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I.
 

INTRODUCTION
 

 n this paper we consider scheduling problems in which the set I of all jobs or all operations (in connection with 
shop problems) in partitioned into disjoint sets rIIII ,,,, 321 

 
called groups, i.e. rIIIII ∪∪∪∪= 321

 
and φ=∩ gf II

 
for .},,,3,2,1{, gfrgf ≠∈ 

 
Let jN

 
be the number of jobs in .jI

 
Furthermore, we have 

the additional restrictions that for any two jobs (operations) ji,
 
with fIi∈

 
and gIj∈

 
to be processed on the 

same machine kM
 
job (operation)

 
j cannot be started until fgkS

 
time units after the finish time of job (operation) i

 
or job (operation) .j

 
In a typical application, the groups correspond to different types of jobs (operations) and fgkS

 
may be interpreted as a machine dependent changeover time. During the changeover period, the machine cannot 
process another job. We assume that 0=fgkS

 
for all },,,3,2,1{, rgf ∈

 
},,3,2,1{ mk ∈

 
with

 
gf =

 
and

 
that the triangle inequality holds. 

 
fhkghkfgk SSS ≥+

 
for all },,,3,2,1{,, rhgf ∈

 
}.,,3,2,1{ mk ∈             

 
(1)

 
Both assumptions are realistic in practice.

 
 The model can also handle set-up times for starting the first operations on the machines. For this purpose, 
we introduce a dummy operations belonging to a dummy group 0I

 
as an initial job, then the set-up time for an 

operation from group hI
 
starting on kM

 
can be represented by .ohkS

 If we consider single machine problems or if the changeover times are machine independent, we replace 

fgkS
 
by

 
.fgS
 
If the changeover time do not depend on both group fI

 
and ,gI

 
but only on the group gI

 
to which 

the job to be processed next belongs then we replace fgS
 
by .gS

 
In the later case, the changeover times are called 

sequence independent, contrary to the general case in which they are called sequence dependent. If SS fg =
 
for

 
all

 
rgf ,,3,2,1, =

 
then we have constant changeover times.

 
To indicate problems with changeover times, we add },,,{ SSSS gfgfgk∈β

 
to the part of our general 

classification scheme.
 

1.1
 

Single Machine Problems
 While problems max||1 CS fg

 
and

 
max||1 LS g

 
are NP(Bruno and Downey (1978)), problem max||1 CSg

 
can be solved polynomially by scheduling the jobs group by in any order.
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Next we will present dynamic programming procedures for the problems ∑ iifgfg CwSLS |||1 max and 

∑ iifg CwS ||1
 

which are due to Monma and Potts [1989]. The following theorem is the basis for these 

procedures.
        

II.  MAIN
 
RESULT

 
 

 
 
a)

 

For problem

 

,||1 ∑ iifg CwS

 

there exists an optimal schedule where the early jobs within each group are 

ordered according to nondecreasing due dates.

 
b)

 

For problem ,||1 ∑ iifg CwS

 

there exists an optimal schedule where the jobs within each group are ordered 

according to nondecereasing 
i

i

w
p

 

values.

 c)

 

For problem

 

,||1 maxLS fg

 

there exists an optimal schedule where the jobs within each group are ordered 

according to nondecreasing due dates.

 
 Consider a schedule of the form ,,,,, FiEjD

 

where job i

 

and j

 

are from the same

 

group and ,,, FED

 
represent arbitrary blocks, i.e. partial sequences of jobs. Due to the triangle inequality (1), the total changeover times 
will not increase if FiEjD ,,,,

 

is replaced by .,,,, FEjiD

 

We

 

have to show that if ji dd <

 

for early jobs ji,

 

or 

j

j

i

i

w
p

w
p

<

 

or

 

ji dd <

 

then ∑ iiUω

 

or

 

∑ iiCω

 

or the maxL value will not increase when moving from the 

sequence FiEjD ,,,,

 

to one of the two sequence FjiED ,,,,

 

or .,,,, FEjiD

 
 
a)

 

