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In this paper we investigate the Cauchy problem

ut − (∆ +m)u = λ|u|p−1u, t ∈ [0,∞), x ∈ Rn, (1.1)

u(0, x) = u0(x), x ∈ Rn, (1.2)

where n ≥ 2 is fixed, ∆ = ∂2x1
+ · · · + ∂2xn

, λ,m ∈ R, p ≥ 1, u0(x) ∈ C2(Rn), |u0(x)| ≤ P ,
|(u0)xi(x)| ≤ P for every i = 1, 2, . . . , n and for every x ∈ Rn, P > 0 is given constant. Here we
propose new approach for invetsigating of this problem which gives new results.

The Cauchy problem for the equation (1.1) is investigated by many authors. For instance see
[1] and references therein. Obviously the problem for existence of solutions to the Cauchy problem
(1.1), (1.2) is connected with the Fujita’s exponent, which depends of the dimension n and the values
of the parameter p. Here we propose new conception about this problem. Our thesis is that this
problem depends only of the integral representation for the solutions which is used. In this work
we propose new integral representation. Our conception tell us that there are cases in which there
is a global existence of solutions under specific set and local existence and blow up under another
specific set. We will illustrate our new conception with the following example.

Example. Let λ = −1, p = 3, m = 0. Then

u(t, x) =
1√
2

1√
t+ 1

is a solution to the problem

ut −∆u = −|u|2u, t ∈ [0,∞), x ∈ Rn,

u(0, x) = 1√
2
, x ∈ Rn.

(1.3)

Really, for u(t, x) = 1√
2

1√
t+1

we have

ut = − 1

2
√
2(t+1)

3
2
,

ut −∆u = −|u|2u⇐⇒

− 1

2
√
2(t+1)

3
2

= − 1
2(t+1)

1√
2
√
t+1

.
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Global Existence of Classical Solutions for a Class Nonlinear Parabolic Equations

This example and our main result we can consider as counter - example of the well known theory.
Our new nice result is due to our new integral representation.
This approach is used for hyperbolic equations in [2].
Our main result is

Theorem 1.1. Let n ≥ 2 be fixed, p ≥ 1 be fixed, P > 0 be fixed, λ,m ∈ R be fixed, u0(x) ∈ C2(Rn),
|u0(x)| ≤ P , |(u0)xi(x)| ≤ P for every i = 1, 2, . . . , n and for every x ∈ Rn . Then the Cauchy
problem (1.1), (1.2) has a solution u ∈ C1([0,∞), C2(Rn)).

Let ε is fixed so that 1 > ε > 0. For fixed P > 0 we choose the constants Ai, i = 1, 2, . . . , n, so that

|λ|(A1A2 . . . An)2P p−1 + (3 + |m|)(A1A2 . . . An)2

+(A1A2 . . . An−1)2 + (A1A2 . . . An−2An)2 + · · ·+ (A2A3 . . . An)2 ≤ (1− ε),(
|λ|(A1A2 · · ·Aj−1Aj+1 · · ·An)2P p−1 + (4 + |m|)(A1A2 · · ·Aj−1Aj+1 · · ·An)2

+(A1A2 · · ·Aj−1Aj+1 · · ·An−1)2 + · · ·+ (A2 · · ·Aj−1Aj+1 · · ·An)2
)
Aj ≤ (1− ε)

∀j = 1, 2, . . . , n,

(2.1)

where A0 = An+1 = 1. There exist such constants A1, A2, . . ., An, for which the inequalities (2.1)
are possible. For instance when 1 > Ai > 0 are enough small, i = 1, 2, . . . , n.

With B1 we will denote the set

B1 =
{
x ∈ Rn : 0 ≤ xi ≤ Ai, i = 1, 2, . . . , n

}
.

Firstly we will prove that the Cauchy problem

ut − (∆ +m)u = λ|u|p−1u, t ∈ [0, 1], x ∈ B1, (2.2)

u(0, x) = u0(x), x ∈ B1, (2.3)

has a solution u for which u ∈ C1([0, 1], C2(B1)). For this purpose we will use fixed point arguments.

Therefore we have a need to define an operator whose fixed points satisfy the above Cauchy problem.

Our observation is

Lemma 2.1. If u ∈ C1([0, 1], C2(B1)) satisfies the integral equation

λ
∫ t
0

∫ A
x

∫ A
z
|u|p−1udsdzdy +m

∫ t
0

∫ A
x

∫ A
z
u(y, s)dsdzdy +

∑n
i=1

∫ t
0

∫ A
xi

∫ A
zi
u(y, ŝi)dsidzidy

−
∫ A
x

∫ A
z
u(t, s)dsdz +

∫ A
x

∫ A
z
u0(s)dsdz = 0, t ∈ [0, 1], x ∈ B1,

(2.4)

then u is a solution to the Cauchy problem (2.2), (2.3).

