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Abstract - The main object of this paper is to obtain a general theorem on multiple series identity involving bounded sequences.
The theorem, in turn, is expressed in terms of Srivastava- Daoust hypergeometric function of three variables. A known result of
Joshi and Vyas is deduced as a special case of our reduction formula. Certain results involving unit and quarter arguments
associated with hypergeometric polynomials ,F;, ;F,, /%, ,Fs are also obtained. Further many more known or new results can
be obtained by specializing the parameters or the variables or both.
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[. INTRODUCTION

study of transformation and reduction formulae of multiple hypergeometric functions.

In 1836, Kiimmer [6] gave a list of quadratic transformations for o F'; . Making use of Gauss evaluation of 27,
he was able to calculate some o F'; whose arguments were not unity. In 1881, Goursat [3] used the same technique
for the third, fourth and sixth degree transformations of certain 5 F’; .

In the monumental work of Prudnikov et al. [7], we find more information concerning reducible cases of
hypergeometric functions. In fact, a number of results of interest do exists and in particular this is true for Clausen's

3% with argument i.
In the literature of special functions, many hypergeometric transformations for terminating or infinite series of

the type g1l F, involving +1,—1,and 21 arguments with appropriate parametric restrictions, are available.

Some evaluation of 5 F) (i) and 3F) (%) have already been derived by Karlsson [5;176 -177, p.178(Table 1)]

and Prudnikov et al. [7; p.551].
The results and definitions which we need in our subsequent work are as follows:

The summation theorem concerned with single Gaussian hypergeometric functions play an important role in the

In the usual notations, the Pochhammer's symbol (a)n is defined by

Ea+ ) N
_ ['(a) ; #0,—-1,-2,...
o ! ; n=0 (1.1)

ala+1)(a+2)...(a+n—-1) ; n=1,23...
If m is either a positive integer or zero, then
(c+ 1),
(©)m
(c+2)m  (c+1+m)(c+m)
(€)m cle+1)
cle+1)+ (2¢+2)m+m(m —1)
clc+1)
m(m — 1)
clc+1)

m
= 14— 1.2
+ 2 (12)

2
= 1+-m+ (1.3)
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a,byc+1 ;
9 7 Y oo m bm
3y 1| = ZL) ()‘ [1+m}
d ¢ ] = (d)y,m! c
a, b ; ab a+1,b+1 ;
= oF] 1 +*sz1 1
d : ¢ d+1 :

Nd)Tr(d—a—->b) abT(d)T(d—a—b—1)

011

= — 14
~ T(d—a)T(d—=0) ¢ T(d—a)T(d—b) (14)
% Where Re(d —a — b) > 1.
and
a, b,c+2 ; a, b ; 2ab a+1,b+1 ;
3l 1 = o 1|+ od 2 I 1
. d, c ; d ; ¢ d+1 ;
> ala+Dbb+1) | *F20+2 5
© + 2 F 1
- cle+1)d(d+1) d+2 ,
& _ P@T(@d=a—b) 20bT(dT(d-a-b-1) ala+1bb+DI(AId~a-b-2)
B I'(d—a)T(d—b) cl'(d—a)l(d—-10) cle+1)I'(d—a)l'(d—10)
G (1.5)
< Where Re(d —a —b) > 2.
% Further, in our study, we shall be using the following identity:
[a
o o V4
Y. Almonp) = > > Alm,n,p—m) (1.6)

m,n,p=0 n,p=0 m=0

Srivastava and Daoust Function: Srivastava and Daoust function [9; p.454, see also 11; p.37(21,22,23) and 12;
pp.64-65(18,19,20)] is defined as follows:

[(aa) 1 0., 00) 2 [(O) : s [050) 6™
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C:D';D";...;D(™) (n) 215 22, ) “n
[(co) ¢!, ™) [(dp) = 055 [(d i) - 6™
[e%¢] mi1 . mo Mn
= Y Qm,...m,) L2 (1.7)
=0 mq! ma! .. my!
Where for convenience,
| A B B
I (aj)m19’.+‘..+mn0(.”) 11 (b;>m1¢} el (b; ))mn¢(.”)
Q(m m ) _ 7=1 J J g=1 7=1 J (18)
1 ) n c D’ d/ D) d(n)
jl;[1(cj)m1¢§'+'"+m" b jl;[1( j)mlag' o jl;ll( g )m"‘sa('m
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ON SOME TRANSFORMATIONS INVOLVING UNIT AND QUARTER ARGUMENTS

