 1
sufficient condition for the function y{,jq (z)}: yj o (x)dx to be in the class UCV, is that
0

RO R AR s

.q
Proof. we have,

[Tirla, +a,(0-D)Py

=" L1l -
N § GRS LR
) y;ﬁ{r(b, - y;ﬁl{r(b, +gin)fint
M1 st Tl el
_ynzéfy b+ <n+1>>}slm”§f;{r<b,+ﬂjn>}81n-1
bt w

Theorem 3.2 follows from (10), (11) and Lemma 2.

[V. SPECIAL CASES
If we take a;=p =1(j=1..,p;k=1..,q) in Theorems (2.1), (2.2), (2.3), (3.1) and (3.2)
respectively, the p;q function will reduce to the pfq function; we get the following Theorems:

q p
Theorem 4.1 If a, >0(i=1..,p), b, >0(j=1..,q), D.b,>> a, +1, then a sufficient condition for

= =

the function yz{pfq (z)} to be in the class UST (), 0 < & <1, is that

[i’jgjpf{((zj vl ;i::;a] . pf{((;; i gi:;&} i N) (12)

Theorem 4.2 If a, >0(i=1..., p), b, >0(j=1...9), Zq:bj >Zp:aj +1, then a sufficient condition for
the function yz{ } to be in the class USTN (e), Ojja <1J:ils that

e +§ggp;1]+ e &

©2011 Global Journals Inc. (US)
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q p
Theorem 4.3 If a,>0(i=1...,p), b; >0(j=1..,q), Db, >ZaJ +2, then a sufficient condition for

= =
the function yz{ (z)} to be in the class UCV (@), 0 < a <1, is that
— [la;+2LA;) ; a;+1LA;)
(1+a)F {(( ‘)“’ } +(3+2a), F [(( )”1]

+21B)) ; b +11B.) ;

1,9 " g

2011

{(( 1 ;“”1}<y‘1(1+N) (14)

q
Theorem 4.4 If a, >0(i=1...,p), b, >0(j=1..,q), Db, > ZaJ , then a sufficient condition for the

j=1 j=1

March

o Fq x dx to be in the class UST, is that

H

function y{pG } y

. LA _lla, =11 A ) ;
3qu{(aJ . J)l'p_l:I—Zqu|:( J J)1)p 1:|

O L N

(b, 1 BJ)l,q’ (b, -1 Bj)l,q; £

[1ira, 1) ;
+2-2 <y*(1+N).

[1{rl, 1) (15) =

it )
Theorem 4.4 If a, >0(i=1..,p), b, >0(j=1 Zq:bJ > Zp:aj , then a sufficient condition for the :E

=1 =t
function y{pG } j x)dx to be in the class UCV, is that
0
(8, +1L A) ; (alA)l'
»Fy {(b 118)1 ;1} {(blB)p,l}<y Y1+ N)
q

If we set A=B,=1(i=1..,p; j=1..9) N — My, Theorems (2.1), (2.2), (2.3), (3.1) and (3.2)

reduce to the results recently obtained by Chaurasia and Srivastava ([16]).

ﬁl“(aj)

HF( by)

Shanmugam, Ramachandran, Sivasubramanian and Gangadharan ([12]).
By specifying the parameters suitably, the results of this paper readily yield the results
due to Dixit and Verma ([1]).

Further on taking a, =8 =1(k=1..,p;1=1..,q) and N = , we arrive at the results of
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