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[. INTRODUCTION

n 1965, Zadeh[11] first introduced the concept of Fuzzy set theory and thereafter it has been developed by

several authors through the contribution of the different articles on this concept and applied on different branches

of pure and applied mathematics. The concept of fuzzy norm was introduced by Katsaras [7] in 1984 and in 1992,
Felbin[5] introduced the idea of fuzzy norm on a linear space. Cheng-Moderson [3] introduced another idea of fuzzy
norm on a linear space whose associated metric is same as the associated metric of Kramosil Michalek [10]. Latter
on Bag and Samanta [2] modified the definition of fuzzy norm of Cheng-Moderson [3] and thereafter they have
studied finite dimensional fuzzy normed linear spaces and established the concept of continuity and boundednes of
a function with respect to their fuzzy norm in[2]. Also the definition of intuitionistic fuzzy n-normed linear space was
introduced in the paper [9] and established a sufficient condition for an intuitionistic fuzzy n-normed linear space to
be complete. In this paper, following the definition of intuitionistic fuzzy n-norm [9] , the definition of generalized
intuitionistic fuzzy y norm ( in short GIFyN ) is defined over a linear space. There after a sufficient condition is given
for a generalized intuitionistic fuzzy y normed linear space to be complete and also it is proved that a finite
dimensional generalized intuitionistic fuzzy y norm linear space is complete. In such spaces, it is established that a
necessary and sufficient condition for a subset to be compact. Thereafter the definition of generalized intuitionistic
fuzzy v continuity,strongly intuitionistic fuzzy y continuity and sequentially intuitionistic fuzzy y continuity are defined
and proved that the concept of intuitionistic fuzzy y continuity and sequentially intuitionistic fuzzy y continuity are
equivalent. There after it is shown that intuitionistic fuzzy continuous image of a compact set is again a compact set.

[I. PRELIMINARIES

We quote some definitions and statements of a few theorems which will beneeded in the sequel.

Definition 2.1 [8] A binary operation*: [0,1] x [0,1] — [0,1]is continuous t — norm if * satisfies
the following conditions :

) * is commutative and associative,

(i1) * is continuous,

(ii1) axl=a Va €1]0,1],

@iv) a * b <c +d whenever a<c,b <d and a,b,c,d€[0,1].

Definition 2.2 [8] A binary operation ¢ : [0,1] x [0,1] - [0,1] is continuous t-conorm if ¢ satisfies
the following conditions :

@) ¢ is commutative and associative,

(i) ¢ is continuous,
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(iii) a¢0 =a Va€e[0,1],
@iv) ad¢b<cdd whenever a<c,b<d and a,b,c,d €[0,1].

Corollary 2.3 [8](a) Foranyrl,r2 € (0,1) with r1 > r2, there exist 73,74 € (0,1 ) such that
rl*r3>r2 and rl > r4 ¢ r2.
(b) Forany r5€ (0,1),thereexist r6, r7 € (0,1) suchthatr6 *r6 = r5 and

Definition 2.4 [12] By an operation o on R we mean a two place function o: [0,00) X [0,00) —
[ 0,00 ) which is associative, commutative, non decreasing in each place and suchthata e 0 =a Va €
[0, ). The most used operations on Rt are o (s,t)=s+t, op (s,t)=max{s,t},

1
o,(s,t) = (sn+tn)n,

Definition 2.5 Let w be a function defined on the real field R into itself satisfying the following properties :
(i) Y(—-t) =y(t) forall teR
(i) P(1) =1
(iii) 1 is strictly increasing and continuous on (0, )
(iv) limgLoY(a) = 0andlim, ,, P(a) = oo

Example 2.6 As example of such functions, consider Y(a) = |a|; Y(a) =|a|P, p € RT;
2a2n
Y(a) =

la |+1°

n € N* . The function y allows us to generalize fuzzy metric and normed space.

