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Abstract - The main aim of this paper is to create a summation formula associated to recurrence relation and Hypergeometric
function.
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. INTRODUCTION

Generalized Gaussian Hypergeometric function of one variable :
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where the parameters bl, b2, - - -, bg are neither zero nor negative integers and A, B are non-negative integers.

Contiguous Relation :
[Abramowitz p.558(15.2.19)]
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Recurrence relation :

Legendre’s duplication formula :

2 T'(b)
-1 1
_ 267V r(g) T(H) @)
I'(a)
In the monograph of Prudnikov et al., a summation formula is given in the form [Prudnikov, 491, equation(7.3.7.3)]
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Now using Legendre’s duplication formula and Recurrence relation for Gamma function, the above formula can be
written in the form

2)
L(%g) {C(a)}? (e

a. b - 1 2(b—1) F<a+l27—1) F(%) 2(a—b+1) F(g F<a21) F<b+2)
’ ! —| = 9
| 8l ) - e 1

It is noted that the above formula [Prudnikov, 491, equation (7.3.7.3)], i.e.equation(8) or (9) is not correct. The correct
form of equation(8) or (9) is obtained by [Asish et. al(2008), p.337(10)]
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Involving the formula obtained by [Asish et. al (2008), p.337 (10)], we establish the main formula.
[1. MAIN SUMMATION FORMULA

For the main formula a # b
a, b 1} 207 (e [ T'(5) [ (—6332659870762850625a) N
17
[T {a— (28— 1)}
=1
+(15188465029114325025a2 — 14354510691610713240a> + 7524314127912551832&4)_'_
17
[T {a— (2% - 1)}
=1
" (—2523698606200763196a5 + 585146416702456764a° — 98283050207112680a7) "
17
[ {a—(28-1)}
&=1
12319487399406824a% — 1174199725349222a° + 86014818744998a'° — 4862169489320a'!
+ +
17
[T {a— (28— 1)}
=1
+(211577650856a12 — 7020044668a'® + 174281212a'* — 3132760a'® + 38488a'6 — 289@17)_'_
17
[T {a— (28 - 1)}
=1
n (a,18 + 6332659870762850625b — 21685865075950122360a%b + 27174273987848799888a> b) +
17
[T {a— (28— 1)}
=1
+ (—14941382816881 136916a*b + 5514641320597784784a°b — 1223922579902059240a b) +
17
[1{a—(2%-1)}
=1
+ (223951372274069328@719 — 25702619937058218a%b + 2705684289022352a° b) +
17
[l {a— (2% -1)}
=1
— a + a — a“o-+ a
n 173934158896520a'b + 11136166030000a'tb — 402445286516a'%b + 15725518704a'3b n

17

[[ a{2%-1) }

=1
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n (—296201880a'*b + 6703984a'°b — 50575a'b + 560a'"h — 1518846502911432502562)+
17
[T {a—(2&-1)}
*=1

n (21685865075950122360ab? — 13682691432034310808a3b* + 11066683826493381100a?) n

17
[T {a— (24— 1)}
h=1
N (—3872556582071104200a°b* + 1077310489531409840a°0? — 161824805437466776a"b?) N
17
[T {a—(2&-1)}
h=1
N (24012617457411330a%b? — 1869004163521880a”b* + 166427533185760a'°b?) N
17
[T {a—(2&-1)}
h=1
N (—6955392355464a1b? + 386494342780a'?b* — 8156169560a'3b? + 2801858404 '10?) N
17
[T {a— (2% 1)}
h=1
n (—2314312a'50? + 45815a'%0? + 143545106916107132400% — 27174273987848799888ab?) n
17
[1{a—(2&-1)}
h=1
N (13682691432034310808a%b® — 2823412677568587720a"b® + 1630202936508633872a°1?) N
17
[T {a— (2% 1)}
h=1
(—374886600752864200a5 b* + 820699729897122244a7 b — 8266545280520120a8b?) N
17
[T {a— (2% 1)}
h=1

n (1016286884813200a”b® — 51348408517560a'°6% + 3905028076096a'1b® — 95843023640a'21?) n

