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A Model on Changeover Times with Single
Machine Problem

S. Mujeeb-Uddin® And Kaleem A. Quraishi®

Abstract : The aim of this note is to discuss single machine problems with changeover times in connection with general shop
problems.

[. INTRODUCTION

n this paper we consider scheduling problems in which the set | of all jobs or all operations (in connection with

shop problems) in partitioned into disjoint sets 1,,1,,15,---,1, called groups, ie. I =1, Ul, Ul U---UI,

and I, NI, =¢for f,9€{1,2,3---,1},f =g. Let N; bethe number of jobs in I ;. Furthermore, we have
the additional restrictions that for any two jobs (operations) 1, j with i€l and je I to be processed on the
same machine M, job (operation) j cannot be started until S gk time units after the finish time of job (operation) i

or job (operation) j. In a typical application, the groups correspond to different types of jobs (operations) and S fok

may be interpreted as a machine dependent changeover time. During the changeover period, the machine cannot
process another job. We assume that S, =0 forall f,g€{12,3,---,r}, ke{1,2,3,---,m} with f =g and
that the triangle inequality holds.

St + Sg = Sy forall f,0,he{1,2,3---,r}, ke{1,23,---,m}. 1)

Both assumptions are realistic in practice.

The model can also handle set-up times for starting the first operations on the machines. For this purpose,
we introduce a dummy operations belonging to a dummy group |, as an initial job, then the set-up time for an
operation from group |, startingon M, can be represented by S, .

If we consider single machine problems or if the changeover times are machine independent, we replace
S by Sy . If the changeover time do not depend on both group | and |, but only on the group |, to which
the job to be processed next belongs then we replace S fo by Sg. In the later case, the changeover times are called
sequence independent, contrary to the general case in which they are called sequence dependent. If ng =S for
all f,9=212,3,---,r then we have constant changeover times.

To indicate problems with changeover times, we add S €{S.,,S: ,S.,S} to the part of our general
fgk g

fg !
classification scheme.
7.1 Single Machine Problems

While problems 1|S, |C,, and 1|S, | L, are NP(Bruno and Downey (1978)), problem 1|S  |C .,

can be solved polynomially by scheduling the jobs group by in any order.
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ISy, |Z:WiCi and
1|Sfg |Z:WiCi which are due to Monma and Potts [1989]. The following theorem is the basis for these
procedures.

Next we will present dynamic programming procedures for the problems 1| ng Lo

II. MAIN RESULT

Theorem 1.

a) For problem 1| ng |ZWiCi, there exists an optimal schedule where the early jobs within each group are

ordered according to nondecreasing due dates.
b) For problem 1| ng |ZWiCi, there exists an optimal schedule where the jobs within each group are ordered

according to nondecereasing P values.
i

max» there exists an optimal schedule where the jobs within each group are ordered

c) For problem 1|S |L
according to nondecreasing due dates.

Proof .

Consider a schedule of the form D, j, E,i,F, where job i and ] are from the same group and D, E,F,
represent arbitrary blocks, i.e. partial sequences of jobs. Due to the triangle inequality (1), the total changeover times
will not increase if D, J,E,i,F is replaced by D;i, j,E,F. We have to show that if d, < dj for early jobs 1, j or
P P

<— or d; <d; then Z:a)iUi or Z:a)iCi or the L, value will not increase when moving from the
ww,

sequence D, |, E,I,F toone of the two sequence D, E,i, j,F or D,i, |,E,F.

a) If we have the objective function ZWiUi then the fact that i is early in D, j,E,i,F implies that I, | are early
in D,E, I, J,F because d, <dj.

b) Consider the objective function E:WiCi and let L3 <—L. It is convenient to replace changeover times by
ww,
set-up jobs with processing time equal to the changeover time and zero weight. Furthermore, we assume that all

set ups after j and before i and D, |, E,i,F are included in the partial sequence E. Define

p(E) = Z p, and W(E) = ZW‘

then an easy calculation shows that job j and block E can be swapped without increasing the objective value if

- E . E : .
&>M. Similarly, i and E can be swapped if P(E) >&. In the first case we first swap | and E and

w;  W(E) w(E) w,

. . .. - E
then ] and i without increasing the objective value. This provides the sequence D, E, I, |, F if & < M then

w,  W(E)

P p(E)
w,  W(E)

and we get D, i, |, E,F after two swaps.
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c) Consider the objective function L, andlet d; <d j-Again, changeover times are replaced by set-up jobs with
the changeover time and a very large due date. To see the effect of swapping a job | scheduled before a block
E=i,,i, 4, i, wereplace E by a job with processing time p;, p, ; = P(E) and a due date d,,i, ,,]i;

where d, 1, 4,1, is calculated by the recursion

g
di.9+|--~i| = min{dig---iI di9+1+2 Py} for $=1,2,3,---,r -1

k=1
This follows by induction using the fact that, for two jobs i and | with finish times C; and C; =C; — p;, we have

max{C; -d;,C; —p; -d;} =C; —min{d;,d; + p;}

Now we can proceed as in part (0). If d; >dg :=d; ; , ; thenwe canswapfist j and E andthen j and i.

