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. [NTRODUCTION

Special functions and their applications are now awe-inspiring in their scope, variety and
depth. Not only in their rapid growth in pure Mathematics and its applications to the
traditional fields of Physics, Engineering and Statistics but in new fields of applications
like Behavioral Science, Optimization, Biology, Environmental Science and Economics,
etc. they are emerging. The term hypergeometric series was first used by John Wallis in
his 1655 book Arithmetica Infinitorum. Hypergeometric series were studied by Euler, but
the first full systematic treatment was given by Gauss (1813), Studies in the nineteenth
century included those of Ernst Kummer (1836), and the fundamental characterisation by
Bernhard Riemann of the hypergeometric function by means of the differential equation
it satisfies. Multiple hypergeometric functions constitute a natural generalization of the
Gauss hypergeometric functions of one variable. Since the introduction of double hyper-
geometric function by Appell and hypergeometric series by Lauricella, numerous papers
by many workers have been published and the theory has been considerably extended. An
extensive study has been made in Europe, America and India for these multiple functions,
which produced explosion of knowledge of the subject.

The Pochhammer symbol or generalized factorial function or shifted factorial
or falling factorial is defined by

ala+1)(a+2)---(a+n—-1); if n=1,2,3,...
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r
(a)n:w: 1 . i n=0 (1)
(a) n! ; ifa=1n=123,...
where a # 0,—1,—2,... and the notation I' stands for Gamma function. Note that
(0)o =1. H
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Ifm=1,2,3,4,... and n=20,1,2,3,4,... then

O = (52), o), (550), (”m”)n g

(@), = (@), (a+p), = (a),(a+ (3)
F0<k< [ } then (b)Y = (fl)'m(b)" (4)
fies
(= iyt = @) 5)
(5

where [z] returns the largest integer less than or equal to z. In Slater’s book, (a), is

denoted by (a, n). T'(b—m) (=)™

O =0 = =0, ®

where, b #£ 0,41, £2, £3, 44, ... and m = 1,2,3,4, . ..

Generalized Gaussian Hypergeometric function of one variable is defined by

e ai, s, - ,a4 3 ) _f: (a1>k(a2)k"'(aA)ka
'3 =
biby, - by = (b1)k(b2)r - - - (b)ik!
or
(aa) 3 (a;)j=1 3 x K
a z
AFB z = AFB z = % (7)
(bs) 5 ) s k=0 '
where the parameters by, b, - ,bg are neither zero nor negative integers and A, B are

non-negative integers and | z |= 1.
Contiguous Relation is defined by

[ Andrews p.363(9.16), E. D. p.51(10)]

(a—b)2F1 a’b; z :CLQFl a+1’b ; z —bgFl a’b—i_l ; z (8)
c C X C;

Y Y

Gauss second summation theorem is defined by [Prud., 491(7.3.7.8)]

S e Yo

2 Y

— 2 2 (10)
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In a monograph of Prudnikov et al., a summation theorem is given in the form [Prud.,
p.491(7.3.7.8)]

2 (e
r«i»r@—y*rm>mm (1

;2

;b1
21 [ T —} =r [
2

Now using Legendre’s duplication formula and Recurrence relation for Gamma function,
the above theorem can be written in the form

b oo 1 9(b=1) (atb=1 r(t 9(a—b+1) P(a) (atl (o2
A Sl 5| R e e |
2 5 2 (b) I'(%%) {I'(a)} P(%7)
Recurrence relation is defined by
I'(z+1)=2T(2) (13)

I[I.  MaIN RESULT

a, b ; 1} b F(G'H?T-F%)X

Rl Sns |=t—1 2
21[#‘ 2] (a—0)T(b)