The coefficients
k) . _ Lok k). k) . _
07, j=1,...A ¢, j=1,...,B®; ¢ " j=1,..C

koo k).
03, j=1,...,D®; forall kec{1,2,3,...,n}

are real and positive, and (a4 ) abbreviates the array of A parameters a1, az, . .., a4, (bj(k)),j =1,..., B®);
(k)

D (®)
The convergence conditions of the multiple series occuring in (1.7) is given by Srivastava and Daoust [8 and 10; see

also 2].
In present paper, we establish a multiple series identity (2.1). The investigation of this identity is, infact,

immediately connected with the transformations of hypergeometric series of two and three variables, which are
obtained in Section 3. Further our main result allows a variety of hypergeometric transformation formulas involving
unit and quarter arguments which are not available in the literature. For this reason our results (3.4) to (3.9) seem to
be of interest.

forall k € {1,2,...,n}, with similar interpretations for (¢c) and (d ) w)), k=1,...,n et cetra,

[I.  MULTIPLE SERIES IDENTITY

Theorem @ If {S(¢n+0p)}, {S2(yp)}and {S3(dn)} are the bounded sequences of real or complex

numbers; m, n,p € {O, 1,2,.. .}; a,3,0,¢,v and § are real constants; the values of ¢ and b are adjusted in

such a way that the parameters M, 2b, 3a — b + 1 and b — 3a are neither zero nor negative integers,
then

- (6a)3m+an+p

Z_O i () Ga—bt1) o S1(0m~+¢gn+0p) Sa(ym+p) S3(0n)

mmp= 2 mt(252)n m+ (252 )n
y (_1>m merp yn _ i (6a)an+p <2b),8n+p (b - 30,)(5—701)”7;0
I n! pl 6a+2b+1 _
n X p
Yy 1)

x S1(¢n + 0p) Sa(vp) S3(dn) (2.1)

(b - 3@)(%)7171!]?!

Provided that each of the multiple series involved converges absolutely.
Proof. Let the left hand side of the Theorem 2.1 is denoted by T°, then

T = i S1(0m—+én+0p) So(ym~+vp) Ss(dn)

m,n,p=0

(_ 1>m (6a>3m+cm+p P "

30— b+ 1), (az2), m nl pl

X Am (%)W(Ly)n (

Replacing p by p — m, we get

[e.9] p o0

T = > > > (—p)m Si(¢n + 0p)Sa(yp) Ss(6n)

p=0m=0 n=0
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(6a)2m+an+p P yn
m ( 6a+2b+1 _
(1), 4 (—ﬁf—)m+c%gn(3a b+ 1),,4 (252, ml nl
. Si(¢n + 0p) Sa(yp) Ss(0n) (6a)antp 2Py
pn=0 p! (%) 3a — b+ 1)(ﬂ)n n!

X

(=520

p (_p)m (6a+02m+p)m <6a+a3+p+1>m
sz::o (M)m (3a—b+ 1+an77ﬂn) m!

m

i S1(¢n + 0p) Sa(yp) Ss(0n) (6a)antp ¥ Y™
(55 (ag), B =0t Doyt

p,n=
6a+an+p 6a+an+p+1
-D, ) )
2 2
XgFQ 1
6a+2b+1+an+pn 6a—2b+2+an—pGn
2 ’ 2 ’

Now using terminating Saalschitz's summation theorem [1; p.9(2.2.1)]:

_p>A7B
3F2 1 =
C,1+4A+B-C—p ;

Where p is a non- negative integer, we get

T — i Sl (an -+ Qp) SQ(’YP) 53(577,) (6a’)om,+p P yn

p,n=0 (%)(%ﬂ)n (3a—b+1)<aTw)np! n!

( 2b+52n—p)p (2b+ﬂg—p+1 )p

X (M)p (b—3a—p+m%)p

2

_ i Sl (an + ep) 52(”7]9) 53(571) (6a’)cm+p P yn

Gat2br1 N —
( 2 )(azﬂ)n (3a b‘f‘l)(anB)np.n.

p?n:

(2b + 571 - p)Qp (%) antfn (b - 301) Bn—an—2p
2

2
92p (6a+2b+1
2

X
(b - 3@) Bngan

2pt+antpBn
2

— i Sl (¢n + Hp) SQ(’Yp) S3((STL) (6a)an+p P yn
p,n=0 (%)(O‘Qﬂ)n (3a—b+1)<aT—ﬁ)np‘ 7’L'
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(26) gn-tp (%ﬁ) anion (0= 3a)sn-an—2
2

