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 I.

 

INTRODUCTION

 The Pochhammer’s symbol is defined by

 
 
 
 
 
 

where b

 

is neither zero nor negative integer and the notation    stands for Gamma function.

 
 
 
 
 
 

where m

 

is a positive integer and n

 

is a non negative integer.

 

The notation                is used to denote the set of N

 

parameters given by

 
 
 

Generalized Gaussian hypergeometric function of one variable is defined by

 
 

 
 
 

or

 
 
 
 

where denominator parameters b1, b2, · · · , bB

 

are neither zero nor negative integers and

 

A, B

 

are non-
negative integers.

 

If A _ B, then series AFB

 

is always convergent for all finite values of z(real or complex).

 

In 1933, E. M. Wright defined a more interesting generalized hypergeometric function of

 

one variable[12, 
p.287; 13 , p.11(1.7.8)] in the following forms:
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(b)k =
Γ(b + k)

Γ(b)
=







b(b + 1)(b + 2) · · · (b + k − 1); if k = 1, 2, 3, · · ·
1 ; if k = 0
k! ; if b = 1, k = 1, 2, 3, · · ·

Γ 

(λ)mn = mmn

(

λ

m

)

n

(

λ + 1

m

)

n

(

λ + 1

m

)

n

. . .

(

λ + m − 1

m

)

n

∆(N ; b ( b
N

, b+1
N

, . . . , b+N−1
N

.

AFB

[

a1, a2, · · · , aA ;
b1, b2, · · · , bB ;

z

]

=
∞

∑

k=0

(a1)k(a2)k · · · (aA)kz
k

(b1)k(b2)k · · · (bB)kk!

AFB

[

(aA) ;
(bB) ;

z

]

=
∞
∑

k=0

[(aA)]kzk

[(bB)]kk!

pΨq





(α1, A1), · · · , (αp, Ap) ;

(β1, B1), · · · , (βq, Bq) ;
z



 =

∞
∑

n=0

Γ(nα1 + A1) Γ(nα2 + A2) · · ·Γ(nαp + Ap) zn

Γ(nβ1 + B1) Γ(nβ2 + B2) · · ·Γ(nβq + Bq) n!

= H
1, p
p, q+1



−z

(1 − α1, A1), .............., (1− αp, Ap)

(0, 1), (1 − β1, B1), ....., (1− βq, Bq)





where the coefficients                                                                                                     are positive rational numbers and 

                are complex parameters  .

A1, A2, A3, · · · , Ap, B1, B2, B3 · · · , Bq

α1, α2, α3, · · · , αp, β1, β2, β3, · · · , βq



 

 

 
 

 
 
 
 
 
 
 

The Fox H-function makes sense when either

 
 
 

and

 
 
 

The equality holds only for suitably constrained values of |z| or appropriately bounded

 

 
 
 
 
 
 

The function              

 

was given by C. F.

 

Fox in 1961.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

where                         are non-negative integers such that                                                     are

 

complex numbers and 
are positive numbers.

 

The H-function is an

 

analytic function of z and makes sense if the following existence

 

conditions are 
satisfied.

 
 
 
 
 

 

The H-function is symmetric in the set of pairs                              

 

; in the set of pairs

                                                              

in the set of pairs                                                

 

in the set of pairs

   

Ramanujan’s Formula is defined as

 

Ramanujan[1,p.191(2.20,2.21)]
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pΨ
∗
q





(α1, A1), · · · , (αp, Ap) ;

(β1, B1), · · · , (βq, Bq) ;
z



 =
∞

∑

n=0

(α1)nA1
(α2)nA2

· · · (αp)nAp
zn

(β1)nB1
(β2)nB2

· · · (βq)nBq
n!