Y

o [ Fg—%i {65536@(19189878?262510625 — 454441401??8236800& + 421214220916438680a?) n
r) LHl {a—b—(Zg—l)}anl {a—b+(2v—1)}}
+65536@(—21524545116727154944613 + 6995312;’)7893139644614 — 15611917903312640a°) .
LHl {a—b— (26— 1)}} [UH1 {a—b+ (20— 1)}}
+65536a(250518582738781860(16 — 297403077939968§177 + 26569595376038a® — 1801370405120a°) n
LHl {a—b— (2 — 1)}} [UH1 {a—b+ (20— 1)}}
+65536a(92751487400a10 — ?;(53007928326111 + 103613619720,12 — 2141440a'3 + 30040a'* — 256a'° + a'6) n
LHl {a—b— (26— 1)}} [UH1 {a—b+ (2v-— 1)}}
+65536&(—158998505?279752006 + 16015864521(7)87647920616 — 624388051013229216aD) n
[H {a—b— (2% - 1)}} [ H {a—b+ (20— 1)}}
65536&(672430138856900592&3b — 118482004312390688a4b + 45551364598847984a° b)
[H {a—b— 2g-1)}HH {a—b+(@2v-1)}]
+65536a( 4435348958817568@66 + 824274801730864@76 47099407828704a%b + 4760242317072a° b)
[ {a—b—(2<—1>}H {a—b+(2v—1>}} -

S=
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+65536@(—158593548256@1% +9023659216a'tb — 161683808a'2b + 4998224a'3b — 36960@1419) n
16 17
[T {a—b— (- D}| I {a—b+0-1)}]
¢=1 v=1
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65536@(528@156 + 9403043470403022006* — 167129866463313600ab* + 1565019021296531592a2b*) n

[H{a—b— (2¢ —1

I o=+ o -1}]

+65536@(—206106535912708992@3 b? + 225271255690647672a*b* — 18239227247368512a°H?) n

[11:6[ {a—b—(2g—1)}} [}f{l{a—b—l—@v—l)}}

65536a(7239298092789576@6b2 361604047216896a"b? + 69113934169896a%b* — 2073715803456a°b?) n

[ {a—b—(2—

S=

U”Lﬁﬁa—b+@v—nﬂ

65536a(213043702872@10b2 ‘3>£")08382592a11b2 + 199059432a'2b% — 1374912a'3b? + 40920a4b?) n

[ {a—b—(2g—1)} [

=

ﬁﬁa—b+@v—nﬂ

v=

65536@(1348118704909310401)3 + 1145685449186532144ab® — 42072854780375232a2b3)+

_H{a—b— (2 -1} |

65536@(427559184167559840@3 b® — 246097

_H{a—b—l—(v—l)}

22912109280a*b> + 26141054527921168a°b3) n

_H{a—b— (2 - 1)}]

;ﬁﬁa—b+@v—n{

+65536@(—1085549498794112@6 b® + 422199872988608a" b* — 11232092335200a°b%) n

:ji{a—b— (26 — 1)}

;ﬁﬁa—b+@v—n{

[ll_ﬁ[{a—b—@g—

s=1

+65536a(2100369962064a9 b? — 31783404224a'°b® + 3163530656463 — 20569120a'2b® + 1107568a'30?) .

D} [ijl {a—b+ (20 -1}

65536&(227974014975506844[)4 + 74389934082676608ab* + 340559682051260760a2b*) n
[H {a—b- 2§—1)}}[H {a—b—i—(QU—l)}}

" 65536a(—3735455421134976a3 b* + 44357797204833156a*b* — 1251405780261120a°b*) n

[ﬁ{a—b—@g—l)}

s=1

]Lﬁﬂa—b+@v—nﬂ

+65536&(1266971455650384&6174 — 27724725718272a"b* + 10295243007588a%b* — 1382814470404 b*) n

L]lf[l{a—b—(Qg—

+65536a(24624322008a10b4 — 148097664a"!

D} [:rj[l{a—m (20 - 1)}

b* + 13884156a'2b* + 23463156071200736b°) "

