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Abstracts -Two results concerning Schur convex functions are achieved, one is an improvement of the result [1] and the other is
new.
Mathematics subject classification (2010) : 26D15, 26A51, 26B25.
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I. INTRODUCTION

A function   ℜ→ℜ⊂If :  is convex on  I,  if 

( ) .]1,0[,,),()1()()1( ∈∈∀−+≤−+ λλλλλ Iyxyfxfyxf                  (1.1) 

Suppose that I is an open interval with nonempty interior.  A real valued function 
ℜ→nIF :  is Schur convex on  nI  if 

( ) ( )nn yyFxxF ,...,,... 11 ≤                                               (1.2) 

for each ( ) ( ) n
nnn Iyyyxxxtuplesn ∈==− ,...,,...1  with  ,yx p  that is  

,1,...,2,1,
1

][
1

][ −=≤ ∑∑
==

nkyx
k

i
i

k

i
i

and 
,

1
][

1
][ ∑∑

==

=
n

i
i

n

i
i yx 

where  ][ix  denotes the i-th largest component in  x . 

Any function  g  is concave if  g−  is convex. Also we set  .
x
GGx ∂
∂

=

Let  ℜ→ℜ⊂If :  be a convex function. The well-known Hadamards inequality is
the following 
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The following results are known : 

   Theorem 1.1[3].  Suppose that  RI ⊂  is an interval and  RI n →:ϕ  is a 
continuous symmetric function. If  ϕ   is differentiable on  ,nI  then  ϕ  is Schur 
convex (concave)on  nI if and only if  
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for all   .,...,2,1,,, njiIxx ji =∈

   Theorem 1.2[2].. Let  f  be a continuous function on an interval I,  and 
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Then  ),( yxF is Schur convex on 2I  if and only if  f  convex on I. 

   Theorem 1.3[1].  Suppose that  I  is an open interval and ℜ→If :  is a continuous 
function. If                    
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then  ),( yxG   is Schur convex (concave) on  2I if and only if  f is convex (concave) on 
I. 
   Lemma 1.4[4]. Let  ℜ⊂I  be an open interval and  ℜ→If :  be a continuous 
function, then  f  is convex (concave) on  I  if and only if  
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We define the following functions    
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    2. Lemmas 
The following lemmas are needed for our aim 

   Lemma 2.1.  Let  ℜ⊂I   be an open interval  and  ℜ→If :  be a continuous 
function ,  then  f  is convex (concave)  on  I  if and only if  
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Proof.  Suppose first  f   is convex,  then by lemma 1.4, 
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Now suppose that  (2.1)  is satisfied,  and  f   is not convex. Then by lemma 1.4, there 
exits  Iqp ∈,  with  qp <  such that the inequalities 
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are not valid.  Therefore via adding the above inequalities,  the inequality 
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is not valid,   which contradicts  (2.1).                       
    Lemma 2.2. Let  ),( yxG  be as defined in (1.6),  If  f  has  continuous third 
derivatives on  I, then 
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Making use of  L'Hopitals rule,  we have 
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   Lemma 2.4.  Let  ),( yxF  be as defined in (1,7),  if  f  has continuous second order 
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Proof.  We have 
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       3. Main Results 

   Theorem 3.1.  Let  ℜ→If :  be a continuous function and ),( yxG be as defined in 
(1.6).  Then  ),( yxG  is Schur convex (concave) on  2I  if and only if  f  is convex 
(concave) on I. 

Necessity.  If   ),( yxG  is Schur convex on 2I ,  then from (1.6)  and definition of 
Schur convex function together with the fact  that  ( ) ),(, 22 yxyxyx p++  we obtain 
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for all  Iyx ∈,  with   .yx ≠  The convexity of  f  on  I  follows from  (3.1)  and 
lemma (2.1). 

Sufficiency.  We have two cases to be considered : 
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                                            (3.2) 

Case 2.  .,, Iyxyx ∈≠  Lemma (2.3) leads to 

Case 1.  .Iyx ∈=   Lemma (2.2) implies 

( ) .0),(),()( ≥−− yxGyxGxy xy                                          (3.3) 

Therefore,  ),( yxG  is Schur convex on 2I  follows from  (3.2),  (3.3)  and theorem 
(1.1). 

      Theorem 3.2.  Let  ℜ→If :  be a continuous non-increasing function and 
),( yxF be as defined in (1.7).  Then  ),( yxF  is Schur convex (concave) on  2I  if  

and only if  f  is convex (concave) on I. 

Proof.   Clearly  ),( yxF  is symmetric. The result follows via lemmas (2.1), (2.4) 
together with theorem (1.1). 
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