Here
si = (s1, . . . , si−1, si+1, . . . , sn), ŝi = (s1, . . . , si−1, xi, si+1, . . . , sn),

∫ A
x

=
∫ A1

x1
· · ·
∫ An

xn
,
∫ A
xi

=
∫ A1

x1
· · ·
∫ Ai−1

xi−1

∫ Ai+1

xi+1
· · ·
∫ An

xn
.

Proof. We differentiate in t the equality (2.4) and obtain

λ
∫ A
x

∫ A
z
|u|p−1udsdz +m

∫ A
x

∫ A
z
u(t, s)dsdz +

∑n
i=1

∫ A
xi

∫ A
zi
u(t, ŝi)dsidzi

−
∫ A
x

∫ A
z
ut(t, s)dsdz = 0.

II. Proof of Theorem 1.1
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Global Existence of Classical Solutions for a Class Nonlinear Parabolic Equations

Now we differentiate twice in x1, after which twice in x2 and etc. twice in xn and we obtain

ut − (∆ +m)u = λ|u|p−1u.

We put t = 0 in (2.4) and we obtain

−
∫ A

x

∫ A

z

u(0, s)dsdz +

∫ A

x

∫ A

z

u0(s)dsdz = 0.

After we differentiate the last equality twice in x1, after which twice in x2 and etc. twice in xn we
obtain

u0(x) = u(0, x).

Consequently u(t, x) is a solution to the Cauchy problem (2.2), (2.3).

The above lemma motivate us to define the integral operator

L11(u) = u(t, x) +m
∫ t
0

∫ A
x

∫ A
z
u(y, s)dsdzdy + λ

∫ t
0

∫ A
x

∫ A
z
|u|p−1udsdzdy

+
∑n
i=1

∫ t
0

∫ A
xi

∫ A
zi
u(y, ŝi)dsidzidy −

∫ A
x

∫ A
z

(
u(t, s)− u0(s)

)
dsdz, t ∈ [0, 1], x ∈ B1.

Our aim is to prove that the operator L11 has a fixed point. We will use the following fixed point
theorem.

Theorem 2.2. (see [3], Corrolary 2.4, pp. 3231) Let X be a nonempty closed convex subset of a
Banach space Y . Suppose that T and S map X into Y such that

(i) S is continuous, S(X) resides in a compact subset of Y ;

(ii) T : X −→ Y is expansive and onto.

Then there exists a point x? ∈ X with Sx? + Tx? = x?.

Here we will use the following definition for expansive operator.

Definition. (see [3], pp. 3230) Let (X, d) be a metric space and M be a subset of X. The

mapping T : M −→ X is said to be expansive, if there exists a constant h > 1 such that

d(Tx, Ty) ≥ hd(x, y) ∀x, y ∈M.

For this purpose we will use the representation of the operator L11 as follows

L11(u) = T11(u) + S11(u),

where

T11(u) = (1 + ε)u(t, x),

S11(u) = −εu(t, x) +m
∫ t
0

∫ A
x

∫ A
z
u(y, s)dsdzdy + λ

∫ t
0

∫ A
x

∫ A
z
|u|p−1udsdzdy

+
∑n
i=1

∫ t
0

∫ A
xi

∫ A
zi
u(y, ŝi)dsidzidy −

∫ A
x

∫ A
z

(
u(t, s)− u0(s)

)
dsdz.

Also, we define the sets

M11 =
{
u(t, x) ∈ C1([0, 1], C2(B1)), maxt∈[0,1] maxx∈B1

∣∣∣u(t, x)
∣∣∣ ≤ P,

maxt∈[0,1] maxx∈B1

∣∣∣uxi
(t, x)

∣∣∣ ≤ P, i = 0, 1, 2, . . . , n
}
,

N11 =
{
u(t, x) ∈ C1([0, 1], C2(B1)), maxt∈[0,1] maxx∈B1

∣∣∣u(t, x)
∣∣∣ ≤ (1 + ε)P,

maxt∈[0,1] maxx∈B1

∣∣∣uxi
(t, x)

∣∣∣ ≤ (1 + ε)P, i = 0, 1, 2, . . . , n
}
,
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Global Existence of Classical Solutions for a Class Nonlinear Parabolic Equations

where ux0
= ut. In these sets we define a norm as follows

||u||2 = sup
{∣∣∣u(t, x)

∣∣∣ : (t, x) ∈ [0, 1]×B1

}
.

Lemma 2.3. The sets M11 and N11 are closed, compact and convex spaces in C([0, 1]×B1) in the

sense of norm || · ||2.

Proof. We will prove our assertion for M11.

Let {un} is a sequence of elements of M11 and un −→n−→∞ u in the sense of the norm || · ||2.

Evidently u ∈ C([0, 1]×B1) and |u(t, x)| ≤ P for every (t, x) ∈ [0, 1]×B1.