:E[l {a—b— (26 — 1)}

[Ull_:[l {a—b+ (20— 1)}

+65536a(109033109373003376&1)5 + 11644472098601760ab° + 36927624682661328a°°) "
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+65536&(—133812_614167496()00@41)5 + 2004?1_6%?5193440@5 b’ — 2868?451208640a6b5) .
]:[ {a—b— (26— 1)} —Ul;[1 {a—b+ (20— 1)}
65536(1(27382474864800&7 b® — 298829757600a%b° + 104344772400a°0° — 555366240a'0b°) .
1 {a-b- -0} [ {a -+ 20 - )}
65536(1(92561040@ 165 4+ 10869072187812168b° + 5985820063371456ab° + 14802425524183176a> b6)+
[ fa == )] [ I {a= b+ 20 - 1}]
65536&(708321165615360@3 b6 + 1713851879026320&4 b6 1935009901440a°0° + 41314983328080a°09) .
[ {a—b—(2g—1)}H {a—b—i—(?v—l)}]
+65536a(—285600648§1)?0a7 be + 255386589480&1871)6 — 10917456000 b5 + 354817320a'°09) n
[]:[ {a—b—(2g—1)}][]:[ {a—b+(2v—1)}]
65536@(7172607779944641)7 + 2594162140235248ab” + 458691506376576ab" + 784325815238592a307) n
[H{a—b— (2¢ —1) }HH {a—b+(2 v—l)}]
65536(1(18518957835840@4 b7 + 35960462445600a°b” — 9170663040a°07 + 372721947840a7b7) .
[H {a—b—( 2<—1>}][H {a—b+@v-1)}]

+65536a(—982571040a8 b” + 818809200a”b” + 1490646552407106% + 97562518884864&178) n
16 17
[H {a—b—(2<—1)}] [ I {a—b+(21)—1)}]
=1 v=1

65536&(182692939157256& b® + 13725326951424a30° + 17944376279940a*b® + 204374776320a°1°) n
[H{a—b— 26— 1 }HH {fa—b+(2 U—l)}]
65536&(328424370120&6 b® + 1166803110a®0® + 6201029366048b° + 19239357998608ab) +
[H {a—0b— 2§—1)}Hﬁ {a—b+(2v—1)}]
65536&(391 1767205280&2 b? + 4975885470864a3b° + 165209589600a*b° + 173969661360a°0?) n
H {a—0b-— 2§—1)} [H {a—b+(2v—1)}
65536&(764221920&6 b? 4 103715832047 b° —l— 6742680492245 + 456852420288ab'?) n
H {a—1b- 2§—1)} H {a—b+(2v—1)}
65536&(717189756888&2 b1 + 56410020480a3b'° + 54189742200ab'° + 655047360a° b1°) n

{a— b— (26 — 1)} _Uﬁl {a—b+ (20 - 1)}
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65536@(573166440@61)10 + 169945472320 + 46979218832ab'! + 9049664832ab' + 948834806443 ") n

[H{a—b— (26 —

DH[H{a—b+QU—DH

65536@(252439200@41311 +193536720a°b'" + 1010111388b'* + 628138368ab"? + 860817672a*b'?) .
[H {a—b—(2-1)} [H {a—b+(2v—1)}]

65536(1(495—365888&3bl2 + 38567100a"b'? + 139332161)13 + 34705616ab'® + 4746720a%b'3) .

[ {a—b—@g—Dﬂ_

65536@(4272048@31313 + 4348081)14 + 196416ab

{a—b+ (20— 1)}]

14 —i— 25—3735—36@21)14 + 246401 + 5456ab'S + 33019) n

[ {a—b—@g—DH

65536b( 191898783962510625 — 1589985

[ {a—b—i—(?v—l)}]

05377975200a + 940304347040302200a> )+

'H{a—b—w—l)}

65536b(134811870490931040a + 227974

-H{a—b—i-( w—l)}

014975506844a* + 23463156071200736a° ) n

'H{a—b—w—l)}

-]1_6[ {a—b+(2w—1)}:

65536b(10869072187812168a + 717260777994464a™ + 149064655240710a® + 6201029366048a° )+

[H{a—b—w—l)}][n {a—b+(@o-1)}]

+655366(674268049224a10 + 16994547232a' 4+ 1010111388a'? + 1393321643 + 434808a'* + 2464a'?) .

[]1_:7[ {fa—b— (2 —

nﬂ[ﬁ{a—b+@w—nﬂ

+65536b(33a16 454441401368236800b + 1601586452087647920ab — 167129866463313600a°D) n
H {a—b—(2g0—1)} H {a—b+(2w—1)}

65536b(1145685449186532144a3b + 74389934082676608@46 + 109033109373003376a°D) n

- =1

{a—b—@@—l” ' {a—b+@w_1n

-w=1

65536b(5985820063371456@6b + 2594162140235248a7b + 97562518884864a%b + 192393579986084"D) n

[ {a—b— (20—

p=1

1”}[ {a—b+@w—1”}

65536()(456852420288@101) + 46979218832a''b + 628138368(11211 + 34705616a*b + 196416@146)

[H{a—b—@@—l”[n{a—b+(w—nﬂ

+65536’b(5456a15b + 4212142209164386800* —

624388051013229216ab* + 1565019021296531592a2b%) .