δ ≡ (1 + B1 + B2 + · · · + Bq) − (A1 + A2 + · · · + Ap) > 0

< |z |< ∞ ; z 6= 0

|z| i.e. δ = 0 and 0

< |z| < R ≡ A1
−A1A2

−A2 · · ·Ap
−ApB1

B1B2
B2 · · ·Bq

Bq .

pΨq





(α1, 1), · · · , (αp, 1) ;

(β1, 1), · · · , (βq, 1) ;
z



 =

p
∏

j=1

Γ(αj)

q
∏

j=1

Γ(βj)
pFq





α1, · · · , αp ;

β1, · · · , βq ;
z





H m, n
p, q



z

(a1, A1), (a2, A2), · · · , (an, An), (an+1, An+1), · · · , (ap, Ap)

(b1, B1), (b2, B2), · · · , (bm, Bm), (bm+1, Bm+1), · · · , (bq, Bq)





= Hm, n
p, q



z

((ap, Ap))

((bq, Bq))



 = H n, m
q, p





1

z

((1 − bq, Bq))

((1 − ap, Ap))





H m, n
p, q

m, n, p, q p ≥ n ≥ 0, q ≥ m ≥ 1.aj, bj

For all z 6= 0 and (B1 + B2 + · · · + Bq) − (A1 + A2 + · · · + Ap) > 0. For 0 < |z| <

A1
−A1A2

−A2 · · ·Ap
−ApB1

B1B2
B2 · · ·Bq

Bq and (B1+B2+· · ·+Bq)−(A1+A2+· · ·+Ap) = 0.

a1, A1), · · · , (an, An

)

) (an+1

, An+1), · · · , (ap, Ap) b1, B1), · · · , (bm, Bm

)

) (bm+1, Bm+1),· · · , (bq, Bq).

∫ ∞

0

xP−1

(

2

1 +
√

1 + 4x

)N

dx =
N Γ(P )Γ(N − 2P )

Γ(N − P + 1)

where,           andN > 0                < P < N
2
.0                

II. MAIN FORMULAE OF THE INTEGRALS

                                     
∫ ∞

0

xc−1

(

x +
√

1 + x2
)p AFB









(aA) ;

yxg

(

1

x+
√

1+x2

)h

(bB) ;









dx
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(2.1a)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                                                                                                                                                                         

(2.2a)

  
 
 
 
 
 
 
 
 
 
 
 
 

III.

 

DERIVATIONS OF THE MAIN FORMULAE

 

First of all we shall derive the integrals (2.1a) and (2.1b). Let the integral in left hand

 

side is denoted by
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=

B
∏

i=1

Γ(bi)

2c+1
A
∏

Γ(aj)

A+3ΨB+2





(a1, 1), . . . , (aA, 1), (p + 1, h), (p−c

2
, h−g

2
), (c, g) ;

y

2g

(b1, 1), . . . , (bB, 1), (p, h), (p+c+2
2

, h+g

2
) ;





=
p Γ(c) Γ(p−c

2
)

2c+1 Γ(p+c+2
2

)
A+3Ψ

∗
B+2





(a1, 1), . . . , (aA, 1), (p + 1, h), (p−c

2
, h−g

2
), (c, g) ;

y

2g

(b1, 1), . . . , (bB, 1), (p, h), (p+c+2
2

, h+g

2
) ;





∫ ∞

0

xc−1

(

x +
√

1 + x2
)k pΨq









(α1, A1), · · · , (αp, Ap) ;

yxg

(

1

x+
√

1+x2

)h

(δ1, B1), · · · , (δq, Bq) ;









dx

=

p
∏

i=1

Γ(δi)

2c+1
q
∏

j=1

Γ(αj)
p+3Ψq+2





(α1, A1), · · · , (αp, Ap), (k + 1, h), (k−c
2

, h−g

2
), (c, g) ;

y

2g

(δ1, B1), · · · , (δq, Bq), (k, h), (k+c+2
2

, h+g

2
) ;





(2.1b)

=
k Γ(c) Γ(k−c

2
)

2c+1Γ(k+c+2
2

)
p+3Ψ

∗
q+2





(α1, A1), · · · , (αp, Ap), (k + 1, h), (k−c
2

, h−g

2
), (c, g) ;

y

2g

(δ1, B1), · · · , (δq, Bq), (k, h), (k+c+2
2

, h+g

2
) ;



 (2.2b)

Υ

Υ =

∫ ∞

0

xc−1

(

x +
√

1 + x2
)p AFB









(aA) ;

yxg

(

1

x+
√

1+x2

)h

(bB) ;









dx

=

∫ ∞

0

xc−1

(

x +
√

1 + x2
)p

{ ∞
∑

m=0

[(aA)]m ym xgm

[(bB)]m m!