2
"), (e (b~ 30)on-
Bn—p 2 W 5"%

i Sl <¢n + (9]?) SQ(’Y]?) S3<5n) (6a)om+p P yn
(3a —b+1)an—sn p! n!

p,n=0

(26) s (b — 30) sn-nz

X
220 (20) g p (ngm)% (b= 30) sn-en

(2.4)

p

(60)antp " (%)
(3a — b+ 1)an—pn n! pl

— i S1(¢n + 0p) Sa(yp) S3(on)

n,p=0

(26)np (b = 3a) (552,
(2b>ﬂn—p (%)(%B)

Which is the right hand side of the (2.1).

X

n-+p

[1I.  APPLICATIONS
Suppose the notation (aA) denotes the sequence of A parameters aj,as,...,a4 and [( aA)]m

A
stands for the continued product of “A” Pochhammer's symbols given by [(aA)]m = 11 (a;), » With similar
i=1

interpretation for others.

InTheorem 2.1, setting 9 = ¢ = v = 6 = 1, Si(q) = [(dD)]q7 Sa(q) = [(96)]q and

[(er)]q [(har)lg
[(Fx)]g

[(rr)lq

$ [0y (66 msy (K20 (6)amrants (5°)" y" 2"
m,n,p=0 [(er)lmtntp [(hi)]mtp [(TR)]n (GG%%H)TH(M)” (3a—b+ 1>m+("T“’)n m! n! p!

S3(q) = . We get

_ v D)ty (k) [(90)l
N n%:o [(e8))ntp [(rr)]n [(Rar)]p

(6a) an+p (20) gn+p (b — 3&)(,3%&)”_13 y (i)p

X
<2b),3n*p (%)Clgﬂ)nﬂ) (3(1 — b+ 1)(%)71 (b — 3a)(57Ta)n n! p!

Which can be interpretated in the form of Srivastava and Daoust function as follows:

D+G41:0;K;0 [(dp) : 1,1,1], [(9¢) : 1,0,1], [6a : 3, a, 1]
+1:0;K;
FEjr_HJrZ:O;R;O

(e) : 1,1,1], [(ha) £ 1,0,1], [t25L o 1 282 0] [3a — b+ 1: 1,252, 0]
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s [(hk) 1)
x
47 y7 'CC
s rR) 215
(dp) : 1,1, [6a: @, 1], [2b: 8,1], [b—3a: 552, 1]
- E+4+2:R+2;H
[(ep) : 1,1], [2b: B, —1], |Setgetd ; o381
S [(kg) : 1] [(96) = 1) 5 N
Z;/J y’ Z (31)
z2 [(rg) : 1], [3a—b+1zo‘%ﬁ},[b—3azﬁg—o‘} [(hy) 1]
34
. In (38.1), setting D = F = G = H = (0 and using binomial theorem, we get a transformation formula:
- [6a : 3, o L
(1—a)"* Faop
= [%ﬁ:l,a—gﬂ},ba—b—i—l:l,a—f} -
- (k) 1] 5
& A1 —2)?" (1—a)
[(rr) < 1]
= _ [6a:a,1], [2b: B,1], [b—3a: 552, —1]
5 = Fyriso
;: [Qb : 57 _1]7 [6a+§b+1 : aTJrﬁa 1]
&
8 (k) : 1] P
= x
S v (3.2)
= a—f B—a
o (rr) :1],[Ba —b+1: 7], [b—3a: 5% ;_ ;
; In(8.1), put y=0 and D = E =10, we get
E S (96) ) (60)arn (—2)" (96) +m, 6a+3m
g 2 6a+2b+1 | c+1ln x
- 0 [(he)lm (%25L) (30 = b+ 1), m! (hi)+m

6CL, 2b, 1— 2(), (gg) )
X
- G+3FH+2 Z . (33)
3a+b+%,3a—b+1, (hy) ;

B n@J3), seting G = H = 1, hy = h, g1 = —k (where k is a non- negative integer) and z = 1, we get
i (—k)m (6a)3m (_%) . —k+m, 6a +3m ; 1
2l'1
=0 (W) (“22) (3a— b+ 1), m! htm :
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—k, 6a, 2b, 1 — 2b :

Where Re( h — 6a) > 2k.

