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Homotopy Perturbation Transform Method for
solving nonlinear wave-like equation with
variable coefficients

Sumit gupta®,V.G.Gupta®

Abstract - In this paper, we apply homotopy perturbation
transform method (HPTM) for solving nonlinear wave-like
equations of variable coefficients. This method is the coupling
of homotopy perturbation method and Laplace transform
method. The nonlinear terms can be easily obtained by the
use of He's polynomials. HPTM present an accurate
methodology to solve many types of linear and nonlinear
differential equations. The approximate solutions obtained by
means of HPTM in a wide range of the problem's domain
were compared with those results obtained from the actual
solutions, the Variational iteration method (VIM) and the
Adomain decomposition method (ADM). The fact that
proposed technique solves nonlinear problems without using
Adomain's polynomials can be considered as a clear
advantage of this algorithm over the decomposition method.
The comparison shows a precise agreement between the
results.
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L. INTRODUCTION

onlinear phenomena appear everywhere in our
daily life and our scientific works, and today

nonlinear science represents one of the most
challenging promising, and romantic fields of research
in science and technology [1-2]. It was very difficult to
solve nonlinear problems effectively either numerically or
analytically, an even more difficult to establish models
for real world problems. In recent years, many authors
have paid attention to studying the solutions of nonlinear
partial differential equations by Adomain decomposition
method [3-6], the tanh method [7], the sine-cosine
method [8-9] the differential transform method [10-11],
the variational iteration method [12-17] and the Laplace
decomposition method [18-22]. In numer methods,
computers codes and more powerful processors are
required to achieve methods. The main advantage of
semi-analytical methods, compared with others
methods, is based on the fact that they can be
conveniently applied to solve various complicated
problems with accurate approximation, but this
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approximation is acceptable only for small range [23],
because boundary conditions in one dimension are
satisfied via these methods. Consequently, this shows
that most of these semi-analytical methods encounter
inbuilt deficiencies like he calculation of Adomain
polynomials, huge computational works and divergent
results. One of these semi-analytical methods is the
homotopy perturbation method (HPM). He [24-32]
developed the homotopy perturbation method for
solving linear, nonlinear, initial and boundary value
problems [33-38] by merging two techniques, the
standard homotopy and the perturbation technique. The
homotopy perturbation method was formulated by
taking the full advantage of the standard homotopy and
perturbation technique and has been modified by the
some scientists to obtain more accurate results, rapid
convergence, and to reduce the amount of computation
[39-44]. Everyone familiar the term namely, Laplace
transform [45], is a powerful technique for solving
various linear partial differential equations having
considerable significance in various fields of science
and engineering. But it incapable of solving nonlinear
system of equations because of the difficulties that are
arises due to nonlinear terms. Various techniques have
been proposed to handle these nonlinearities to
produce a highly effective technique for solving the
nonlinear problems [46-48].

In this paper we use a new modification of HPM
to overcome the difficulties of handling nonlinear terms.
HPTM provides the solution in a rapid convergent series
which may lead the solution in rapid convergent series
which may lead the solution in closed form. The
nonlinear terms can be easily handled by the use of He's
polynomials [49-50]. HPTM is applied without any
discretization or restrictive assumptions and avoids
round-off errors. Several examples are given to verify the
reliability and efficiency of the homotopy perturbation
transform method. In this paper, we consider the
following nonlinear wave-like equations

k+m
Faij (Uxi,Uxj)

oxk ox"

n 0
U = Y R (X,t,0)
i,j=1

n ap
D Gi(X L U)—Gai (Uxi)
i1 28
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+H(X,t,u)+S(X,t) (1)
with the initial conditions
u(Xx,0) =ag(X)

Uy (X,0) = a5 (X).
Here X = (X, X2,...,%y) and Fy;, Gy are
X, t and

nonlinear function of derivatives of X, Xj.While H,S
are nonlinear functions and K, m, p are integers. These

types of equations are of considerable significance in
various fields of applied sciences, mathematical
physics, nonlinear hydrodynamics, engineering physics,
biophysics, human movement sciences, astrophysics
and plasma physics. These equations describe the
evolution of stochastic systems. For example, they
describe the erratic motions of small particles that are
immersed in fluids, fluctuations of the intensity of laser
light, velocity distributions of fluid particles in turbulent
flows and the stochastic behavior of exchange rates. M.
Ghoreishi [51] has been solved this type of equation by
Adomain Decomposition method (ADM) to avoid
unrealistic assumptions in calculating the Adomain
polynomials. ADM is the most transparent method for
solutions of the nonlinear problems; however, this
method is involved in the calculation of complicated
Adomain polynomials which narrows down its
applications. To overcome this disadvantage of the
Adomain decomposition method, we consider the
homotopy perturbation transform method to solve
various nonlinear wave-like equations of variable
coefficients.