We suppose that u /∈ C1([0, 1] × B1). Then there exists j ∈ {0, 1, 2, . . . , n} and ε > 0 so that

for every δ1 = δ1(ε) > 0 and |h| < δ1, h 6= 0, (x0, x1, . . . , xj−1, xj + h, xj+1, . . . , xn) ∈ [0, 1]×B1, we

have ∣∣∣u(x0, x1, · · · , xj−1, xj + h, xj+1, · · · , xn)− u(x0, x1, · · · , xn)

h

∣∣∣ > ε. (2.5)

On the other hand since un ∈ C1([0, 1], C2(B1)) we have that there exists δ2 = δ2(ε) > 0 so that

from |h| < δ2, h 6= 0, (x0, x1, . . . , xj−1, xj + h, xj+1, . . . , xn) ∈ [0, 1]×B1, we have∣∣∣un(x1, · · · , xj−1, xj + h, xj+1, · · · , xn)− un(x1, · · · , xn)

h

∣∣∣ < ε

3
. (2.6)

Also, from un −→n−→∞ u in the sense of the norm || · ||2 we have for enough large n and |h| <
min{δ1, δ2}, h 6= 0, (x0, x1, x2, · · · , xj−1, xj + h, xj+1, · · · , xn) ∈ [0, 1]×B1 that∣∣∣un(x0,x1,··· ,xj−1,xj+h,xj+1,··· ,xn)−un(x0,x1,··· ,xn)

h − u(x0,x1,··· ,xj−1,xj+h,xj+1,··· ,xn)−u(x0,x1,··· ,xn)
h

∣∣∣ < ε
3 . (2.7)

Then from (2.7), (2.6), (2.5) we obtain for |h| < min{δ1, δ2}, h 6= 0, (x0, x1, x2, · · · , xj−1, xj +

h, xj+1, · · · , xn) ∈ [0, 1]×B1, for enough large n,

ε <
∣∣∣u(x0,x1,··· ,xj−1,xj+h,xj+1,··· ,xn)−u(x0,x1,··· ,xn)

h

∣∣∣
≤
∣∣∣un(x0,x1,··· ,xj−1,xj+h,xj+1,··· ,xn)−un(x0,x1,··· ,xn)

h

∣∣∣
+
∣∣∣un(x0,x1,··· ,xj−1,xj+h,xj+1,··· ,xn)−un(x0,x1,··· ,xn)

h − u(x0,x1,··· ,xj−1,xj+h,xj+1,··· ,xn)−u(x0,x1,··· ,xn)
h

∣∣∣ < 2 ε3 ,

which is a contradiction with our assumption that u /∈ C1([0, 1]×B1).

Therefore u ∈ C1([0, 1]×B1)

We suppose that u /∈ C1([0, 1], C2(B1)). Then there exists j ∈ {1, 2, . . . , n} and ε1 > 0 so that

for every δ3 = δ3(ε1) > 0 and |h| < δ3, h 6= 0, (x0, x1, . . . , xj−1, xj + h, xj+1, . . . , xn) ∈ [0, 1]×B1 we

have ∣∣∣uxj
(x0, x1, · · · , xj−1, xj + h, xj+1, · · · , xn)− uxj

(x0, x1, · · · , xn)

h

∣∣∣ > ε1. (2.8)

On the other hand since un ∈ C1([0, 1], C2(B1)) we have that there exists δ4 = δ4(ε1) > 0 so that

from |h| < δ2, h 6= 0, (x0, x1, . . . , xj−1, xj + h, xj+1, . . . , xn) ∈ [0, 1]×B1 we have

∣∣∣ (un)xj
(x0, x1, · · · , xj−1, xj + h, xj+1, · · · , xn)− (un)xj

(x0, x1, · · · , xn)

h

∣∣∣ < ε

3
. (2.9)
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Global Existence of Classical Solutions for a Class Nonlinear Parabolic Equations

Also, from un −→n−→∞ u in the sense of the norm || · ||2 we have for enough large n and |h| <
min{δ3, δ4}, h 6= 0, (x1, x2, · · · , xj−1, xj + h, xj+1, · · · , xn) ∈ B1 that∣∣∣ (un)xj

(x0,x1,··· ,xj−1,xj+h,xj+1,··· ,xn)−(un)xj
(x0,x1,··· ,xn)

h − uxj
(x0,x1,··· ,xj−1,xj+h,xj+1,··· ,xn)−uxj

(x0,x1,··· ,xn)

h

∣∣∣ < ε1
3 .

(2.10)

Then from (2.10), (2.9), (2.8) we obtain for |h| < min{δ3, δ4}, h 6= 0, (x1, x2, · · · , xj−1, xj +

h, xj+1, · · · , xn) ∈ B1, for enough large n,

ε1 <
∣∣∣uxj

(x0,x1,··· ,xj−1,xj+h,xj+1,··· ,xn)−uxj
(x0,x1,··· ,xn)

h

∣∣∣
≤
∣∣∣ (un)xj

(x0,x1,··· ,xj−1,xj+h,xj+1,··· ,xn)−(un)xj
(x0,x1,··· ,xn)

h

∣∣∣
+
∣∣∣ (un)xj

(x0,x1,··· ,xj−1,xj+h,xj+1,··· ,xn)−(un)xj
(x0,x1,··· ,xn)

h − uxj
(x0,x1,··· ,xj−1,xj+h,xj+1,··· ,xn)−uxj

(x0,x1,··· ,xn)

h

∣∣∣<2 ε13 ,

which is a contradiction with our assumption that u /∈ C1([0, 1], C2(B1)).