Definition 2.7 [6].Let * be a continuous t-norm, ¢ be continuous t-conorm and V' be a linear space over the
field F (= R or C€). An intuitionistic fuzzy norm on V is an object of the form
A={((x,t)u(x,t)v(x,t))(x,t)€V xRT}, where u, varefuzzysetson V x R+, yudenotes
the degree of membership and v denotes the degree of non—-membership (x,t) €V X R + satisfying the
following conditions :
(i) p(x,t)+v(x,t)<1 V(x,t)eVxRT;
(ii)yp(x,t)>0;
(iii)pu(x,t) =1 ifandonlyif x =46, 6 isnull vector;
(iv) p(cx,t)=n (x%) Vc€EFand c # 0;
(v) p(x,s)*pu(y,t)sp(x+y,s+t);
(vi) u(x,) is non-decreasing function of R * and gim p(x,t)=1;
(vii) v(x,t)<1;
(viii) v(x,t) = 0 ifandonlyif x=6;
(ix) v(cx,t)=v (x L) VceEFand c#0;

"lel

(x) v(x,s)0v(y,t)y=zv(x+y,s+t);
(xi) v (x,) isnon-increasing function of R+ and lim;,,v(x,t) =0;

Definition 2.8 [6] If A is an intuitionistic fuzzy norm on a linear space V then (V , A) is called an intuitionistic
fuzzy normed linear space.

For the intuitionistic fuzzy normed linear space (V' ,A ), we further assume that p, v, *, ¢ satisfy the following axioms :

(xii)2%2z9 foralla € [0,1].
xii) p(x,t)>0,forall t >0 > x=86.
xiv) v(x,t) <1,forall t >0 = x=46.

Definition 2.9 [6]. A sequence { x,},, in an intuitionistic fuzzy normed linear space (V ,A) is said to
convergeto x €V ifforgivenr > 0, t >0, 0 < r < 1, there exist an integer ny € N such that
u(x,—x,t)>1-r and v(x,— x,t) < r foraln=n,.

Definition 2.10 [6]. A sequence { x,},, in an intuitionistic fuzzy normed linear space (V, A ) is said to
be cauchy sequence if lim, ., p (xn+p — Xn, t) = 1andlim,_, v(xn+p — Xn, t) =0, p=123,....
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Theorem 2.1 [6]. Let f be a mapping from (U ,A ) to (V,B ). Then f is intuitionistic fuzzy continuous on
U if and only if it is sequentially intuitionistic fuzzy continuous on U .

[1I.  GENERALIZED INTUITIONISTIC FUZZY¥Y-NORMED LINEAR SPACE

Definition 3.1  Let * be a continuous t-norm , ¢ be a continuous t- conorm and V be a linear space over
the field R. A Generalized intuitionistic fuzzy y-norm on V is an object of the form
AY ={((x,t),mu(x,t),v(x,t)): (x,t) €EVXRT}, wherep,v arefuzzysetsonV x R T, p

denotes the degree of membership and v denotes the degree of non-membership (x,t) €V xR satisfying
the following conditions :

(i) p(x,t)+v(x,t)<1 v(x,t) eVxRT ;
(ii) pu(x,t)>0;
(iii) p(x,t) = 1 ifand onlyif x = 6, 6 is null vector ;

(iv) p(ax,t)=u(x, ﬁ) Va€R anda # 0

(v) p(x,s)*p(y,t)sp(x+y, seot);

(vi) p(x,)isnon-decreasing function of R ¥ and lime . p(x,t) =1;
(vii) v(x,t)<1;

(viii) v(x,t) = 0 ifandonlyif x =6 ;

ﬁ) Va€R anda # 0

(x) v(x,s)0v(y,t)y=zv(x+y, sot);

(xi) v (x,) is non-increasing function of R + and lim;,, v(x, t) =0.

If A isan Generalized intuitionistic fuzzy 1 —norm on a linear space V' then (V' , A) is called a
Generalized intuitionistic fuzzy 1 —normed linear space.

(ix) v(ax,t) =v(x,

Definition 3.2 A sequence { x,}, in a generalized IFYNLS(V ,A¥) is said to converge to x € V if for any given
r >0,t >0, r € (0,1) there exists an integer ng € N suchthat p (x, —x,t)>1—randv(x,— x,t) < r Vn= n,.