17
[T {a— (2% - 1)}
&=1
N (4626006000@1363 — 43361560a™b3 + 129852842 b3 — 752431412791255183264) N
17
1 {a— (2% -1)}
&=1
N (14941382816881136916@64 — 11066683826498381100a%b* 4+ 2823412677568587720a> b4) N
17
1 {a— (2% -1)}
&=1
. (—239701353260432756@5 b* 4+ 105012931049313980a5v* — 15843532755817360@764) L
17
[T {a— (24— 1)}
&=1
L (2814256196843080@864 — 182217872348820a”b* + 18878387187660@1064) L
17
[T {a— (24— 1)}
h=1
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n (—558624827320@1164 + 36604618960a2b* — 4001089404 3b* + 16811300@1464) n
17
[T {a— (2% —1)}
=1
— ab® + a
n 25236986062007631960° — 5514641320597784784ab® + 3872556582071104200ab° .
17
1 {a— (2% -1)}
&=1
— a + a — a
n 1630202936508633872a3b° + 239701353260432756a*b°> — 9306573013861200a° b° n
17
[1 {a— (2% -1)}
&=1
. (3224351601798624@765 —307619347906332a8b° 4+ 453690211238884a° b5) n
17
[T {a— (2% —1)}
=1
n (—1706864738040@1%5 + 151079424048a'1b° — 1985995284a'2b° + 112971936@13195) n
17
[1 {a— (2% 1)}
=1
n (—5851464167024567641)6 + 1223922579902059240ab® — 1077310489531409840a? bG) n
17
[T {a— (2% -1)}
=1
n (374886600752864200@3196 — 105012931049313980a*b% + 9306573013861200a° bG) n
17
[T {a— (2% —-1)}
=1
n (—170407715551920@7196 + 48117783663180a8b% — 2634364332600a”b° + 328465903920@1%6) n
17
[T {a— (2% -1)}
=1
n (—5456031000@“1)6 + 417225900a 265 + 9828305020711268067 — 223951372274069328@1)7) n
17
[1 {a—(2&-1)}
=1
n (161824805437466776@2197 — 82069972989712224a3b” + 1584353275581 7360a* b7) n
17
[1 {a— (2% 1)}
=1

n (—3224351601798624a°b” + 170407715551920a50" — 1398935518200a%b” + 329434234800a°b") n

17
1 {o— (2% -1)}
=1
n (—7887861960@10177 + 843621600a' 67 — 12319487399406824b% + 25702619937058218ab®) n
17
1 {a— (281}
=1
n (—24012617457411330ab% + 8266545280520120a30® — 2814256196843080a*b®) n
17
[1 {a— (2% -1)}
=1




n (307619347906332a°b® — 48117783663180a°b® + 1398935518200a" b® — 4059928950a°b%) n
17
[1 {a—(2%-1)}
=1

+

17
1 {a— (2% -1)}
&=1
n (—1016286884813200a3b9 + 182217872348820a*1? — 45369021123888a° b9) n
17
a— (2& — 1
[ {04 )
a — a + a —
n 2634364332600a°5° — 3294342348004 b + 4059928950486 — 86014818744998b10 .
17
[1 {a— (2% - 1)}
=1
n (173934158896520&1)10 — 166427533185760a2b'° + 51348408517560&31910) +
17
[T {a— (24 - 1)}
&=1
n (—18878387187660&4 b0 + 1706864738040a°b'° — 328465903920a° b0 + 7887861960&71910) n
17
Il {a— (2% 1)}
&=1
n (—811985790@81910 + 4862169489320b'! — 11136166030000ab'* + 6955392355464@21311) 4
17
a— (2& —1
L1 (o= 4 -0)
n (—3905028076096@3 bt 4 558624827320a* bt — 151079424048a° bt + 5456031000@66”) n
17
[[{e—(2&-1)}
*=1
n (—843621600@7611 — 211577650856b'2 + 402445286516ab'? — 386494342780a2b12) n
17
[T {a— (2% —-1)}
=1
n (95843023640a3 b2 — 36604618960a*b'? 4+ 1985995284a°b'2 — 417225900a° b12) n
17
[ {a—(28-1)}
&=1