Therefore u ∈ C1([0, 1], C2(B1)).

Now we suppose that there exists j ∈ {0, 1, . . . , n} and (t̃, x̃) ∈ [0, 1]×B1 so that

|uxj
(t̃, x̃)| > P.

Then there exists ε2 > 0 so that

|uxj (t̃, x̃)| ≥ P + ε2.

From here there exists δ5 = δ5(ε2) > 0 such that from |h| < δ5, h 6= 0, (t̃, x̃1, . . . , x̃j−1, x̃j +

h, x̃j+1, . . . x̃n) ∈ [0, 1]×B1 we have∣∣∣u(t̃, x̃1, . . . , x̃j−1, x̃j + h, x̃j+1, . . . x̃n)− u(t̃, x̃)

h

∣∣∣ ≥ P + ε2.

On the other hand, since un(t̃, x̃) −→ u(t̃, x̃) in sense of || · ||2, as n −→∞, follows that there exists

δ6 = δ6(ε2) > 0 so that we have from |h| < δ6, h 6= 0, (t̃, x̃1, . . . , x̃j−1, x̃j+h, x̃j+1, . . . x̃n) ∈ [0, 1]×B1∣∣∣un(t̃,x̃1,...,x̃j−1,x̃j+h,x̃j+1,...x̃n)−un(t̃,x̃)
h − u(t̃,x̃1,...,x̃j−1,x̃j+h,x̃j+1,...x̃n)−u(t̃,x̃)

h

∣∣∣ < ε2

and since |(un)xj | ≤ P in [0, 1]×B1∣∣∣un(t̃, x̃1, . . . , x̃j−1, x̃j + h, x̃j+1, . . . x̃n)− un(t̃, x̃)

h

∣∣∣ ≤ P
for enough large n. From here, for enough large n and for |h| < min{δ5, δ6}, h 6= 0, (t̃, x̃1, . . . , x̃j−1, x̃j+

h, x̃j+1, . . . x̃n) ∈ [0, 1]×B1 we have

ε2 = P + ε2 − P

≤
∣∣∣u(t̃,x̃1,...,x̃j−1,x̃j+h,x̃j+1,...x̃n)−u(t̃,x̃)

h

∣∣∣− ∣∣∣un(t̃,x̃1,...,x̃j−1,x̃j+h,x̃j+1,...x̃n)−un(t̃,x̃)
h

∣∣∣
≤
∣∣∣u(t̃,x̃1,...,x̃j−1,x̃j+h,x̃j+1,...x̃n)−u(t̃,x̃)

h − un(t̃,x̃1,...,x̃j−1,x̃j+h,x̃j+1,...x̃n)−un(t̃,x̃)
h

∣∣∣ < ε2,

which is a contradiction. Therefore |uxj | ≤ P in [0, 1] × B1 for every j = 0, 1, . . . , n. Consequently

u ∈M11 and M11 is closed in C([0, 1]×B1) in sense of || · ||2. Using Arzela - Ascoli Theorem the set

M11 is a compact set in C([0, 1]×B1) in sense of || · ||2.
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Let now λ ∈ [0, 1] is arbitrary chosen and fixed and u1, u2 ∈ M11. Then for (t, x) ∈ [0, 1]× B1

we have λu1(t, x) + (1− λ)u2(t, x) ∈ C1([0, 1], C2(B1)) and

|ui(t, x)| ≤ P, |uixj
(t, x)| ≤ P for j = 0, 1, . . . , n, i = 1, 2,

|λu1(t, x) + (1− λ)u2(t, x)| ≤ λ|u1(t, x)|+ (1− λ)|u2(t, x)| ≤ λP + (1− λ)P = P,

|λu1xj
(t, x) + (1− λ)u2xj

(t, x)| ≤ λ|u1xj
(t, x)|+ (1− λ)|u2xj

(t, x)| ≤ λP + (1− λ)P = P, j = 0, 1, . . . , n.

Therefore M11 is convex.

As in above we can prove that N11 is closed, compact and convex in C([0, 1]× B1) in sense of || · ||2.

Lemma 2.4. The operator T11 : M11 −→ N11 is an expansive operator and onto.

Proof. Let u ∈ M11. Then u ∈ C1([0, 1], C2(B1)), from here (1 + ε)u ∈ C1([0, 1], C2(B1)), i.e.

T11(u) ∈ C1([0, 1], C2(B1)) and |T11(u)| ≤ (1 + ε)P , |(T11(u))xi
| ≤ (1 + ε)P , i = 0, 1, 2, . . . , n. Let

now u, v ∈M11. Then we have

||T11(u)− T11(v)||2 = (1 + ε)||u− v||2.

