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l. INTRODUCTION

Afunction f:l cR—> R isconvexon I, if
f(AX+@Q-A)y) <A X)+@A-A)F(y), Vxyel, 1e[0ll. (1.1)

Suppose that | is an open interval with nonempty interior. A real valued function
F:1" — R is Schur convex on 1" if

F (XX, )< F(Yn Y, (1.2)

for each n—tuples x = (x,,...x,), y=(y,...y,)e 1" with x <y, thatis

Zk:xm gzk:ym, k=12,.,n-1,
i=1 i=1

n n
Z X = Z Yirs
i=1 i=1

where X, denotes the i-th largest componentin x.

and

Any function g is concave if —g is convex. Also we set G, = aa—G
X

Let f:l <R —> R beaconvex function. The well-known Hadamards inequality is
the following

a+b 1 % f(a)+ f (b)
f( jgb If(x)dng, abel. (1.3)

2

The following results are known :
Theorem 1.1[3]. Suppose that | c R isanintervaland ¢:1" >R isa

continuous symmetric function. If ¢ is differentiable on 1", then ¢ is Schur
convex (concave)on | "if and only if

op O
(x, —x, )|\5_X. _EJ > (<)o, (1.4)
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forall x;, X; el, I, j=12,...,n.
Theorem 1.2[2].. Let f be a continuous function on an interval I, and

1 y
—— | f()dt, x,yel, x=y,
F(xy)= y—X!

f(x), X=yel.
Then F(x,y) is Schur convex on I if and only if f convex on I.

Theorem 1.3[1]. Suppose that | is an open interval and f : 1 — R is a continuous
function. If

f)+f(y) 1 7
G(x,y) = 2 ‘y_xff(t)dt, X, yel, x#y,

X

(1.5)

0, X=yel.
then G(x,y) is Schur convex (concave) on |72if and only if fis convex (concave) on
l.

Lemma 1.4[4]. Let | — R be an open interval and f : 1 — R be a continuous
function, then f is convex (concave) on | if and only if

1 ¢ f(x)+ f(y)
EI f (t)dt g(z)#

or

1 7 X+Yy
y_x.xff(t)dtz(s)f( > J

forall x,yel with x=y.

We define the following functions

lf(X+YJ+(f(x)+f(Y))_ 1 Jy'f(t)dt, X, yel, x#Yy,
~x3

G(x,y)=+ 2 2 4 y (1.6)
0, X=yel.
1 7 X+Yy
—— | fltu+(@-t)—=|du, x,yel, :

Fooy) = y—x) (“( 72 j“ myen Ay (L7)
f(x), X=yel.

2. Lemmas
The following lemmas are needed for our aim

Lemma?2.1l. Let | — R be anopeninterval and f :1 — R be a continuous
function, then f is convex (concave) on 1 if and only if

©2011 Global Journals Inc. (US)
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ﬁjﬁf(t)dtg(z)%f(x;yj+ f(x)z ) 2.1)

forall x,y el with x=y.

Proof. Suppose first f isconvex, then by lemma 1.4,

Xy

! Jy.f(t)dtzL i f(t)dt + jf(t)dt
y—Xx5 y=X % Xby
X+Yy X+
) f[ 5 j+f(x) f(y)+f( 5 j
< +
2 2 2

=£f X+Yy +f(x)+f(y)
2 L 2 J 4 '

Now suppose that (2.1) is satisfied, and f is not convex. Then by lemma 1.4, there
exits p,qe | with p<q such that the inequalities

p+q

2 T igas<t '“qu J— f(t)d —((‘”qu ]
- {(t)t<[[ ) e LS L Er A C)

P+q
2

are not valid. Therefore via adding the above inequalities, the inequality

p+a), f(p)+f(q)
q—jf(t)dt<2( > j y

is not valid, which contradicts (2.1).

Lemma 2.2. Let G(x,y) be as defined in (1.6), If f has continuous third
derivatives on 1, then

G, (x,%))=0,
forall xel.

Proof.
1 o ., [ X+y °
Gx(x,y):m((y—x) (f (x)+ f (TD+4(y—x)f(x)—4JX‘f(t)dtj.