— a + a — a + a
" 7020044668b — 15725518704ab™® + 8156169560a%b'3 — 4626006000a3b'3 + 400108940a b3 N

17
[1 {a— (24— 1)}
&=1

_%(——112971936a5bl3——1742812126*14—296201880@614-—»280185840a2b144—43361560@3614)+_
17
[1 {a— (2% -1)}
=1

- a + - ab™ + a - a -

N 16811300a*b™ + 31327606 — 6703984ab™® + 2314312a%b™ — 1298528a°b'° 38488b16+
17
[1 {a— (&1}
=1
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(50575&616 — 45815a2b'6 + 289b'7 — 560ab'” — blS) F(”Tl) (10133413135603654050@)
+ 17 +F(a—32) 16 +
[T {a—(2%-1)} 2 [T {a— 24}
=1 =1
n (—16516534255341284160a2 + 12913410201153578352a3 — 5134255758481893696a4)+
16
Il {024}
a=1
+ (1587404582027 587896a° — 283859488061889600a’ + 46858165261036304a7) +
16
Il {a 26}
a=1
(—4462194675588672a8 + 439713443065292a° — 23589705501120a0 + 1446665758736@11) .
16
Il {a— 24}
a=1
(—43308178368a12 + 1644188728a'® — 25149120a'* + 554608a'® — 326446 + 34a17) n
16
1 {a— 26}
a=1
+ (—10133413135603654050b + 16931174426365770288a2b — 14906340904637522304a3 b)—l—
16
1 {a— 26}
a=1
+ (78849624142 12007016a*b — 2042954269149525760a°b + 485108793688889104a’ b) +
16
1 {o- 26}
a=1
+ (—59536895575 144064a"b + 8016646272897108a2b — 523874269585920a° b) +
16
Il {a 26}
a=1
" (43542297741008a10b — 1537398584960a''b 4+ 80953284776a'%b — 1435006720a13b) "
16
Il {o—24)
a=1
" (46940400a14b — 319872a'b + 5950a'%b + 1651653425534128416Ob2) "
16
1 {a— 26}
a=1
— ab” + a — a
" 16931174426365770288ab? + 6725033931916644528a3b* — 3600430749436861760a*b? "
16
Il {a— 26}
a=1
a — a + a
" 1397408542187076048a°b? — 241437978982668160a°b? 4+ 456930399435912164a" b? "
16
1 {a— 24}
a=1
n (—3794731512686400@8b2 + 425328212299760a"b* — 18176612312320@1062) n
16
[T {a— 24}
o=l

_l_
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i (1288646146704@11172 — 26912849600a'2b% 4+ 12221871204 3b* — 9694080a'4b* + 272272@15172) n
16
I {o—24)
=1
n (—1291341020115357835263 + 14906340904637522304ab> — 6725033931916644528a2b3) n
16
I {a—24)
=1
n (978138257795363280@463 — 334206391921947776a°b> + 100224687519122320@%3) n
16
Il {28}
=1
n (—11475840301911040(1763 + 1778313651358640a%b® — 95547195004800a9b3) n
16
I {28}
=1
n (9056404988400@1063 — 227804308480a b3 + 13899856880a'?b% — 129852800@13113) n
16
I {28}
=1
5101360a'*b3 + 51342557584818936966* — 7884962414212007016@()4) n
16
I {a— 24}
=1
n (3600430749436861760a2 b* — 978138257795363280a>b* + 62527488580332776a° b4) n
16
I {a—28)
=1
n (—13739063876827520(16b4 + 3300339203735200a7 b* — 240722395488960a® b4) n
16
I {28}
=1
n (31178568063720@9114 — 9779603926409 + 79379902000a 't b* — 890081920@12b4) n
16
I {o- 26}
=1
n (47071640@13114 — 1587404582027587896b° + 2042954269149525760@65) n
16
I {24}
=1
n (—1397408542187076048@21)5 + 334206391921947776a3b> — 62527488580332776@4115) n
16
I {o—24)
=1
n (19102092188477760L6 b> — 261663896938752a”b° + 51709067642232a2b° — 2176238211840a° b5) n
16
I {a—28)
=1
n (239444018352@1065 — 3327537024a'1 b + 233646504a'?b° + 2838594880618896001)6) n
16
Il {24}
=1