If we have the objective function ∑ iiUw

 

then the fact that i

 

is early in FiEjD ,,,,

 

implies that ji,

 

are early 

in FjiED ,,,,

 

because .ji dd <   

b)

 

Consider the objective function ∑ iiCw

 

and let .
j

j

i

i

w
p

w
p

<

 

It is convenient to replace changeover times

 

by 

set-up jobs with processing time equal to the changeover time and zero weight. Furthermore, we assume that all 
set ups after j

 

and before i

 

and FiEjD ,,,,

 

are included in the partial sequence .E

 

Define

 
 ∑

∈

=
Ei

ipEp )(

 

and ∑
∈

=
Ei

iwEw )(

 

 
then an easy calculation shows that job j

 

and block E

 

can be swapped without increasing the objective value if  

.
)(
)(

Ew
Ep

w
p

j

j >

 

Similarly, i

 

and E

 

can be swapped if  .
)(
)(

i

i

w
p

Ew
Ep

>

 

In the first case we first swap j

 

and E

 

and 

then j

 

and i

 

without increasing the objective value. This provides the sequence FjiED ,,,,

 

if 
)(
)(

Ew
Ep

w
p

j

j ≤

 

then 

)(
)(

Ew
Ep

w
p

i

i <

 

and we get FEjiD ,,,,

 

after two swaps.
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A Model on Changeover Times withSingle Machine Problem

Proof :

Theorem 1:



 

 

c) Consider the objective function maxL  and let .ji dd < Again, changeover times are replaced by set-up jobs with 

the changeover time and a very large due date. To see the effect of swapping a job j  scheduled before a block 

11 ,,, iiiE rr −=  we replace E  by a job with processing time )(, 1 Eppp ri =−  and a due date iri iid ,, 1−  

where irr iid ,, 1−  is calculated by the recursion  

  

}min{
1

1 ∑
=

++ +=
ϑ

ϑϑϑ
k

ikiiiili pddd
ll   for 1,,3,2,1 −= rϑ  

This follows by induction using the fact that, for two jobs i  and j  with finish times jC  and ,jji pCC −=  we have  
  

},min{},max{ jijjijjjj pddCdpCdC +−=−−−  

 
Now we can proceed as in part (b). If 

11 ,1,: iiirEj r
ddd −−=>  then we can swap first j  and E  and then j  and .i  

 
For the following dynamic programming algorithms, we assume that the jobs each group are ordered 

according to theorem 1. We get derive an algorithm for problem ∑ iifg CwS|1    

We define ),,,,,( 21 htnnnC r to be the minimum cost of a partial schedule containing the first jn  jobs of groups 

),,,2,1( rjl j =  where the last job scheduled comes from group hl  and is completed at time ,t  we have  
  

jj Nn ≤≤0  for rj ,,2,1 =  
   and  
 

}1|max{:0
1

rfSNppTt jfj

r

j
j

li
i ≤≤++=≤≤ ∑∑

=∈
 

  The recursion is  
 

}1|),,,,,(min{),,,,( 2121 rftwftnnnChtnnnC h
nhrr ≤≤+′′′′=                  (2) 

 
where jj nn =′  for hspttnnhj h

nnh h
/,1, −−=′−=′≠  and 

h
nh

w  and 
h
nh

p  are the weight and 

processing time of the hn -th job in groups .hl  
initially, we set 0)0,,0,0( =C  and all other −C values to infinity. The optimal schedule cost is found by 

selecting the smallest value of the form ),,,( 1 htNNC r  for some schedule completion time Tt ≤≤0  and some 

group hI  to which the final job belongs. 

 Because the number of states is bounded by )( TnrO r
 and (2) can be calculated in )(rO  steps, we 

have an −)( 2 TnrO r algorithm  

Alternatively, we can replace the state variable t  by variables ),,2,1,( rhft fh =  representing the 

number of set-ups from group f  to group .h  Note that t  is readily computed from the state variables using. 
 