Theorem 3.3 In a Generalized intuitionistic fuzzy y-normed linear space (V , Alp) , a sequence { x,, } converges to x if and only if
m(x, — x,t)>1and v(x,— x,t) >0 asn > oo,

Proof. Fix t > 0. Suppose { x,,} converges to x in (V,AV’) . Then for a givenr, r € (0,1), there exists an integer ny € N
suchthat u(x, —x,t)>1—7r and v(x,— x,t)< r. Thus1 — p(x,— x,t) < randv (x, — x,t) < r,

and hence p(x, — x,t)—>1and v(x, — x,t) > 0asn - oo.Conversely, if foreacht > 0,u(x, — x,t) = 1

and v(x, —x,t) > 0asn — oo, then foreveryr, r € (0,1), there exists an integer n, such that
1—p(x,—x,t)<randv(x,—x,t)<rVn=ng Thus p(x, — x,t)>1 —rand v(x,— x,t)<r

for all n > n,. Hence { x,, } converges to x in(V , A¥)_
Theorem 3.4 The limit is unique for a convergent sequence { x,}, in a generalized IFYNLS (V ,Aw) .

Proof.  Let lim, e %, = x and lim, . x, =y. Alsolets,t€ Rt .
Now,

limy o0 H(Xp—x, t) =1

My o0 Xn =% = {limp oo 3 (xn-x, £)=0

limpeo p(xp-y, t) =1

hmnﬁw I =Y= {limn—wo v(xp-y, t)=0

v(x—y,sot) =v(x—x,+x,—Yy,Scot)
SVv(x—Xx,8)0v(x,—y,t)

=v(xn—x,ﬁ)0v(xn—y,t)
=v(xn—x,ﬁ)0v(xn—y,t)
=v(x,—x,s)0v(x,—y,t)

Taking limit, we have

v(x—y,sot) <limp,eoVv(x,—x ,s)0lim,,v(x,—y,t)=0

2v(x—y,sot) =0=>x—y=0=>x=y
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Theorem 3.5 If lim,_, x,, = x and lim,_, ¥, =y then lim,_,(x, + ¥,) = x + y in a generalized IFyNLS.
Proof. The proof directly follows from from the proof of the theorem 3 [6]

Theorem 3.6 limy, %, =x and k (#0) € F = lim, o, kx, = kx ina generalized IFpNLS(V , AV).

Proof. Obvious.

Definition 3.7 A sequence { x,,},, in a generalized IFl/)NLS(V ,A‘p) is said to be cauchy sequence if for any
given r >0,t >0, r € (0,1) there exists an integer ny € N suchthatu (x,, —x,, t) >1—r
and v (X, — x,,t) < 7 Vm,n=>n,.

Theorem 3.8 In a generalized IFYNLS (V , A‘/’), every convergent sequence is a Cauchy sequence.

Proof. Let{x,}, be aconvergent sequence in the IFz/}NLS(V,AII’) with lim,_e x, = x.
Let(sot)e RT and p=1,2,3,--, wehave
B Xy = Xn 159) = P (X =X +X =Xy ,S0L)

2 1 Xy = 2,5) (X = X )

= 1 (nsp =35 W = 3 55)
= 1 (Xnap = 2.5) # 0y — X 55)
=1 (Xnp —%,8) # 1 (2 — X, )

Let r >0,t,s >0,r€(0,1), then 3 aninteger ny, € N such that

WXy = ) 50 8) 2 0 (ap = %,8) * 1 (X — X, )

>(1-r)*(1—-r)=(1-1r) Vn=n,

Again,

V(Xptp —Xp,Sot) =V (Xpyp —X+X—Xy ,S0t)
Sv(xn+p—x,s) Ov(x—x,,t)
=v(xn+p—x,s)0 v(x,—x,t)

Thus, we see that

v((xn+p—xn), sot)Sv(xn+p—x,s)<> v(x,—x,t)

<rdr=r Vn=n,

Hence, { x,,},, is a Cauchy sequence in a Generalized [FYNLS (V , A‘p).

Note 3.9 The converse of the above theorem is not necessarily true . It can be verified by the following example .