1
= af3 I (3.4)
B3a+b+3,3a—b+1,h ;
Now on using Gauss first summation theorem [1; p.2(1.3.1)], we get
S (=) (60)3m (h = Ga) () (2
m=0 (Lgbﬂln (3a — b+ 1), m! (27)™ (h)y (kh*SkJrﬁa 3*h73k+6a)m

—k, 6a, 2b, 1 — 2b :
= 4F3
3a+b+%,3a—b+1,h ;

1
4

Which on little simplification gives the known transformation of Joshi and Vyas [4; p.1915(4.1)] in the form:

—k, A(3;6a), A(2;1 — h + 6a)
65

3a+b+1,3a—b+1, A3;1—h—k+6a) ;

" —k, 6a, 2b, 1 — 2b
- k
n (h - 6a)k 4F3

3a+b+%, 3a—b+1,h ;

1 =

(3.5)

Where k is a non-negative integer and Re( h—6a) > 2k. Also the notation A(M; b) denotes the M parameters

b b+1 b+2 b+ M—1
A ap oy i M=123

In(@3.3),setting G=H =2,1=—k,go=c+1,hy =d, hy =c and = 1, we get

s (=F)m (€ + D (60)3 (=)™
mz=:0 () (€m (*22) (3a—b+ 1), 4™ m! 3£

—k, 6a, 2b, 1 —2b, c+ 1 :
= 50}
3a+b+%,3a—b+1,c,d ;

Where Re(d — 1 — 6a) > 2k and k is a non -negative integer.
Now using summation theorem (1.4) for 3F5 in (3.6), we get

—k, 6a, 2b, 1 —2b, c+ 1
5Fy
3a+b—|—%, 3a—b+1,¢d

d+m,c+m

1
4

I

6a+3m, —k+m,c+m+1 ;
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K (—k)m (c+ 1) (6a)3, (—1)" T(d +m) I'(d — 6a + k — 3m)

>

S @ () (Ba— b+ 1), 4 mlT(d + £)T(d — Ga — 2m)

M (=k)m (¢ + 1) (6a)3m (—1)™ (6a + 3m) (—=k +m) T(d+m)T'(d — 6a+k—1— 3m)‘

+2

m=0 (D (O (“2H) (Ba—b+ 1), 47 ml (c+m) T(d+ k) T(d — 6a — 2m)

Further on using algebraic properties of Pochammer's symbols and making little simpli-fication, we get a new
hypergeometric transformation formula:

011

2 —k, 6a, 2b, 1 —2b, c+ 1 :
gﬂ 1
< 5y 1
3a+b+13a—b+1,¢d ;
(d — 6a), i —k, c+1, A(3; 6a), A(2; 1 — d+ 6a) : 1
= —— 1l
() c,3a—|—b—|—%,3a—b—|—1,A(3;1—d+6a—k‘) ;

 Gak(d — 6a);_y —k+1, A(3; 6a + 1), A(2; 1 — d + 6a) :

F;

1] 3.7
B3a+b+1 3a—b+1,A(3;2—d+6a—k) ;

Where Re( d — 1 — 6a) > 2k.
In33),settng G=H =2, g1 =—k,go=c+2,hy =d, hy=c and x = 1, we get

Research Volume XI Issue V Version I

Zk: (=F)m (¢ + 2)m (6a)sm (=1)™

3
=0 (D) () (“2HL)  (3a— b+ 1) 4™ mil

m

Fy

6a+3m, —k+m,c+m+2 ;
1
d+m,c+m :

—k, 6a, 2b, 1 — 2b, ¢ + 2 :

E
S 1
§ = s5F} 1 (3.8)
f 3a—|—b+%,3a—b+1,c,d ;
=  Where Re(d — 2 — 6a) > 2k and k is a non-negative integer.
i Again on making use of summation theorem (1.5) for 3 F5 in (3.8), we get
2 —k, 6a,2b,1—2b,c+2
E F Ll _ g et D (6ahon (1)
544 - | =
m=0 () () (82E2EL) (3 — b+ 1), 4™ m!
3a+b+%>3a—b+1,6,d ; 0 (@) (€) ( 2 )m(a ) .
B y F(d+m)F(d—6a—3m+k)+2(6a+3m)(—k+m)F(d+m)F(d—6a—3m+k—1)
I'(d —6a —2m)'(d + k) (c+m)I'(d—6a—2m)I(d+k)