L]l_:[l{a—b—@gp—
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L o= L o=
+65536b(14802425524183176&6[)2 + 458691_5(1(;376576&7[)2 + 182692_939157256&8[)2) +
1 1{a—b—(?ap—l)} wll[l{a—b+(2w—1)}_
65536b(3911767205280a” b* + 7171897568884 '°b? + 9049664832a ' b* + 860817672a'2b?) +

[@]1_:7[1 {a —b—(2p — 1)}] [}1;6[1 {a —b+ (2w — 1)}]
_‘_655361)(4746720&136—2 ;l; 237336a'4b? — 21524%54512727154944[)3 + 6724{30138856900592&[)3) n
T {a=b-e-1} [}1 {a—b+(@u-1)}]
65536b(—206106535912708992a2b® + 427559184167559840a3b® — 3735455421134976ab3) n
:¢ﬁ1 {a —b—(2p — 1)} :wll_j[l {a —b+ (2w — 1)}
+65536b(3692762_4(152661328&5 b+ 70832_1—16;2615360&6 b3+ 784325_815238592&7[)3) +
_@];[1 {a—b—(2p— 1)} _};[l {a—b+ (2w - 1)}

65536b(13725326951424a8 b® 4 4975885470864a°b® + 56410020480a'°b% + 9488348064a ' b?) L
11 {a=b= 2= )}][ I fa b (- 1))

65536b(49365888a12b3 + 4272048a'3b3 + 699531258931396441)4 — 118482004312390688ab") L
1{a—b—(?gp—l)} _ {a—b—i—(?w—l)}
L o=
65536[)(225271255690647672@2 bt — 24609722912109280ab* + 44357797204833156a*b?) n
1 l{a—b—(2gp—1)} _w 1{a—b—l—(?w—l)}
+65536b(—13381_2616749600()@5 bt + 17138_5_18176902632061654 + 18518_957835840@7134) L
_ ]:[ {a—b—(2gp—1)}_ _ ]:[ {a—b—l—(?w—l)}_
65536b(17944376279940a b* 4+ 165209589600a"b* + 54189742200a'°b* + 2524392004 b*) n
[H {a—b—(2p—-1) }HH {fa—b+ (2 w—l)}]
+65536b(38567100a12b4 — 15167511917903312640135 + 45513136459884798461135 — 18239227247368512a%°) 4
[]:[ {a—b—(2g0—1)}] [ ]:[ {a—b—l—(?w—l)}]
65536b(26141054527921168@3 b® — 1251405780261120a*b° + 2004216495193440a°b°) n
[H {a—b—(2gp—1)}] [ H {a—b—l—(?w—l)}]
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[ ﬁl {a=b- (20 -1)}] [ﬁl{a—bﬂzw— D}

=

| 635360(7239208002780576a%)° — 10855494987041120°H° + 1266971455650884a"D°) |
17 16
[ Hl{a—b—(Qcp—l)}] [ Ul{a—b—l—(Qw—l)}]

=

+65536b(—28680451208640&5 b® + 41314983328080a°b° — 9170663040a" b°® + 328424370120a80°) .

Ujl {a—b—(20 - 1)}] [ﬁl {a=b+@w -1}
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 5536H(3616040472168960"8" + 422190872985008°) — 2MT2AT2STLERT20H)
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_@];[1 {a—b— (20— 1)} _wl;[l {a—b+ (2w — 1)}
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+65536(5641002014780amb3 9488348064@11123 4 49365888a12b% + 42720480 b?) N
[]:[ {a—b— (290—1)}} [ ]:[ {a—b+(2w—1)}}
65536(6995312589313964464 — 118482004312390688ab* + 225271255690647672a>b*) N
[H {a—b— (290—1)}} [ H {a—b—l—(Qw—l)}}
+65536(—246097229}72109280@364 + 44357797?2)4833156@4 b* — 133812647496000a°b*) N
[]:[ {a—b— (290—1)}} [ ]:[ {a—b—l—(Qw—l)}}
65536(1713851879026320@6b4 + 18518957835840a7b4 + 17944376279940a°b* + 165209589600a°b*) N
[ 1{@—6—(2@—1)}” {a—b—i—(Qw—l)}}

p=

65536(54189742200(11%4 + 252439200a ! b* + 38567100&12194 156119179033126400°) .
B [T {a—- o0} [ 11 fa— 0+ (20— 1)}

