
© 2011 . M. I. Qureshi, Kaleem A. Quraishi , Ram Pal.This is a research/review paper, distributed under the terms of the Creative 
Commons Attribution-Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), permitting all non-
commercial use, distribution, and reproduction in any medium, provided the original work is properly cited. 
 

                     Global Journal of Science Frontier Research 
                            Volume 11 Issue 4  Version 1.0  July  2011 
                            Type: Double Blind Peer Reviewed International Research Journal 
                            Publisher: Global Journals Inc. (USA) 
                            ISSN: 0975-5896 

 

Some Definite Integrals of Gradshteyn-Ryzhik and Other 
Integrals

 

By M. I. Qureshi, Kaleem A. Quraishi ,
 
Ram Pal

 

                                           

 

Jamia Millia Islamia (A Central University), New Delhi

 

Abstracts -
  

In the present paper we evaluate three definite integrals with certain convergence 
conditions, using Leibnitz rule for

 
differentiation under integral sign and Wallis formula. Some 

other integrals are also evaluated by means of Leibnitz rule,
 
Kummer’s first transformation and 

reduction formula, series rearrangement techniques under stated convergence conditions.
 

Keywords and Phrases : Leibnitz rule for differentiation under the integral sign; Generalized 
Gaussian Hypergeometric Function; Kamp´e de F´eriet’s General Double Hypergeometric 
Function; Gamma Function ; Kummer’s first transformation; Series rearrangement technique.

 

2010 Mathematics Subject Classification
 
: Primary 33B15, 33C20

 
; Secondary 33C65

 

Some Definite Integrals of Gradshteyn-Ryzhik and Other Integrals          

            

                           

 

Strictly as per the compliance and regulations of:

 

 

 
 
 
 
 
 
 
 
 
 



 

 

Some Definite Integrals of Gradshteyn-Ryzhik 
and Other Integrals 

M. I. Qureshiα, Kaleem A. QuraishiΩ ,Ram Palα 

  In the present paper we evaluate three definite integrals with certain convergence conditions, using Leibnitz rule for 
differentiation under integral sign and Wallis formula. Some other integrals are also evaluated by means of Leibnitz rule, 
Kummer’s first transformation and reduction formula, series rearrangement techniques under stated convergence conditions. 
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I.
 

INTRODUCTION
 

The Pochhammer’s symbol or Appell’s symbol or shifted factorial or rising factorial or
 
generalized factorial function is 

defined by
 

 

 

Where is neither zero nor negative integer and the notation  stands for Gamma function. Throughout this work we 
shall employ the following definitions.  

Generalized Gaussian Hypergeometric Function  

Generalized ordinary hypergeometric function of one variable [4,p.73(2);5,p.42(1)] is defined by 
 
 
 
 
 
 
Where denominator parameters                     are neither zero nor negative integers and  A, B are non-negative 
integers. The symbol       represents  the array of A parameters   given  by                with similar 
interpretation for others. 

Conditions for Convergence of (1.1) 

If A B , then series is always convergent for all finite values of  (real or complex). 

If A = B + 1, then series is convergent for  

For more convergence conditions we refer
 
[4,pp.73-74;5,p.43].

 

Kampé de Fériet’s General Double Hypergeometric Function
 

We recall the definition of general double hypergeometric function of  Kampe de  Feriet  in
 
slightly modified notation 

of  H.M.Srivastava  and  R.Panda  [5,pp.63- 64(16,17)]:
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Conditions for Convergence of (1.2)

 

 

 

 

Leibnitz Rule for Differentiation Under the Integral Sign[3]

 

If and
 

  are continuous functions

 

of and , then

 
 
 
 
 

provided that and
 

) possesses continuous first order derivatives with respect to

 

.

 
 

Wallis’ Formula

 
 
 
 
 

Master Integral

 

In a paper of Boros and Moll [2,p.972, see also p.974(Th.1)], the following master formula

 
 
 
 
 
 
 

Was

 

used to evaluate a large number of definite integrals.

 

In the continuation of master integral, we evaluated certain definite integrals in sections

 

4 and 5.

 

II.

 

SOME
 
INTEGRALS OF GRADSHTEYN AND RYZHIK

 

[1,p.20(4);2,p.974(2.1);3,p.346(3.257]
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(1.2)

(i) A+B < E +G+ 1, A+D < E +H + 1, |x| <∞, |y| <∞, or

(ii) A+B = E +G+ 1, A+D = E +H + 1, and
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1
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Under any

 

condition on and , the integral (2.3) is not true.

 
 

OTHER FORMS OF ABOVE INTEGRALS

 

 

 

 

 

 

 

 

 

 

 

IV.

 

PROOFS OF (3.1) - (3.3)

 

Suppose left hand side of (3.1) is denoted by

 

 

 

Therefore

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

[1,p.20(19);3,p.351(3.276(1))]

Under the stated conditions, integrals (2.1) and (2.2) are true. Since these conditions are not given in the table of 
integrals[3].