Example 3.10 Let (V|- ]]) be a normed linear space and define a * b = min{a,b} and a ¢ b =
max {a,b} foralla,b € (0,1). Forallt > 0, define p(x,t) =m, v(ix,t)= t':"chl:L” where

k>0 and Y(t) =|t]. Itiseasytoseethat AY = {((x,t),mu(x,t),v(x,t)): (x,t)EVXRT}
is a generalized IFy NLS. Then

(i) {x,}, isaCauchysequencein (V, |- ||) ifandonlyif {x,}, isa Cauchy sequence in a
Generalized IFl,bNLS(V ,Aw)_
(ii) {xn}. isaconvergentsequencein (V,| - ||) ifandonlyif {x,}, isaconvergentsequence in a

Generalized IFYNLS(V ,AY).
Proof.  The verification directly follows from the example 2 of [6].
Theorem 3.11 In a generalized IFyYNLS (V ,Aw), asequence {x,}, isa Cauchy sequence if and only if

W (Xpep —Xp,t) > land v (Xpyp — X, t) >0 as n > oo,
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Proof. Fix t > 0. Suppose { x,}, is a Cauchy sequence in (V ,A‘l’) . Then for a given r > 0,

r € (0,1), there exists an integer 1y € N such that u(xn+p—xn,t) >1—rand v(xn+p—xn,t) <
7. Thus 1= W (Xp4p — %y ,t) < rand v(xn+p—xn,t)< r and hence u( xn+p—xn,t)—>1

andV (Xp4p — Xp,t) > 0as n - oo,

Conversely , foreach t > 0, suppose W ( Xpip — Xy ,t) = Land v ( Xp4p — X, t) > 0 asn — . Then
for everyr>0, v € (0,1), there exists an integer ng € N suchthat 1 — p( xp4p — X, ,t) <7 and

v( xn+p—xn,t)< T Vn=n, Thus W( Xpyp — Xy, t) >1-7 and v ( Xpyp — X, ,t) < 1 forall
n > n,y. Hence{ x,}, isa Cauchy sequence in (V,AY) .

Definition 3.12 A generalized [FyNLS(V ,A¥) is said to be complete if every Cauchy sequence
in (V ,A‘/’) is convergent.

Theorem 3.13 Let (V ,A”’) be a generalized [FiNLS. A sufficient condition for the generalized

IFYNLS (V s Ad’) to be complete is that every Cauchy sequence in (V ,Aw) has a convergent subsequence.
Proof. Let {x,}, bea Cauchy sequence in (V,A¥) and {xn, }i. be a subsequence of {x,}, that
convergesto x € Vand s,t,sot > 0.Since { x,}, isa cauchy sequence in (V ,Alp), We have for
r > 0,r € (0,1), there exists an integer no€ N such that

p(xn—xk,s)>1—r and v(xn—xk,s)<r Vn,k=n,

Again , Since {xy, }; converges to x, We have

H(xp, —x,t)>1—r and v(xnk—x,t)<r vV n, =ng
Now, p(x,—x,s0t) =p(x,— x5, T X, —x,50¢)
2Pv(xn_xnk_ 'S)*u(xnk_xrt)

>(1-7r)*x(1=-r)y=(1-1r) ¥Yn=n,
Again , we see that

V(Xp—x,50t) =v(xXp— X, T X, —x,50¢)
<v(xp—%xn, »5) 0V (xn, —x,t)
<rdr=r vnzn
Thus { x,},, converges to x in (V,A¥) and hence (V,A¥) is complete.

Definition 3.14 Let (V ,A”’) be a generalized IFiNLS. A subset P of V is said to be closed if for any
sequence {x,}, in P convergesto x € P, thatis,
lim, 1 (X, —x,t)=1 and lim,,v(x, —x,t)=0 = x € P.

Definition 3.15  Let (V,A¥) be a generalized IFYNLS. A subset Q of V is said to be the closure of
P(cV)ifforany x € Q, there exists a sequence { x,,},, in P such that lim,_,, p(x, —x,t) =1and
lim,,,v(x,—x,t)=0 Vte Rt . We denote the set Qby P.