Making use of L'Hopitals rule, we have

G, (x,x)=lim__1 x
78y - x)
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(y— x)z(f "(%) + ; f (X%yj] ~ 2y x)( F(x) + f (XLZVD 40y —x) (%)

T A e s O N P e e
_lm_8((y x)[f (x)+4f( > n 2y x)(f (x)+2f( > D
N

) -

+ 2( fr(x)+ f (izyn— Ay —x) F"(X) =4 F'(x) = 2(y — x)[ Fr(x) + f ( X

N

Lemma 2.3. Let G(X,y) be as defined in (1.6), and let
H (X, y):Gy (X! y) _Gx (X! y) )

If f has contiuous second order derivatives on I, with x <y, then H(x,y) >0 for

all
X,yel.
Proof. We have
1.,/x+y) 1 f(x) 1 7
G, =-f]—>|+=f'(x f(t)dt,
4 [ 2 j g (y —xY! X
y
Gyzlf'(x+yj+lf(y)—f(x)+ L [ ft.
4 2 4 y—=Xx (y=x)"+
Therefore,

f0+f(y), 2
2 (y—-x)°+

[ (y=x°(f'(y) - F'())-(y- X)(f(X)+f(y)+2If(t)dtD

H(x,y)= (f '(y)— £'(x))- [RIGL:

1
(y— X)?

1
= h(x,y).
y-x7 Y

Now,

N, (x9) = £ (=0 @)+ 2 =0(F) - F00)- (=0 F () + F (1) - £
> ()= (00— (y =0 F'(Y)
> f(y)-f(x)-(y—x)f'(s), forsome se(a,b), by the mean value theorem
> 0. Therefore H(x, y) > 0.

Lemma2.4. Let F(x,y) be asdefined in (1,7), if f has continuous second order
derivatives on 1, then
K(x,y)=F, -F, =20,
forall x,y el with x<vy.
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Proof. We have

ot 2 o)

-1 [(y—x)[(f(ty+(l—t)x+yj+ f[
(y-x)

+ yjj] — ZJy. f(tu + (l—t)xLzyjduj
_ k(%)

(y-x)?
Now,

kx(x,y)=(y—><)( (ty+(1 t)“"j( . j+f(

+ f(tx+(1 t)—j— f[ty+(1 t)X+yj

=0, if x=y. j(thj +f( X?HU

K (%,Y) = (y—x)( (
+(t—1)f'(ty+(1—t)XL2yj.

7))

k(x,X) ]X:y =+(t-1) f'(x) > 0. This shows that k(x, y) attains its minimum at
x =Yy which is 0. Therefore k(x,y) >0, which implies K(x,y)>0.

3. Main Results

Theorem 3.1. Let f :1 — R be a continuous function and G(X, y)be as defined in

(1.6). Then G(x,Y) is Schur convex (concave) on 12 if and only if f is convex
(concave) on I.

Necessity. If G(x,y) is Schur convex on 12, then from (1.6) and definition of

Schur convex function together with the fact that (X;y : X;y)< (x,y) we obtain

Lff(t)dtsif(“y}f(x)”(y), (3.1)
y—x3 2 | 2 4

forall x,y el with x=y. The convexity of f on I follows from (3.1) and
lemma (2.1).

Sufficiency. We have two cases to be considered :
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Casel. x=yel. Lemma (2.2) implies

(y-x)(G,(xy)-G,(x y))=0 (3.2)

Case2. x#Y, x,yel. Lemma (2.3) leads to
(y=2)(G, (. y) -G, (x,))> 0. (33)

Therefore, G(x,y) is Schur convex on |2 follows from (3.2), (3.3) and theorem
(1.2).

Theorem 3.2. Let f :1 — R be a continuous non-increasing function and

F(x,y) be as defined in (1.7). Then F(x,y) is Schur convex (concave) on 12 if
and only if f is convex (concave) on I.

Proof. Clearly F(x,y) is symmetric. The result follows via lemmas (2.1), (2.4)
together with theorem (1.1).
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