65536(45551364598847984(11)5 — 18239227247368512a2b° + 26141054527921168a3b°) .
[ H {a—b—(2g0—1)}] [ H {a—b+(2w—1)}]

+65536(—125140517530261120(141)5 + 2004216411695193440(15 b® — 1935009901440a°b°) .
[(le {a—b— (20— 1)}] [WHI {a—b+ (2w — 1)}]
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65536(35960462445600@765 + 204374776320a%0° + 173969661360a°b° + 655047360a'°0°) n

[H {a—b—(20-1) }}[

65536( 193536720a'b° + 25051858273878806° —

H{a—b+@w—D”

4435348958817568ab® + 7239298092789576a%b°) n

[H {a—b—(20—-1) }}

[H{a_b+@w_1n}

+65536(—1085549498794112@366 + 1266971455650384a* 1S — 28680451208640a° b°) n

[11__7[ {a—b—(2g0—l)}}[

uﬁﬁa—b+@w—wﬂ

65536(41314983328080a6 b® — 9170663040a" b5 + 328424370120a%05 + 764221920a°b°) n

[H{a—b—@@—wﬂ[

11 {a— b+ (20— 1)}]

+65536(573166440a1066 — 297403077939968b" + 824274801730864ab” — 361604047216896a>b") n

[11__7[ {a—b—(2g0—l)}}[

ﬁ{a_b+@w_nﬂ

65536(422199872988608@3b7 — 27724725718272a*b™ + 27382474864800a°h” — 285600648960a°b") .

[H {a-b-(p-1)}]

[H{a—b+@w—D”

65536(372721947840@767 + 1037158320a°b" + 26569595376038b° — 47099407828704ab®) n

[H{a—b—@@—wﬂ[

H{a—b+@w—mﬂ

65536(69113934169896a2 b® — 11232092335200ab® + 10295243007588ab® — 298829757600a°b®) n

[H{a—b—@@—wﬂ[n{a—b+Qw—Dﬂ

+65536(255386589480a6 b® — 982571040471 4 1166803110a®b® — 18013704051200° + 4760242317072ab?) n

Lﬁﬁa—b—@@—l”}tﬁﬁa—b+@w—wﬂ

+65536(—2073715803456a2 b? + 2100369962064a3b° — 1382814470400 b + 104344772400a°0°) .

:ﬁﬁa—b—@w—U{

:wﬁl {a—b+ (2w — 1)}

+65536(—1091745600a6b9 + 818809200a"b? + 927514874000'° — 158593548256ab') n

:ﬁ{a—b—@¢—n{

:wﬁl {a —b+ (2w — 1)}

65536(213043702872a2 b0 — 31783404224a3b'° + 24624322008a*b'° — 555366240a°b'°) n

[ {a—b—(ng—l)}}[Wﬁl{a—b+(2w—1)}}

+65536(354817320a6 b' — 36007928320 + 9023659216ab' — 3508382592a?b™ + 3163530656a° ') n

Lﬁﬁa—b—@@—lﬂﬂii{a—b+@w—lﬂ]
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+65536(—148097664a4b11 +92561040a°b™ + 1036136920'* — 161683808ab'? + 19905943242 b'?) n

+65536(—20569120a3bl2 + 13884156ab'? — 214144062 + 4998224ab'® — 1374912a%b'3 + 1107568a°b1?) n

[@]L:[l{a—b— 2o =0} [ 1 fa -0+ 20— 1)}]

10.
11.

[i{l{a_b_ e -0} [ 1T {o -+ o - 1)}

| 63536(300400"* — 36060ab' + 4092002 — 256b'° + 528ab* + ') }]
17 16
[ [T {a—b- (2¢—1>}} [ Ul{a—b+(2w—1>}}

p=1

After simplifing the result (14) is proved.
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