[1. HOMOTOPY PERTURBATION
TRANSFORM METHOD (HPTM)

This method has been introduced by Y.Khan
and Q.Wu [52] by combining the Homotopy perturbation
method and Laplace transform method for solving
various types of linear and nonlinear systems of partial
differential equations. To illustrate the basic idea of
HPTM, we consider a general nonlinear partial
differential equation with the initial conditions of the form
[52].

Du(x,t) + Ru(x,t) + Nu(x,t) = g(x,t),
u(x,0) = h(x)‘ Uy (x,0) = f(x)l

where D is the second order linear differential
operator D = 62/6t2, R is the linear differential
operator of less order thanD ; Nrepresents the general
nonlinear differential operator and g(X,t) is the source
term. Taking the Laplace transform (denoted in this
paper by L) on both sides of Eq. (2):

nonlinear function of u. F2ij GZi are

L[Du(x,t)]+ L[Ru(x,t)]+ L[N u(x,t)]=L[g(x,t)] (3)
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Using the differentiation property of the Laplace
transform, we have

L[u(x,t)]=M+

S S

+Si2 L[g(x,t)]—sizL[N u(x,t)]

L2")—Si2|_[Ru(x,t)]
(4)

Operating with the Laplace inverse on both sides of Eq.
(4) gives

u(x,ty G(x,t)—L‘{%L[Ru(x,tHNU(X,t)]} (5)
S

where G(X,t) represents the term arising from
the source term and the prescribed initial conditions.
Now we apply the homotopy perturbation method

ux,t) =Y p"us (x1) 6)
n=0
and the nonlinear term can be decomposed as
o0
Nu(x,t)=> p"Hp(u) )
n=0

for some He's polynomials H , (U) (see [49-50]) that are
given by
10" —
Hi(Ug Uy in) = = —— N| > p'; 8)
n*op i=0
p=0
n=20123...

Substituting Eq. (8), Eq. (7) and Eq. (6) in Eq.
(5) we get

i p"u, (X,1) = G(x,t) - L{%L[Ri p"up, (X,1)
230 S &0

+N i p" Hn(u)]] ©)
B 0

which is the coupling of the Laplace transform and the
homotopy perturbation method using He's polynomials.
Comparing the coefficient of like powers of p, the
following approximations are obtained.

pO:ug(x,t) =G(x,t)

pliug(x,t) = —SizL[Ruo(x,t) +Ho(u)],
p? SUp (X, 1) = —SizL[R Up (X, t) + Hy ()],

p® :us(X,'[):_SLZL[Ruz(x’t)Jr W], (10)

and so on



[1I.  APPLICATIONS

In this section, we apply the homotopy
perturbation transform method (HPTM) for solving
various types of nonlinear wave-like equations with
variable coefficients.

Example 3.1 Consider the following two dimensional
nonlinear wave-like equations with variable coefficients
[51].

Uit :—Z(uxxuyy) 82
ox oy oX By
with the initial conditions
u(x,v,00 =e? uc(x,y,0)=e?
The exact solution is given by

u(x, y,t) =e*(cost +sint); by means of homotopy
perturbation transform method,

Taking Laplace transform both of sides, subject
to the initial condition, we get

Lu(x,y.t)]= (Hl) e+ L{
S S

(xyu u ) u (@

52
6x6y( (xyuxu ) u(x, y,t)}

(12)

02
XX yy) oxdy

Taking inverse Laplace transform, we get

2

U,y = (1+t)eXV+L{SlL[;;( U Uy )= fay(xyu uy)- u(x,y,t)ﬂ
(13)
by homotopy perturbation method, we get
o0
u(x,y,t) =2 p"up (x,y,1) (14)

n=0
using equation (14) in equation (13), we get

Zp Un (%, y,0) = (l+t)exy+pL1LLHZp Hp ][Xy[i p”Kn(u)D
n=0 n=0

- Z p”un(x, y’t):l
n=0

(19)
Where H, (u) and K,(u) are the He's polynomials
2
having the value H,(u)= Gaﬁy (uxxu ) and
62
Kn(U) :@(Uxuy) .

The first few components of H,(u) and K (u)are
given by

20 =)y ) )+ 00, 02), )
e

o0 = (), o),

0 = {) ), + ), o),

20 =2 (0] ), +n) ), ), ), )

Comparing the coefficients of various powers of
Pswe get

O:ug(x, y,t) = (1+t)e™

ph iU (X, y,t) = L—lle LI(Ho(u)+(xy Ko (u))-ug(x, y,t)]}

2 3
Y (LJ_J
2 6

pZ:uy(x y,t) = Llle L[(Hy (u))+ (x y Ky (u))—uy (x, y,t)]}

(16)
oottt
_ 24 120
p?rug(x,y,t) = Llle L[(H2 )+ (xy Ky (u))-uy(x, y,t)]}
e[t
_ 720 5040
:;md SO on

Therefore the approximate solution is given by
u(x,t) =ug(x,t) +ug (X, t) +uy (x, t) + uz (X, t) +...