Definition 3.16 A subset P of a generalized IF{)NLS is said to be bounded if and only if there exist
t >0

and 0 < r <1lsuchthatp(x,t) >1 —rand v(x,t) <r Vx € P.

Definition 3.17 Let (V , A‘/’) be a generalized IFNLS. A subset P of V is said to be compact if any

sequence {x,}, in P has a subsequence converging to an element of P.

Let (V,A‘/’) be a generalized IFNLS. We further assume that
(xii) 29959 foralla € [0,1].
(xiii) p(x,t)>0,forall t >0 = x=0.
(xiv) v(x,t)<1,forallt >0 =2 x=0.

Theorem 3.18  Let (V ,A’l’) be a generalized IFYNLS satisfying the condition ( xii ) . Every Cauchy
sequence in (V ,A‘p) is bounded .
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Proof. Let us consider a fixed 1, with0 < 1, < land {x,}, be a Cauchy sequence in a
generalized IFl,l)NLS(V ,Alp). Then 3 ny € N such that

H( xn+p_xnrt)> 1-n
V( Xpyp =X, t) < 1 forallt >0, p=123,.... vn>ng

Now we see that

u(xn+p—xn,t)>1—r0 vt >0, p=1,2,--, vn > ng
t

:u(xn_xn+prm)>1_r0
t

=>u(xn—xn+p,m)>1—ro

=>u(xn_xn+p!t)>1_ro

= Fort'>0 3Iny,=ny(t"), suchthatu(xn—xn+p,t’)>1—r0 vn > n, p= 1.2,

since lim,, 1 (x,t) =1, we have for each x;, 3t; > O suchthat p(x;,t)>1—1y Vt=t;, i= 1,2, -

Let to =t' omax { t1,t5, - ty, }. Then,
U(xn'to) 2 U(xn't,"tno)
= p-(xn_xng +xn0rt,°tn0)
= U(xn_xno't,)*u(xno!tno)

>(1-1r)*(1-rp)=1-1ry, Vn > ng
Thus , wehave p(x,t,) >1—7, Vn > n,

Also,  p(xyte) = u(xnty) >1 -1 va= 1,2, +n,
So, we have

u(x,ty) >1—r, vn= 1,2, - (1)
Again, we see that
v(xn+p—xn,t)< rn, vVt >0 p=1,2,-- Vn > n,
:v(xn—xnw,w(t 1))<r0
ﬁv(xn_xn+p:m)<r()

SV(Xy — Xpipt ) <7
= Fort' >0 3ny’ =ny'(t") such that v( Xp — xn+p,t’) <1, Vn>ny, p=12,-:
since lim;_,,, v(x,t ) = 0, we have for each x;, 3t;" > 0 such that
v(x,t)<r, vt=t', i=1,2,--
Letty," =t omax {t;",t;', - -, t,,,'} Then,
V(X te) SV (xpt'oty)")
=V (Xp = Xyt + Xpst' 0 tny")
SV (Xn =X, ) 0V (210 ty)
< 1drg=ry Vvn > ny
Thus , we have v(x,,t,)) < 1, vn > ny'
Also, v(xn,ty") Sv(x,t, )< 1y Vn= 1,2, -ny
So, we have
v(xptyd) <1y Vn= 1,2, (2)
Lett,” = max { to, ty'}. Hence from (1) and (2 ) we see that Vn = 1,2,..
H(xn,t") > (1 —19)
v(x,td) < 1 vn=1,2,---
This implies that {x,}, isboundedin (V,A¥).

Theorem 3.19 In a finite dimensional generalized IFYNLS (V ) A’l’) satisfying the conditions ( xii ), (xiii )
and ( xiv ), a subset P of V is compact if and only if P is closed and bounded in (V,A4).