From here and above follows that T11 : M11 −→ N11 is an expansive operator.

Now we will see that T11 : M11 −→ N11 is onto. Really, let v ∈ N11, v 6= 0. Let also u = v
1+ε .

From here maxt∈[0,1] maxx∈B1
|u| ≤ P , maxt∈[0,1] maxx∈B1

|uxi
| ≤ P for i = 0, 1, 2, . . . , n. Therefore

u ∈M11 and the operator T11 : M11 −→ N11is onto.

Lemma 2.5. We have
S11 : M11 −→M11

is continuous.

Proof. Let u ∈ M11 is arbitrary chosen element. Then, using the definition of the operator S11, we

have

|S11(u)| ≤ ε|u(t, x)|+ |m|
∫ t
0

∫ A
x

∫ A
z
|u(y, s)|dsdzdy + |λ|

∫ t
0

∫ A
x

∫ A
z
|u|pdsdzdy

+
∑n
i=1

∫ t
0

∫ A
xi

∫ A
zi
|u(y, ŝi)|dsidzidy +

∫ A
x

∫ A
z

(
|u(t, s)|+ |u0(s)|

)
dsdz

≤ εP + |m|(A1A2 . . . An)2P + |λ|(A1A2 . . . An)2P p + 3(A1A2 . . . An)2P

+P
(

(A1A2 . . . An−1)2 + (A1A2 . . . An−2An)2 + · · ·+ (A2A3 . . . An)2
)
≤ εP + (1− ε)P = P.

Also,

(S11(u))t = −εut(t, x) +m
∫ A
x

∫ A
z
u(t, s)dsdz + λ

∫ A
x

∫ A
z
|u|p−1udsdz +

∑n
i=1

∫ A
xi

∫ A
zi
u(t, ŝi)dsidzi

−
∫ A
x

∫ A
z
ut(t, s)dsdz.

Then

|(S11(u))t| ≤ ε|ut(t, x)|+ |m|
∫ A
x

∫ A
z
|u(t, s)|dsdz + |λ|

∫ A
x

∫ A
z
|u|pdsdz

+
∑n
i=1

∫ A
xi

∫ A
zi
|u(t, ŝi)|dsidzi +

∫ A
x

∫ A
z
|ut(t, s)|dsdz

≤ εP + |λ|(A1A2 . . . An)2P p + (2 + |m|)(A1A2 . . . An)2P

+P
(

(A1A2 . . . An−1)2 + (A1A2 . . . An−2An)2 + · · ·+ (A2A3 . . . An)2
)

≤ εP + (1− ε)P = P.
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Global Existence of Classical Solutions for a Class Nonlinear Parabolic Equations

Let now j = 1, 2, · · · , n, is arbitrary chosen and fixed. Then(
S11(u)

)
xj

= −εuxj
(t, x)−m

∫ t
0

∫ A
xj

∫ A
ẑj
u(y, s)dsdzjdy − λ

∫ t
0

∫ A
xj

∫ A
ẑj
|u|p−1udsdzjdy

−
∑n
i=1,i 6=j

∫ t
0

∫ A
xij

∫ A
ẑij

u(y, ŝi)dsidzidy +
∫ t
0

∫ A
xj

∫ A
zj
uxj

(y, ŝj)dsjdzjdy

+
∫ A
xj

∫ A
ẑj

(
u(t, ŝj)− u0(ŝj)

)
dŝjdzj ,

where ∫ A
xij

=
∫ A1

x1
· · ·
∫ Ai−1

xi−1

∫ Ai+1

xi+1
· · ·
∫ Aj−1

xj−1

∫ Aj+1

xj+1
· · ·
∫ An

xn
,

∫ A
ẑj

=
∫ A1

z1
· · ·
∫ Aj−1

zj−1

∫ Aj

xj

∫ Aj+1

zj+1
· · ·
∫ An

zn
,

and from here∣∣∣(S11(u)
)
xj

∣∣∣ ≤ ε|uxj (t, x)|+ |m|
∫ t
0

∫ A
xj

∫ A
ẑj
|u(y, s)|dsdzjdy + |λ|

∫ t
0

∫ A
xj

∫ A
ẑj
|u|pdsdzjdy

+
∑n
i=1,i 6=j

∫ t
0

∫ A
xij

∫ A
ẑij
|u(y, ŝi)|dsidzidy +

∫ t
0

∫ A
xj

∫ A
zj
|uxj (y, ŝj)|dsjdzjdy

+
∫ A
xj

∫ A
ẑj

(
|u(t, ŝj)|+ |u0(ŝj)|

)
dŝjdzj

≤ εP + |λ|(A1A2 · · ·Aj−1Aj+1 · · ·An)2AjP
p + (4 + |m|)(A1A2 · · ·Aj−1Aj+1 · · ·An)2AjP

+
(

(A1A2 · · ·Aj−1Aj+1 · · ·An−1)2 + · · ·+ (A2 · · ·Aj−1Aj+1 · · ·An)2
)
AjP ≤ εP + (1− ε)P = P.