2 (3 4 5 .6 7
—exy[1+t—t——t—+t v t ]

- - +
24 120 720 5040
(17)
which converges to the exact solution and is same as
obtained by M.Ghoreishi [51]

Example 3.2 Consider the following nonlinear wave-like
equation with variable coefficients [51].

2 6
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2 0° 2 0% (3 5
Uy = U a?(ux Uy Uy )+ U5 87(ux)—18u +u,
(18)
with the initial conditions
u(x,0)=e*, u,(x,0)=e*.
By applying above said method, we get
3 Py (x,) =e* 1+ 1)+ le{lz L{f PP H () + > P, (1)
S

n=0 n=0 n=0

(19)

18y ", )+ Y p”un(x,o}
n=0 n=0

Where H,, (u), K, (U) and J,(u) are He's polynomials.

m First few components of He's polynomials are given by
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2
HO(U) = U(% aax_z((UO)x (UO)XX(UO)XXX)

2 2
1) = 20011 - (00), (0000 ) 5 00), 0 ) ) +

+(ug )x (Ul)xx (Ug )xxx +(ug )x (Ul)xxx (Ug )XXJ

Ko(u) = (ug)x aax_zz(ug)xx

Ki(u) = 2(U0 )x (ul)x aaxzz (ug)xx + S(Ug )x 68)(22 ((ug )xx (ul)xx)

Jo)=(up)
J3(u) =5(ug ), (uy)

Comparing the coefficients of various powers of P, we
get

P tup(x, y,t) = (1 +t)e*
iU (X y,t) = L‘lL% L[(Ho (u))+ (Ko (u))— (1830 (u))+ Uo(th)]}

_e T
2 6

p?iup (Y1) = L*l[% L[(Hy(u))+( Kl(u))—(lle(u>)+ul(x.t)]}

S
t4 t°
=X —+—
24 120
émdsoon

Therefore the approximate solution is given by
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u(x,t) =ug(x,t) +ug (X, t) +uy (x,t) + uz (x,t) +...

2 3 4 5 46 7
:ex[1+t+t2+t+t+ L t _J:eX“
(20)

—t——t——+..
6 24 120 720 5040
which converges to the exact solution and is same as
obtained by M.Ghoreishi [51]

Example 3.3 Consider the following nonlinear wave-like
equation with variable coefficients [51].

0
Uy = XZ&(UX Uyy ) — xz(ufx)—u, 0<x<Lt>0
(@1)
with the initial conditions
u(x,0)=0, ui(x,0)= X2,
By applying above said method, we get
¥ p"un (0 ) = X+ pr{% L{[xzi p"Hn<u)]—[xzi p"Kn(u)]f Y p"un(x,t)ﬂ
S n=0 n=0 n=0

n=0

(22)

Where Hy (U) and Kn (u) are He's
polynomials. First few components of He's polynomials
are given by

Ho (u) :%((UO)x(UO)xX)
H1(0) = £-((Uo), () + 00 1),

) =2 (00, + 0 1)+ U0 0),)

KO(U) = (ug)xx
Kl(u) = Z(UO)XX (ul)xx
Ko (u) = (U12 )xx + 2(uO)xx (UZ)xx

Comparing the coefficients of various powers of P,we
get

pO “Ug(x,t) = X2t

= —X" —
6

p2 TUp (x1) = L‘lle L[(szl(u))— (szl(u))— ul(x,t)ﬂ
et

120
Therefore the approximate solution is given by

u(x,t) =ug(x,t) +u (X, t) + up (x,t) +ug (x,t) +...



of . 2 0 .
=X |t——+——... [=X"sInt
6 120
(23)

which converges to the exact solution and is same as
obtained by M.Ghoreishi [51]

[V. CONCLUSION

In this paper, we applied the homotopy
perturbation transform method (HPTM) for solving
nonlinear wave-like equations with variable coefficients.
The proposed method is applied successfully without
any  discretization, linearization  or  restrictive
assumptions. It may be concluding that the HPTM by
using He's polynomials is simple, but the calculation of
Adomain's polynomials is complex. Its small size of
computation in comparison with the computational size
required in other numerical methods and its rapid
convergence show that the method is reliable and
introduces a significant improvement in  solving
nonlinear differential equations over existing methods.
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