Proof. = part : Proof of this part directly follows from the proof of the theorem 2.5 [2].
& part : In this part, we suppose that P is closed and bounded in the finite dimensional generalized

© 2011 Global Journals Inc. (US)
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IFYNLS (V ,A"’) . To show P is compact, consider { x,,},,, an arbitrary sequence in P . Since V is finite
dimensional, let dimV =n and { ey, e,, -, e,} be abasis of V. So, for each x;,
apk, pk,..., Bk € F suchthat x, = ke, + p¥e, + - +Bke,, k=12, -
Following the calculation of the theorem 11 [6], we can write
_ pk k k . k . k . k
X, = Byles + Byley + - By legand By = limy o, B, By = limy o, By . Bn = lim,_ B," and

x = fre; + Bre; - +fnen.
Now suppose that for all t > 0, there exist tq, t,, - -, t; > 0 suchthat (t;e tyo0---0 t;,) > 0.
Then we have

B (X —x,t0 tyo o ty)

:u(zﬁiklei—zﬁiei 'tlo tzo...o tk )
=1 i=1
=P—(Z(ﬁlkl_’81)el ’tlo tzo...o tk)
i=1
2w (B = Brer 1) o+ (By' = Bden )

= <e t—1>**u <e t—n>
Y uskiopy ™ -

= oo, we see that  lim;_,, p(ei

Since liml%oktfi ,,fgi)
B -61) W -Bi)

zlimlﬁwy(xkl—x,t)zl* ------ *x1=1 Vt>0

= lim ,u(xkl - x,t) =1 Vt>0 ...... e (4

Again, we have

V(xkl—x,tlo tzrzl)...o tk) .
=V(Zﬁiklei—2ﬁiei Jtpo tyo---o tk)
=y (Z('Bikl_ﬁi)ei JE10 tyo o ty)
SV( ([}f’_ﬁl)el,tl)) 0-- 'OV((Brl:l—ﬁn)en,tn))

ty tn
e,— 0V le ,—
Vyiii-g) ™ (BB

Since liml_m+ = oo, we see that lim;_, v ei,+> =0
wB; B W B

= limpe v (e, —x,t) 00+ 00=0 Vt>0

= limpe v (g —%,8) =0 VE>0 v e ee e (5)

Thus, from (4 ) and ( 5 ) we see that
lim;_,q Xk, =x =>x €A [since A is closed ]
= A is compact.

[V.  GENERALIZED INTUITIONISTIC FUZZY 3 —a — NORMED LINEAR SPACE

Theorem 4.1 Define ||x||Y =A {t:p(x,t)=a} and ||x||]3=A {t:v(x,t)<a}, « €(0,1). Then
{llx||X : @ € (0,1)}is an ascending family of norms and {||x||2 :a« € (0,1)} is a descending family of
norms on V. These norms are said to be a- norm on V corresponding to the generalized IFipNLS A onV.
Proof. Leta € (0,1).Toprove ||x||} isanormon V, we will prove the followings :
M Ixllz =0 vx € V;

@ lxllz=0e=x=0;
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3 axlleg =¥ (a) llxllz;

@ llx+yle = llxllz + vl -

The proof of ( 1) and ( 2 ) directly follows from the proof of the theorem 2.1 [2] .

So, we now prove (3)and (4).
If a= 0 and Y(a) =|a|then
llaxllz = 110lle = 0 = 0lxllz = a | llxllec = Y(a)llxlle

If @ # 0 then

laxllz =A {s:n(ax,s)>a}
=A {s:u(x,@)Za}
=A {Y(@)s: n(x,s)=a}
=AY(a){s: p(x,s)za}

Therefore |lax|} =vy(a) ||x||L

llxlle + 1ylle
=A{s:pu(x,s)=a}l+A{t:u(y,t)=a}
2A{sot:p(x,s)=a,u(y,t)=a}
=A{sot:p(x,s)*u(y,t)zax*a}
>A{sot:p(x+y,sot)=>a}

1
= ||x + y|lo , Which proves (4).
LetO<a; < ap, <1.
lxlla, =A{t:n(x,t)>a}
and |lx|lg, =A {t:pn(x,t) = az}.
Since oy < @, {ttpu(x,t)=a} € {t:u(x,t)=0a;}
SA{tpu(x,t)=a} 2A{t:p(x,t)=a;}

= ||x]lz, = |IxlZ, - Thus, we see that {||x||z:@ € (0,1)} isan ascending family of norms on V.