Consequently

S11 : M11 −→M11.

From the above estimates for |S11(u)|, |(S11(u))xj |, j = 0, 1, 2, . . . , n, follows that if vn −→n−→∞ v

in the sense of the topology of the set M11, vn, v ∈ M11, we have that S11(vn) −→n−→∞ S11(v) in

the sense of topology of the set M11. Therefore the operator S11 : M11 −→ M11 is a continuous
operator.

Using Lemma 2.3, Lemma 2.4, Lemma 2.5 we apply Theorem 2.2 as the operator S in Theorem

2.2 corresponds of S11, the operator T in Theorem 2.2 corresponds of T11, the set X in Theorem

2.2 corresponds of M11 and Y in Theorem 2.2 corresponds of N11 and therefore follows that there

exists u11 ∈ M11 so that u11 = S(u11) + T (u11), i.e. u11 is a fixed point of the operator L11. From

here and Lemma 2.1 follows that u11 is a solution to the Cauchy problem (2.2), (2.3), for which

u11 ∈ C1([0, 1], C2(B1)).

Now we define the set

B2 =
{
x ∈ Rn : A1 ≤ x1 ≤ 2A1, 0 ≤ xi ≤ Ai, i = 2, . . . , n

}
,

the operators

L12(u) = u(t, x) +m
∫ t
0

∫ A
x

∫ A
z
u(y, s)dsdzdy + λ

∫ t
0

∫ A
x

∫ A
z
|u|p−1udsdzdy

+
∑n
i=2

∫ t
0

∫ A
xi

∫ A
zi
u(y, ŝi)dsidzidy

−
∫ A
x

∫ A
z

(
u(t, s)− u11(0, s)

)
dsdz

+
∫ t
0

∫ A
x1

∫ A
z1

(u(y, x1, s2, . . . , sn)− u11(y,A1, s2, . . . , sn) + (A1 − x1)u11x1
(y,A1, s2, . . . , sn))ds1dz1dy,

t ∈ [0, 1], x ∈ B2,
L12(u) = T12(u) + S12(u),
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Global Existence of Classical Solutions for a Class Nonlinear Parabolic Equations

where

T12(u) = (1 + ε)u(t, x), t ∈ [0, 1], x ∈ B2,

S12(u) = −εu(t, x) +m
∫ t
0

∫ A
x

∫ A
z
u(y, s)dsdzdy + λ

∫ t
0

∫ A
x

∫ A
z
|u|p−1udsdzdy

+
∑n
i=2

∫ t
0

∫ A
xi

∫ A
zi
u(y, ŝi)dsidzidy

−
∫ A
x

∫ A
z

(
u(t, s)− u11(0, s)

)
dsdz

+
∫ t
0

∫ A
x1

∫ A
z1

(u(y, x1, s2, . . . , sn)− u11(y,A1, s2, . . . , sn) + (A1 − x1)u11x1
(y,A1, s2, . . . , sn))ds1dz1dy,

t ∈ [0, 1], x ∈ B2,

the sets
M12 =

{
u(t, x) ∈ C1([0, 1], C2(B2)), maxt∈[0,1] maxx∈B2

∣∣∣u(t, x)
∣∣∣ ≤ P,

maxt∈[0,1] maxx∈B2

∣∣∣uxi
(t, x)

∣∣∣ ≤ P, i = 0, 1, 2, . . . , n
}
,

N12 =
{
u(t, x) ∈ C1([0, 1], C2(B2)), maxt∈[0,1] maxx∈B2

∣∣∣u(t, x)
∣∣∣ ≤ (1 + ε)P,

maxt∈[0,1] maxx∈B2

∣∣∣uxi(t, x)
∣∣∣ ≤ (1 + ε)P, i = 0, 1, 2, . . . , n

}
,

in these sets we define a norm as follows

||u||2 = sup
{∣∣∣u(t, x)

∣∣∣ : (t, x) ∈ [0, 1]×B2

}
.

The sets M12 and N12 are closed, convex and compact in C([0, 1]×B2) in sense of || · ||2.

As in above we conclude that there exists u12 ∈M12 so that L12u
12 = u12, i.e. u12 is a solution

to the Cauchy problem

ut − (∆ +m)u = λ|u|p−1u, t ∈ [0, 1], x ∈ B2,
u(0, x) = u11(0, x), x ∈ B2.

For u12 we have

m
∫ t
0

∫ A
x

∫ A
z
u12(y, s)dsdzdy + λ

∫ t
0

∫ A
x

∫ A
z
|u12|p−1u12dsdzdy

+
∑n
i=2

∫ t
0

∫ A
xi

∫ A
zi
u12(y, ŝi)dsidzidy

−
∫ A
x

∫ A
z

(
u12(t, s)− u11(0, s)

)
dsdz

+
∫ t
0

∫ A
x1

∫ A
z1

(u12(y, x1, s2, . . . , sn)− u11(y,A1, s2, . . . , sn) + (A1 − x1)u11x1
(y,A1, s2, . . . , sn))ds1dz1dy = 0.