For the following dynamic programming algorithms, we assume that the jobs each group are ordered
according to theorem 1. We get derive an algorithm for problem 1| S fo Z:WiCi

We define C(n,,Nn,,---,N,,t,h) to be the minimum cost of a partial schedule containing the first n; jobs of groups

|j (J=12,---,r), where the last job scheduled comes from group |,, and is completed at time t, we have

0< n; <N for j=12,---,r
and

0<t<T =) p+> p; +N;max{S,, [1< f <r}
il j=1
The recursion is

C(n,n,,---n,,t,h) =min{C(n;,n;,---,n;,t’, f)+w:ht |1< f <r} 2)

where n% =n; for j=hn =n -1 t'=t- p;‘h —s/h and W:h and p;‘h are the weight and
processing time of the N, -th job in groups Ih.

initially, we set C(0,0,---,0) = 0 and all other C —values to infinity. The optimal schedule cost is found by
selecting the smallest value of the form C(Nl, N,.t, h) for some schedule completion time 0<t <T and some

group |, to which the final job belongs.

Because the number of states is bounded by O(rn"T) and (2) can be calculated in O(r) steps, we
have an O(r’n" T) —algorithm

Alternatively, we can replace the state variable t by variables tg (f,h=12,---,r) representing the

number of set-ups from group f to group h. Note that t is readily computed from the state variables using.

r

r nh
t= thhsfh +ZZ IOS

f,h=1 h=1 v=1
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r+s

The complexity of this version is O(rzn ), where S is the number of different values for changeover

times. Note that S <r? in general and S<r in the case of sequence-independent changeover times. If the
number of groups is fixed we have a polynomial algorithm.

Similarly, we solve problem 1| S, | L. In this case (2) is replaced by

C(n,n,,---n_,t,h) = min{max{C(n,,n},---,n’ ,t', ), t—d"} |1< f <r} )

The weighted number of late jobs problem is solved differently. By theorem 1(a), we only know an order for
family jobs; the algorithm must also determine those jobs that are late. The late jobs may be appended in any order
to the schedule of on-time jobs.

We define C(nl, N,,---n.,t, h) to be the minimum weighted number of late jobs for the partial schedule
containing the first n; jobs of group I, (j=12,---,1) where the last on-time job comes from group I, and is
completed at time t. We have

0<n; <N; for j=12,---,r
and

0<t<T :=min{maxd, > p +ZNJ max{S,; |[1< f <r}}

ieE j=1
The recursion is

!

m|n{]r5nf|<rJC(n1 N, -n U f)

C(ny Ny, L) =4C(n, un, o0, )+ w! } if t<d!

C(n,,n, ,---,n, ,t,h)+w,']h if tsd:h
where N =n; for j=#h,ni=n -1 t’=t—p:h—th (4)

The initial values are

(A, 0, 00 = 33w

j=1 v=1
for 0< n; < Nj where j =1,2,---,r. All other initial values are set to infinity.

The minimum weighted number of late jobs is found by selecting the smallest value of the form
C(N;,N,,---,N,,t,h) for some completion time of on time jobs, where 0<t<T and for some group |,
containing the final on-time job.

The complexity is O(rzn'T). Again, it may be desirable to eliminate the state variable t from the recursion.
The achieve this, we switch the state variable t with the objective function value as follows.

Define C(n,,N,,---n.,W,h) to be the minimum completion time of on time jobs for a partial schedule containing

the first n; jobs of each group. Ij where the weighted number of late jobs is equal to W, and the last on-time job
rNj )

comes from group |,. the initial values are C(n;,n,,---n,,w,0)=0, where W:ZZWJ for
j=1v=1

0<n; <N;(j=12,--,r) and all other values are set to infinity.
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The recursion is

C(n,n,,---n.,w,h) = min{]rsnfip{C(nl,nz,mnr,w, f)+p|

C(n,n,,---n,,w, f)+p'<d;} C(nll,nzrp--nrl,w’,h)}

where N =n; for j=h, nj=n, -1p'= p:h +S4, and W':W—W:h

As in (4), the first term in the minimization chooses the n, — th job n group |, to be scheduled on time, if

possible, and chooses the previous on-time job from group | ; the second term selects the N, th job of group |, to

be late.
The minimum weighted number of late jobs are found by selecting the smallest W for which
(r)nhinC(Nl,Nz,---,Nr,W,h) is finite.
<h<r
The complexity is O(r’n"W), where W = Zwi. It reduces to O(r’n"*) for the total number for late
iel

jobs problem.
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