N (6a+3m) (6a+3m+1)(—k+m)(=k+m+1)I'(d+m) F(d—6a—3m+k—2)}
(c+m)(c+m+1)I'(d—6a—2m)[(d+ k)
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Which on simplification gives:

—k, 6a, 2b, 1 — 2b, c + 2 ;

5F4 j‘l
B3a+b+1i3a—-b+1,¢cd ;
(d — 6a)y —k, ¢+ 2, A(3; 6a), A(2; 1 —d + 6a) :
= — 1% 1
() ¢, 3a4+b+1 3a—b+1, A3 1—d+6a—Fk) ;

12ak(d — 6a)e1 - —k+1,c+2, A(3; 6a+ 1), A(2; 1 —d + 6a) : 1
- 746

c(d)x c+1,3a+b+é,3a—b+1,A(3;2—d+6a—k} ;
k(k—1) (6a) (6a+1)(d— 6a)k_o
_|_
clc+ 1) (d)

—k+2, A(3; 6a+2), A(2; 1 —d + 6a) :
X ¢F 1 (3.9)
B3a+b+1 3a—b+1, A(3;3—d+6a—k) ;

Where Re(d — 2 — 6a) > 2k and k is a non-negative integer.

—

10.

11.

12.

REFERENCES REFERENCES REFERENCIAS

W.N. Bailey, Generalized Hypergeometric Series, Cambridge University Press, London,(1935).

H. Exton, Multiple Hypergeomelric Functions and Applications, John Wiley and Sons, Halsted Press (Ellis
Harwood, Chichester), New York, (1976).

E. Goursat, Sur l'éqguation differéntielle linéaire qui admet pour intégrale la série hypergéomeétrigue, Ann. Sci.
Ecole. Norm. Sup. (2)10(1881), S3 - S142.

C.M. Joshi and Y. Vyas, Extensions of Bailey's transform and applications, International J. of Maths and
Mathematical Sciences 12(2005), 1909 -1923. 1

P.W. Karlsson, Clausen's hypergeometric series with variable 1 J. Math. Anal.Appl. 196(1995), 172 - 180.

a.f ala+1)B(6+1) 24

E. Kimmer, U ber die hypergeometrische reihe 1 + —— x
1.y L2y(y+1)

ala+1)(a+2 +1 + 2
( 1'2)'(3'7<7 lﬂi)ﬁ('y +)2<)ﬁ ) A , J. Fur die Reine und Angewandte Math.

15(1836), pp. 39-83 and pp. 127 - 172.

A. P. Prudnikov, Yu. A. Brychkov and O. |. Marichev, /ntegrals and Series Vol. 3: More Special Functions.
Nauka, Moscow, 1986. Translated from the Russian by G. G. Gould, Gordon and Breach Science
Publishers, New York, Philadelphia, London, Paris, Montreux, Tokyo, Melbourne, (1990).

H.M. Srivastava and M.C. Daoust, On Eulerian integrals associated with Kampé de Fériet's function, Publ.
Inst. Math. (Beograd) (N.S.), 9(23)(1969), 199-202.

H.M. Srivastava and M.C. Daoust, Cerfain generalized Neumann expansions asso- ciated with the Kampé
de Fériet's function, Nederal. Akad. Wetensch. Proc. Ser. A 72=Indag. Math. 31(1969), 449 - 457.

H.M. Srivastava and M.C. Daoust, A nofe on the convergence of Kampé de Fériets double hypergeometric
series, Math. Nachr. 53 (1972), 151 - 157.

H.M. Srivastava and P.W. Karlsson, Multiple Gaussian Hypergeometric Series, Halsted Press (Ellis Horwood
Limited, Chichester), John Wiley and Sons, New York, (1985).

H.M. Srivastava and H.L. Manocha, A Treatise On Generating Functions, (Ellis Horwood Limited,
Chichester), John Wiley and Sons, New York, (1984).

© 2011 Global Journals Inc. (US)

August 2011

w
!

Version [

Issue V

Frontier Research Volume XI

Global Journal of Science



E August 2011

Global Journal of Science Frontier Research Volume XI Issue V Version I

ON SOME TRANSFORMATIONS INVOLVING UNIT AND QUARTER ARGUMENTS

This page is intentionally left blank

© 2011 Global Journals Inc. (US)



	On Some Transformations Involving Unit And Quarter Arguments
	Author's
	Keywords and Phrases
	I. INTRODUCTION
	II.MULTIPLE SERIES IDENTITY
	III. APPLICATIONS
	References Références Referencias