(2.11)
Now we put x1 = A1 in the last equality and we obtain∫ t

0

∫ A

x1

∫ A

z1

(u12(y,A1, s2, . . . , sn)− u11(y,A1, s2, . . . , sn))ds1dz1dy = 0

and we differentiate it in t, twice in x2 and etc. twice in xn and we obtain

u12|x1=A1
= u11|x1=A1

.

Now we differentiate in x1 the equality (2.11), after which we put x1 = A1 and we obtain∫ t

0

∫ A

x1

∫ A

z1

(u12x1
(y,A1, s2, . . . , sn)− u11x1

(y,A1, s2, . . . , sn))ds1dz1dy = 0
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Global Existence of Classical Solutions for a Class Nonlinear Parabolic Equations

and we differentiate it in t, twice in x2 and etc. twice in xn and we obtain

(u12x1
)|x1=A1

= (u11x1
)|x1=A1

.

Using the equalities

u11t − (∆ +m)u11 = λ|u11|p−1u11, u12t − (∆ +m)u12 = λ|u12|p−1u12,

u11|x1=A1
= u12|x1=A1

, (u11x1
)|x1=A1

= (u12x1
)|x1=A1

we conclude that
(u11x1x1

)|x1=A1
= (u12x1x1

)|x1=A1
.

In this way we obtain that the function

u =

 u11 t ∈ [0, 1], 0 ≤ x1 ≤ A1, 0 ≤ x2 ≤ A2, . . . , 0 ≤ xn ≤ An,

u12 t ∈ [0, 1], A1 ≤ x1 ≤ 2A1, 0 ≤ x2 ≤ A2, . . . , 0 ≤ xn ≤ An

is a solution to the Cauchy problem

ut − (∆ +m)u = λ|u|p−1u, t ∈ [0, 1], 0 ≤ x1 ≤ 2A1, 0 ≤ x2 ≤ A2, . . . , 0 ≤ xn ≤ An,

u(0, x) = u0(x), 0 ≤ x1 ≤ 2A1, 0 ≤ x2 ≤ A2, . . . , 0 ≤ xn ≤ An.

Repeat the above steps in x1, x2 and etc. xn we obtain a solution u1 to the Cauchy problem (1.1),

(1.2) which belongs to the space C1([0, 1]), C2(Rn)).

Now we consider the Cauchy problem

ut − (∆ +m)u = λ|u|p−1u, t ∈ [1, 2], x ∈ B1,

u(1, x) = u1(1, x), x ∈ B1.
(2.12)

For this purpose we consider the operator

L1
11(u) = T 1

11(u) + S1
11(u),

where
T 1
11(u) = (1 + ε)u(t, x),

S1
11(u) = −εu(t, x) +m

∫ t
1

∫ A
x

∫ A
z
u(y, s)dsdzdy + λ

∫ t
1

∫ A
x

∫ A
z
|u|p−1udsdzdy

+
∑n
i=1

∫ t
1

∫ A
xi

∫ A
zi
u(y, ŝi)dsidzidy −

∫ A
x

∫ A
z

(
u(t, s)− u1(1, s)

)
dsdz.

Also, we define the sets

M1
11 =

{
u(t, x) ∈ C1([1, 2], C2(B1)), maxt∈[1,2] maxx∈B1

∣∣∣u(t, x)
∣∣∣ ≤ P,

maxt∈[1,2] maxx∈B1

∣∣∣uxi
(t, x)

∣∣∣ ≤ P, i = 0, 1, 2, . . . , n
}
,

N1
11 =

{
u(t, x) ∈ C1([1, 2], C2(B1)), maxt∈[1,2] maxx∈B1

∣∣∣u(t, x)
∣∣∣ ≤ (1 + ε)P,

maxt∈[1,2] maxx∈B1

∣∣∣uxi
(t, x)

∣∣∣ ≤ (1 + ε)P, i = 0, 1, 2, . . . , n
}
.

In these sets we define a norm as follows

||u||2 = sup
{∣∣∣u(t, x)

∣∣∣ : (t, x) ∈ [1, 2]×B1

}
,



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  
   
 

10

    
 

20
12

  
G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
II

Is
su

e 
  
  
  
er

sio
n

I
V

V
III

  
 F
)

)

© 2012 Global Journals Inc.  (US)

    
 Ye

ar

      

Notes

Global Existence of Classical Solutions for a Class Nonlinear Parabolic Equations

these sets are closed, convex and compact in C([1, 2]×B1) in sense of || · ||.
As in above we conclude that the problem (2.12) has a solution u111 ∈ C1([1, 2], C2(B1)).