N
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+ (—485108793688889104&[)6 + 241437978982668160a2b% — 100224687519122320a° b6) +
16
I {a— 24}
a—1
n (13739063876827520&4 b% — 1910209218847776a°b® + 28409218881120a b6) n
16
(i (a2}
a1
. (—2209930430400&8 b% + 366743454000a°05 — 6778316160a'°% + 641886000&1166) .
16
11 {a — QQ}
a1
n (—46858165261036304()7 + 59536895575144064ab” — 45693039943591216a2 57) n
16
ff {a-28)
a1
N (11475840301911040@3 b" — 3300339203735200a*b” + 261663896938752a° b7) N
16
{1 {a—26)
a1
n (—28409218881 120a5b7 4+ 194057780400a2b” — 6550473600a°b” + 927983760a° b7) n
16
{1 {a—26)
a1
. (446219467558867268 — 8016646272897108ab® + 3794731512686400a> b8) .
16
{1 {a—26)
a1
n (—1778313651358640&3 b® 4+ 240722395488960a*b® — 51709067642232a° bg) n
16
i {a-2a)
a1
L (2209930430400&6 b® — 194057780400a7 b8 4+ 4776387004 b® — 43971344306529269) .
16
{1 {a-26)
a1
n (523874269585920ab9 — 425328212299760a%b° + 95547195004800a3b? — 31178568063720a* bg) n
16
T {a— 24}
a1
" (2176238211840&5 b? — 366743454000a°0° + 6550473600477 — 477638700a® bg) +
16
i1 {a— 24}
a1
. (285807055011200'0 — 43542207741008ab' + 18176612312320a°b"° — 9056404988400a%'°)
16
[ I {a — 20}
a1
N (977960392640(14610 — 239444018352a°b'° 4 6778316160a5H10 — 927983760(17610) N
16
{f {28}
a1
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—1446665758736b + 1537398584960ab't — 1288646146704a%b'! 4 227804308480ab!!
+ +
16
I {a - 24}
=1
—79379902000a* b + 3327537024a°b'! — 641886000a8b't + 43308178368b"2
+ +
16
I {a— 24}
=1
n (—80953284776ab'? + 26912849600a2b'* — 13899856880a>b'* + 890081920@41)12) n
16
I {a— 24}
=1
+(—2336465040L5b12 — 1644188728b'3 + 1435006720ab'® — 122218712043 + 1298528004 b'?) n
16
I {a— 24}
=1

n (—47071640ab'3 + 251491206 — 46940400ab'* + 9694080a?b** — 5101360ab'* — 554608b'9) n

1 {a- 26}
=1

(319872ab' — 272272a2b'® + 3264b'6 — 5950ab'6 — 34b'7) }]

* 16 (11
11 {a 24}
=1
I11. DERIVATION OF MAIN SUMMATION FORMULA :
Substituting ¢ = @ and z = % in equation (3), we get
a, b ; 1 a, b—1; 1 a—1,b; 1
(a—b) 2 F1 [ a+b—33 . 51 = (a—b—33) 211 [ a+b—33 . 51"‘(@_“'33) 211 [ a+b-33. 51
2 ) 2 ) B} s

Now proceeding the same way of Ref [5] the main result is proved.
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