[1,p.20(5);3,p.351(3.276(2))]
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Where

 

is constant of integration.

 

By putting = 0, therefore (4.4)

 

reduces to right hand side of 
(3.1).

 

Similarly, if we denote the left hand of (3.2) by

 

 

 

Then

 

 

 

 

 

If we denote left hand side of (3.2) by 

 

, then 

 

(0) can not be calculated due to the

 

divergent nature of 
resulting integral.

 

Differentiate (4.5) with respect to and apply Leibnitz rule (1.3), we get

 

 

 

 

Now integrate (4.7), we get

 

 

 

 
  

  
 

 

 

 

 

 

 

 

 
 

 
 

 
  

 
 

                 

If we denote left hand side of (3.1) by then divergent nature of 
resulting integral.

Differentiate (4.1) with respect to and apply Leibnitz rule (1.3), we get

Or
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Now integrate (4.3), we get
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      in (4.4) and in view of the result (4.2), we get b= 0 H
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Where is constant of integration.

When therefore (4.8) reduces to right hand side of (3.2).

We can not apply Leibnitz rule (1.3) in the left hand side of (3.3).

G

G = 0 in (4.8) and  in view of the result (4.6), we get a= 0

H
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In view of Leibnitz rule (1.3) and Kummer’s first transformation [4,p.125(Th.42)] and using same technique,we can 
derive (5.1).

 

Using series expansions and hypergeometric forms [4,p.108(1),p.115(2,4)] of Sine,Cosine

 

functions and 
ordinary Bessel function of

 

first kind,a reduction formula for the product

 

of two 
the order of summation and integration,

 

using series rearrangement technique and some algebraic properties of 
Pochhammer’s

 

symbol, we can derive the integrals (5.2)-(5.5) which are convergent for all finite values of

 

parameters.

 
 
 
 
 
 
 

where and 
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The left hand side of (3.3) is denoted by

On solving above integral with the help of (1.4), we get the right hand side of (3.3).

Or, if we multiply both sides of (3.1) by multiply both sides of (3.2) by and adding the resulting integrals, we can 
obtain (3.3).

V. ADDITIONAL INTEGRALS

Since Pochhammer’s symbol is associated with Gamma function and Gamma function is undefined for zero 
and negative integers, therefore arguments, numerator and denominator parameters are adjusted in such a way that 
following integrals are completely well defined and meaningful then without any loss of convergence, we have
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+ c
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=
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∞
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0F  interchanging [4,p.105(Q.No.1)],
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 (5.5)

where ν 6= −2.

b

 
 

  
 

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
ti
er

R
es
ea

rc
h

V
ol
um

e
X
I
Is
su

e
IvvvvvvvvvvvvvvV

er
si
on

I

79

 vvvvvvvvvvvvvvV

SOME DEFINITE INTEGRALS OF GRADSHTEYN-RYZHIK AND OTHER INTEGRALS

 ©  2011 Global Journals Inc.  (US)

  
20

11
J
u
l
y

1



 

 

 

 

 

 

 
 

References  Références Referencias

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
ti
er

  
  

V
er
si
on

I

80

V
ol
um

e
X
I
Is
su

e
IvvvvvvvvvvvvvvV

SOME DEFINITE INTEGRALS OF GRADSHTEYN-RYZHIK AND OTHER INTEGRALS

1. Bierens de Haan, D.; Nouvelles Tables D’integrales Definies, Amsterdam, 1867.
2. Boros, G and Moll, V. H.; An Integral with Three Parameters, SIAM Review, 40(4) (1998), 972-980.
3. Gradshteyn, I. S. and Ryzhik, I. M.; Table of Integrals, Series and Products, Fourth Edition, 1965, Corrected 

and Enlarged Edition by A. Jeffrey 1980, 5th Ed. by A. Jeffrey, Academic Press, New York, 1994.
4. Rainville, E. D.; Special Functions, The Macmillan Co. Inc., New York 1960; Reprinted by Chelsea Publ. Co. 

Bronx, New York, 1971.
5. Srivastava, H. M. and Manocha, H. L.; A Treatise on Generating Functions, Halsted Press (Ellis Horwood, 

Chichester, U.K.), John Wiley and Sons, New York, Chichester, Brisbane and Toronto, 1984.

´ ´

©  2011 Global Journals Inc.  (US)

R
es
ea

rc
h

  
20

11
J
u
l
y


	Some Definite Integrals of Gradshteyn-Ryzhik and OtherIntegrals
	Authors
	Keywords
	I. INTRODUCTION
	II. SOMEINTEGRALS OF GRADSHTEYN AND RYZHIK
	III. OTHER FORMS OF ABOVE INTEGRALS
	IV. PROOFS OF (3.1) - (3.3)
	V. ADDITIONAL INTEGRALS
	References Références Referencias