Now we consider the Cauchy problem

ut − (∆ +m)u = λ|u|p−1u, t ∈ [1, 2], x ∈ B2,

u(1, x) = u1(1, x)
(2.13)

L1
12(u) = u(t, x) +m

∫ t
1

∫ A
x

∫ A
z
u(y, s)dsdzdy + λ

∫ t
1

∫ A
x

∫ A
z
|u|p−1udsdzdy

+
∑n
i=2

∫ t
1

∫ A
xi

∫ A
zi
u(y, ŝi)dsidzidy

−
∫ A
x

∫ A
z

(
u(t, s)− u1(1, s)

)
dsdz

+
∫ t
1

∫ A
x1

∫ A
z1

(u(y, x1, s2, . . . , sn)− u111 (y,A1, s2, . . . , sn) + (A1 − x1)u11x1
(y,A1, s2, . . . , sn))ds1dz1dy,

t ∈ [1, 2], x ∈ B2,

L1
12(u) = T 1

12(u) + S1
12(u),

where

T 1
12(u) = (1 + ε)u(t, x), t ∈ [1, 2], x ∈ B2,

S1
12(u) = −εu(t, x) +m

∫ t
1

∫ A
x

∫ A
z
u(y, s)dsdzdy + λ

∫ t
1

∫ A
x

∫ A
z
|u|p−1udsdzdy

+
∑n
i=2

∫ t
1

∫ A
xi

∫ A
zi
u(y, ŝi)dsidzidy

−
∫ A
x

∫ A
z

(
u(t, s)− u1(1, s)

)
dsdz

+
∫ t
1

∫ A
x1

∫ A
z1

(u(y, x1, s2, . . . , sn)− u111 (y,A1, s2, . . . , sn) + (A1 − x1)u111x1
(y,A1, s2, . . . , sn))ds1dz1dy,

t ∈ [1, 2], x ∈ B2,

the sets

M1
12 =

{
u(t, x) ∈ C1([1, 2], C2(B2)), maxt∈[1,2] maxx∈B2

∣∣∣u(t, x)
∣∣∣ ≤ P,

maxt∈[1,2] maxx∈B2

∣∣∣uxi
(t, x)

∣∣∣ ≤ P, i = 0, 1, 2, . . . , n
}
,

N1
12 =

{
u(t, x) ∈ C1([1, 2], C2(B2)), maxt∈[1,2] maxx∈B2

∣∣∣u(t, x)
∣∣∣ ≤ (1 + ε)P,

maxt∈[1,2] maxx∈B2

∣∣∣uxi
(t, x)

∣∣∣ ≤ (1 + ε)P, i = 0, 1, 2, . . . , n
}
,

in these sets we define a norm as follows

||u||2 = sup
{∣∣∣u(t, x)

∣∣∣ : (t, x) ∈ [1, 2]×B2

}
.

The sets M1
12 and N1

12 are closed, convex and compact in C([1, 2]×B2) in sense of || · ||2. As in the

step 1 we conclude that the problem (2.13) has a solution u121 ∈ C1([1, 2], C2(B2)).

Since u121 (1, x) = u1(1, x) for x ∈ B2 and u111 (1, x) = u1(1, x) for x ∈ B1 we have that

u121 |t=1,x1=A1
= u1|t=1,x1=A1

,

(u121 )x1 |t=1,x1=A1
= (u1)x1 |t=1,x1=A1

,
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Global Existence of Classical Solutions for a Class Nonlinear Parabolic Equations

(u121 )x1x1 |t=1,x1=A1
= (u1)x1x1 |t=1,x1=A1

,

u111 |t=1,x1=A1
= u1|t=1,x1=A1

,

(u111 )x1 |t=1,x1=A1
= (u1)x1 |t=1,x1=A1

,

(u111 )x1x1 |t=1,x1=A1
= (u1)x1x1 |t=1,x1=A1

,

(2.14)

as in the case t ∈ [0, 1] we have

u121 |x1=A1
= u111|x1=A1

,

(u121 )x1 |x1=A1
= (u111 )x1 |x1=A1

,

(u121 )x1x1 |x1=A1
= (u111 )x1x1 |x1=A1

(2.15)

for t ∈ [1, 2] and etc. In this way we obtain a solution u2 ∈ C1([1, 2], C2(Rn)) to the Cauchy problem

ut − (∆ +m)u = λ|u|p−1u, t ∈ [1, 2], x ∈ Rn,

u(1, x) = u1(1, x), x ∈ Rn.

Using reasonings as (2.14), (2.15) we have that u1 t ∈ [0, 1], x ∈ Rn,

u2 t ∈ [1, 2], x ∈ Rn,

is a solution to the Cauchy problem

ut − (∆ +m)u = λ|u|p−1u t ∈ [0, 2], x ∈ Rn,

u(0, x) = u0(x) x ∈ Rn

which belongs to the space C1([0, 2], C2(Rn)) and etc. we obtain a solution to the problem (1.1),

(1.2) which belongs to the space C1([0,∞), C2(Rn)).
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