(

1

(x +
√

1 + x2)hm

)}

dx

=

∞
∑

m=0

[(aA)]m (p + hm) Γ(gm + c) Γ(p+hm−c−gm

2
ym

[(bB)]m 2c+gm+1 Γ(p+hm+c+gm+2
2

) m!

=

∞
∑

m=0

[(aA)]m Γ(p + hm + 1) Γ(gm + c) Γ((p−c

2
+ (h−g

2
)m) ym

[(bB)]m 2c+1 2gm Γ(p + hm)Γ((p+c+2
2

+ (h+g

2
)m) m!

=

B
∏

i=1

Γ(bi)

2c+1
A
∏

j=1

Γ(aj)

A+3ΨB+2





(a1, 1), . . . , (aA, 1), (p + 1, h), (p−c

2
, h−g

2
), (c, g) ;

y

2g

(b1, 1), . . . , (bB, 1), (p, h), (p+c+2
2

, h+g

2
) ;





                               (3.1a)



 

 

 

 

 

 

 

 

 

 

                                                                                                                                    
 

 

 

On the same way ,it is proved that

 

 

 

 

 

Similarly we can obtain remaining integrals on the same parallel lines of the derivation of

 

(2.1a) and (2.1b).

 

The integrals established here are quite general in nature due to the presence of general

 

quadruple 
hypergeometric function of Saigo.

 
 

1.

 

Agarwal, R. P.; Resonance of Ramanujan’s Mathematics. Vol. I, New Age International (P) Ltd., New Delhi, 1996.

 

2.

 

Agarwal, R. P.; Resonance of Ramanujan’s Mathematics. Vol. II, New Age Inter-national (P) Ltd., New Delhi, 
1996.

 

3.

 

Agarwal, R. P.; Resonance of Ramanujan’s Mathematics. Vol. III, New Age Inter-national (P) Ltd., New Delhi, 
1999.

 

4.

 

Berndt, B. C.; Ramanujan’s Notebooks. Part I, Springer-Verlag, New York,

 

1985.

 

5.

 

Berndt, B. C.; Ramanujan’s Notebooks. Part II, Springer-Verlag, New York, 1989.

 

6.

 

Berndt, B. C.; Ramanujan’s Notebooks. Part III, Springer-Verlag, New York, 1991.

 

7.

 

Berndt, B. C.; Ramanujan’s Notebooks. Part IV, Springer-Verlag, New York, 1994.

 

8.

 

Berndt, B. C.; Ramanujan’s Notebooks. Part V, Springer-Verlag, New York, 1998.

 

9.

 

Saigo, M. and Srivastava, H. M.; The behavior of the fourth type of Lauricella’shypergeometric series in n 
variables near the boundaries of its convergence region.

 

10.

 

J. Austral. Math. Soc., Series A, 57(1994), 281-294.

 

11.

 

Srivastava, H.M. and Daoust, M.C. ; A note on the convergence of Kamp´e de F´eriet double hypergeometric 
series.Math.Nachr.53(1972).151-159.

 

12.

 

Srivastava, H. M., Gupta, K. C. and Goyal, S. P.; The H-Functions of One and TwoVariables with Applications. 
South Asian Publishers, New Delhi and Madras, 1982.

 

13.

 

Wright, E.M.; The asymptotic expansion of the generalized hypergeometric function-I. J. London Math. Soc., 
10(1935), 286-293.

 

14.

 

Wright, E.M.; The asymptotic expansion of the generalized hypergeometric function-II. Proc. London Math. Soc., 
46(2)(1940), 389-408.

 

 
©  2011 Global Journals Inc.  (US)

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
ti
er

R
es
ea

rc
h

  
  

V
er
si
on

I

2

V
ol
um

e
X
I
Is
su

e
20

11
IX

34

D
ec

em
be

r
Two Ordinary Hypergeometric Definite Integrals Involving Ramanujan’s Formula

Υ =
p Γ(c) Γ(p−c

2
)

2c+1 Γ(p+c+2
2

)
A+3Ψ

∗
B+2





(a1, 1), . . . , (aA, 1), (p + 1, h), (p−c

2
, h−g

2
), (c, g) ;

y

2g

(b1, 1), . . . , (bB, 1), (p, h), (p+c+2
2

, h+g

2
) ;



 (3.1b)
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