Now we shall prove that {||x||2 ¢« € (0,1) }is a descending family of norms on V .

Let a €(0,1)and x,y € V.Itis obvious that ||x]|Z = 0.
Let ||x]|2 = 0.Now,

Ix]IZ= 0 =2A{t:v(x,t)<a}=0

s>v(x,t)>a >0Vt >0 =2x=0.

Conversely, we assume that x =0 =2v (x,t)=1 vVt >0
SA{t:v(x,t)<a}=0> |x]|2= 0.

If = 0and Y(a)=]|a]| then

llax|lz = 110117 = 0 = Olx|IZ = [ a | lIxlIZ = p(a)llxIIZ

Ifa # 0 then

llax|lz =A {s:v(ax,s)<a}

N
=A . ,— <
{s:v (x w(a)) a}

=A {Y(a)s:v(x,s)<a}
=AY(a){s:v(x,s)<a}

Therefore ||ax||% = ¥(a)|x||3
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llxllZ + 1y IIZ

=A{s:v(x,s)<a}+A{t:v(y,t)<a}

>A{sot:v(x,s)<a,v(y,t)<a}

=A {sot:v(x,s)0v(y,t)<ada}

>A{sot:v(x+y,sot)<a}

= llx + ¥l

Thatis |lx + Y|l <Ilx|IZ + Iyl vx,y € V.

Let0< a; <a,<1.

Therefore,||x||i1 =A{t:v(x,t)<a;} and

llx|la, =A {t:v (x,t) < a}.Since a; < a,, we have

{t:v(x,t)<a} c {t:v(x,t)<ay}

SA{tv(x,t)<a}=2A{t:v(x,t) <a,}

= |lxllz, > lIxIIZ, .

Thus we see that { ||x]|2:a € (0,1)} is adescending family of norms on V.
Lemma4.2 [2] Let (V,A‘l’) be a generalized IFYNLS satisfying the Condition ( xiii ) and

{ x4, %5, - -, x,} Dbe a finite set of linearly independent vectors of V. Then for each « € (0,1) there exists a
constant C;, > 0  such that for any scalars a4, a,, - -, @,

n
sty + a, + -+l 2 € ) ]
i=1

where || .||% is defined in the previous theorem.

Theorem 4.3 Every finite dimensional generalized IFYNLS satisfying the conditions ( xii ) and ( xiii ) is complete .

Proof. Let (V ,A‘l’) be a finite dimensional generalized [FpNLS satisfying the conditions ( xii ) and
(xiii ). Also, let dimV = k and { ey, e,," - -, €,} be abasis of V. Consider { x,,},, as an arbitrary Cauchy
sequence in (V,A¥) .

Letx, = l(n)e1 + Bén)ez +--- +ﬂ,§n)ek where Bl(n), én), ...... , ,En) are suitable scalars. Now 38,5, - -
, Bx € F ( By the calculation of the theorem 2.4 [2]).

Let x = Y¥ , B e; , clearly x € V. Suppose that for all t > 0, there exist

ti,ty, -ty >0 suchthat (t;o tyo---o t, ) > 0. Then,

H(xp —x,ty0 tyo- -0 ty)
_ k (n k
=u (X By Ve, — YK Bie tyo tyorioty)

=u (T B = Ber Jtio tyoro ty)

>u (B - Be,t) * -+ 1w (B - Boer t)

—u(e #)**u ot
Y wE™-py) ™ -p0

Since i 4 et i . .
My 0o ——— =, weseethat limy, o, W|e,—m——|=
" ™M -0 noo B\ 0™
= limpoew U — X, t10 tho oty ) > T xee-nn- x1=1

= limyne ulx, —x,t) =1 Vt>0
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Again, we have

V(Xp —X,ty0 tyo -0 ty)
k

k
=V BV e= Y Bre tyo tyo o )
i=1 i=1
k

=V (Z(ﬁl(n) —ﬂi)ei ,tjotyo---o tk)
=
<v( B™ - Be, ) 0 0 ( (ﬁlgn) —Boer )

t1 ) ty
=vle,———) 00V |ep,——
( Yy -py) ( g ¢(ﬁ,§")—ﬁk)>

ti . t; .
————~——— =00, wesee that lim,,, v|le,———]=0 Vi
w(B™-py) e ( ' wwf”—m)

= lim, e, v(x, —x,ti0otyo- -0 t;,)<0Q------ 00=0

Since lim,_q

= lim, v, —x,t) =0 Vt>0
Thus, we see that { x 3} is an arbitrary Cauchy sequence that converges to x € V.