∑∑∑
= ==

+=
r

h

hn
h

r

hf
fhfh pStt

1 11, υ
υ  
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The complexity of this version is ),( 2 srnrO +

 
where s

 
is the number of different values for changeover 

times. Note that 2rs ≤
 
in general and rs ≤

 
in the case of sequence-independent changeover times. If the 

number of groups is fixed we have a polynomial algorithm.
 

 Similarly, we solve problem .||1 maxLS fg
 
In this case (2) is replaced by

 
   

}1|}),,,,,,(min{max{),,,,( 2121 rfdtftnnnChtnnnC h
nkrr ≤≤−′′′′= 

 
                 (3)

 

 The weighted number of late jobs problem is solved differently. By theorem 1(a), we only know an order for 
family jobs; the algorithm must also determine those jobs that are late. The late jobs may be appended in any order 
to the schedule of on-time jobs.

 We define  ),,,,( 21 htnnnC r
 
to be the minimum weighted number of late jobs for the partial schedule 

containing the first jn
 
jobs of group ),,2,1( rjl j =

 
where the last on-time job comes from group hl

 
and is 

completed at time .t
 
We have

 
jj Nn ≤≤0
 
for

 
rj ,,2,1 =

 
    

 
and

 
 

}}1|max{maxmin{:0
1

rfSNpdTt if

r

j
j

Ei
iili

≤≤+=≤≤ ∑∑
=∈∈  

    The recursion is
 

 













≤+′′′
≤+′′′

′′′′

=
<≤

h
n

h
nr

h
n

h
nr

rrf

r

hh

hh

dtwhtnnnC

dtwhtnnnC

ftnnnC

htnnnC

if),,,,,(

if}),,,,,(

),,,,,(minmin{

),,,,(

21

21

211

21








 

where jj nn =′
 
for

 
fh

h
nnh Spttnnhj

h
−−=′−=′≠ ,1,    (4)

 

    The initial values are
 

 

∑∑
= =

=
r

j

n
j

r

j

wnnnC
1 1

21 )0,0,,,,(
υ

υ
 

for jj Nn ≤≤0
 
where .,,2,1 rj =

 
All other initial values are set to infinity.

 
The minimum weighted number of late jobs is found by selecting the smallest value of the form 

),,,,,( 21 htNNNC r
 
for some completion time of on time jobs, where Tt ≤≤0

 
and for some group hl

 containing the final on-time job.
 The complexity is ).( 2 TnrO r

 
Again, it may be desirable to eliminate the state variable t

 
from

 
the recursion. 

The achieve this, we switch the state variable t
 
with the objective function value as follows.

 Define ),,,,( 21 hwnnnC r
 
to be the minimum

 
completion time of on time jobs for a partial schedule containing 

the first jn
 
jobs of each group. jl

 
where the weighted number of late jobs is equal to ,w

 
and the last on-time job 

comes from group .hl
 

the initial values are ,0)0,,,,( 21 =wnnnC r
 

where ∑∑
= =

=
r

j

n
j

j

ww
1 1υ

υ
 

for  

),,2,1(0 rjNn jj =≤≤
 
and all other values are set to infinity.
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   The recursion is
 

 
|'),,,,({minmin{),,,,( 21121 pfwnnnChwnnnC rrfr +=

≤≤


 )},,,,(}'),,,,( 2121 hwnnnCdpfwnnnC r
h
nr h

′′′′≤+ 

 where jj nn =′
 

for

 

hj ≠ , fh
h
nhh Sppnn

h
+=′−=′ ,1

 

and h
nh

www −=′
 

 As in (4), the first term in the minimization chooses the −hn
 

th job n
 

group hI
 

to be scheduled on time, if 

possible, and chooses the previous on-time job from group fI
 

the second term selects the hn th job of group hI
 

to 

be late.

 
The minimum weighted number of late jobs are found by selecting the smallest w

 

for which 

),,,,,(min 210
hwNNNC rrh


≤≤

 

is finite.

 The complexity is ),( 2 WnrO r

 

where .∑
∈

=
li

iwW
 

It reduces to )( 12 +rnrO
 

for the total number

 

for late 

jobs problem.  
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