Hence the generalized [FyNLS (V ,AV’) is complete .

V. GENERALIZED INTUITIONISTIC FUZZY y —CONTINUOUS FUNCTION

Definition 5.1 Let (U,A¥) and (V,B¥) be two generalized IFi)NLS over the same field F .
A mapping f from (U,A¥) to (V,BY¥) is said to be intuitionistic fuzzy continuous ( or in short IFC )

atxy € U, if forany given ¢ >0, a € (0,1); 36=6(a,e)>0, =B (a,e)€(0,1)
such thatforall x € U,

Hy(x —x,6) > B = uy(f (x)—f(x0),€)> a and
Vu(x —%0,8)<1=F=2v(f(x)—f(x),e)<1l—a.
If f iscontinuous at each point of U, f issaidtobe IFC on U.
Definition 5.2 A mapping f from (U LAY ) to ( v, Blp) is said to be strongly intuitionistic fuzzy
continuous ( or in short strongly IFC ) at x, € U, if for any given € >0, 36 =8 (a,&) > 0 such that

forall x €U,
w(f (x)=f(x0),e) 2 ny(x—x,6) and
w(f (x)=f(x),€) < vy(x—=x,6).
f is said to be strongly IFC on U if f is strongly IFC at each point of U.
Definition 5.3 A mapping f from (U,A% ) to (V,B¥) is said to be sequentially intuitionistic fuzzy
continuous ( or in short sequentially IFC ) at x, € U, if for any sequence { x,},, x, € U Vn,
with x, - x; in (U,A¢) implies f (x,,) = f (xg) in(V,Bw), that is , for any given r € (0,1),
t > 03n,€EN
Uy(x, —x0,t)>1—7 and vy(x,—x,,t)<r Vn > ng
> pr(f () —f(x),t)>1—r and v,(f(x,) —f(x),t) <7 Vn > n,
If f issequentially IFC at each point of U then f is said to be sequentially IFC on U.

Theorem 5.4 Let f be a mapping from (U ,AY ) to (V ,B"’). If f is strongly IFC then it is sequentially [F(.

Proof. Let f: (U ,Aw) - (V,B‘/’) be strongly [FC on U and x, € U . Then foreach ¢ >0,
36 =6 (xy,€) > 0 suchthat forallx € U,
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wy(f (x) = f (%0),€) = Hy(x —x0,6 ) and
w(f (x)—=f(x0),€) < vy(x—x0,6)
Let { x,}, be a sequence in U such that x, - x, in the space (U,A¥ ),
thatis, for any given v € (0,1),t > 03n, € N suchthat py(xn—x,t)>1 —r
and vy (x, — x,t)< rvn > n,
Again, we see that
wy (f (xn) = f (%0) &) 2 Hy( X — %0,6 ) and
w(f (%) = f (%0),€) < vy( X — X0,8)

which implies that

by (f(x) = f(x0),e)>1—7r and vy (f(x,) — f(x0),€) <rVn > ng
thatis, f (x,) = f (%) in (V,Bw). This completes the proof.

Theorem 5.5 Let f be a mapping from the generalized [Fi{pNLS (U ,AY ) to (V ,BV’). Then f isIFC

on U if and only if it is sequentially IFC on U.

Proof. The proof is same as the proof of the theorem 13 [6].

Theorem 5.6 Let f be a mapping from the IFNLS(U ,AY ) to ( v, B‘l’) and D be a compact subset of U.

If f isIFC on U then f (D) isacompact subsetof V.

Proof. Directly follows from the proof of the theorem 14 [6].
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