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l. [NTRODUCTION

For |¢| < 1,
(a; @)oo = [ J(1 — ag") (1.1)
n=0
(a; @)oo = [ J(1 — ag™ ") (1.2)
n=1

(a’h a2, as, ..., Qk; Q)oo = (a’l; Q)OO(GQa Q)oo(a3, Q)oo(ak7 Q)OO (13)

Ramanujan [2, p.1(1.2)]has defined general theta function, as
flab) =3 a5 Jab| < 1, (1.4)

Jacobi’s triple product identity [3,p.35] is given, as
fla,b) = (—a;ab) oo (—b; ab) o (ab; ab) (1.5)

Special cases of Jacobi’s triple products identity are given, as

¢(q) = Zq = (-4 6*)%(¢* ¢)oo (1.6)

N e R (R
(q) = f(¢, ") = ;q = P (1.7)
fa) = fla.—) = Y (1" = (g a)w (1.8)

Equation (1.8) is known as Euler’s pentagonal number theorem. FEuler’s another well
known identity is as

()% = (~¢ D)oo (1.9)
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Throughout this paper we use the following representations

(% 0" o0 (4" 4o (0% 4 oo -+ (050" )o0 = (6%, 0", -+ 4" ") (1.10)
(4% 4" o0 (4" 4™ (05 4 oo -+ (050" )o0 = (6%, 4", -+ 454" (1.11)
(4% 0")oo (0" 0") oo (05000 (65400 = (—0*, =", 4"+ - ¢"5¢") o (1.12)
Now we can have following g-products identities, as
(50 = [J(1 = ")
n=0
_ H 2(4n +2 >< H 4n+1)+2 >< H 2(4n+2) +2 >< H 2(4n+3) +2)
H 8n+2 X H 8n+4 X H 8n+6 X H 8n+8
or,
(0% 0% = (6% 6%) 00" 6*) (0% 6*) o (6% 6¥) o = (. 0", %, 6% ¢°) (1.13)
(0% " = [J(1 = g™
n=0
H 4(3n) +4 « H 3n+1)+4 >< H 4(3n+2 +4)
_ H ¢'274) x H ¢'279) H(l gl
n=0
or,
(0" 0" o0 = (€* 0" o0 (0% 6) (6" 00 = (¢*, 6%, 6" ") o (1.14)
(q4;q12)oo _ H(l _ q12n+4> _ H(l 2(5n +4 ) X H 2(5n+1) +4)><
n=0 n=0
« H 2(5n+2) +4 >< H 2(5n+3) +4 >< H 2(5n+4) +4)
ﬁ oY x H gt +16) 5 H oo 28) 5 H om0y 5 H ¢o0n+52)
or,
(q4; q12)oo — (q4;q60)oo(q16;q60)oo<q28; qGO)OO(q4O; qﬁo)oo(qSQ;QGO)OO
= (g%, 4", ¢, ¢, ¢°% ) (1.15)
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Similarly we can compute following as

(€% 0°)o0 = (6% 0") ("% ¢") o0 (0% ¢ ) e (1.16)

(6% ¢®)oo = (% )0 (0"% M) o (@5 *N) oo (@ *H oo = (¢°, 6%, ¢"%, % 7Y (1.17)

(q6;q12)oo — (qG; q60)oo(q18;qGO)OO(q{SO;qﬁo)oo(q42;q60)oo(q54; qGO)OO
= (" ¢", ¢, 4%, ¢ ")

The outline of this paper is as follows. In sections 2, some recent results obtained by the
author in [1], and also some well known results are recorded, which are useful to the rest
of the paper. In section 3, we state and prove six new g-product identities, which are not
recorded in the literature.

(1.18)

I1. PRELIMINARIES

In [1], following identities are being established

(¢*,q", 4% ¢®)ool(—4: *)2 + (0:0°)2) = 2(—q*; )% (2.1)

(4'%, 4%, 4" ¢*)
(. ¢" " % P)sel(—0: )2 — (¢:°)2] = 4q g 45). (2.2)

(=4 )% + (6% (=42 (@B, % ¢ d*, 4%, 4" )
(—q;02)% — (2% 2q (2:3)
(—; )2 (0 )2 (D)% = (6,67, ¢ ¢ (2.4)

(—0:0°)o(=0% ") — (40P (@*1 ") _ 2a(=¢*0")2%(a", ¢%, 4", ¢, " ¢*)x
(=436%)oc X (0% ¢%) o0 X (45 4%)oc X (6% 6%)ox (q2,q4,q6,qs;qs)oo(qﬁ,qm,qls;q24)€>o )
2.5
(=% %) oo(—0° ") o0 — (% %) (@ ¢)os (¢ 6% 0" ¢") s y
(_q3, q6)oo X (_q5, qlo)oo X <q3, q6)oo X (qS7 qlo)oo - (q67 q127 (]187 q24; q24)oo
2q3

(2.6)

8 (42,45, ¢ ¢12) oo (@10, ¢*°, %%, ¢*°, ¢*°, ¢°0; ¢%9)
(456300 (% ") o] + (=4 0P o (—0"% ¢*%) ) ("%, 6%, ¢**, 6%, 0%, ¢*%, 4%, ¢°°; ¢%*)

— X
(45 6%) 0o (@155 63°) o) [(— 45 G%) 00 (=45 ¢%°) o (¢, ¢%, %, ¢°°, ¢5°; ¢%)
2

X (q2’ q4’ (]6, q8’ q8; q8)oo(q6’ (]18, q307 q42, q54; QGO)OO (27)

In Ramanujan’s notebooks [6, p.240], the following entries are recorded as

f@d®) = (0) —av(d”) (2.8)
f(=¢ =) f(—a,—¢") = f(=a¢, ") f(=¢’, —¢"") (2.9)

In Ramanujan’s notebooks [6, p.243], the following entries are recorded as
fla,dV (@)= (a) (¢") (2.10)
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2f(¢>, %) = (¢2)+ (—q?)

207 f(q,¢") = (q%) — (—q?)

II1I.  MAIN RESULTS

(2.11)
(2.12)

In this paper, we established following new results, which are not recorded in the literature
of special functions

(7% ¢ _ (—¢* —a . " ) +q(qr”‘;qw)oo
(:0?) o o (4% ¢"%)
(D)oo = (0,8, 6%, 6", ¢°; ¢°) o

(4> ¢% ¢
—q, _q3a _q57 _q7a q8)oo

(470 = (

1 1
2(—¢%, —¢°, 4% ¢%) (47, =475 @) o
(. 6% 6%, 0" ¢° ¢°) o

1 1 1
C202(—q,—4", 4% ¢%) (42, =421 @)
(.26, ¢*, 0% ¢°)

1

oo+ (07000 (=0 0% %)
1 1
2 q)oo  q2(—0 =4 0%

Proof of (3.1): By substituting a = ¢* and b = ¢° in (1.5), we have

F(@®, %) = (=0 ") oo (—¢°; ") o (0”5 ¢”)

also, by substituting ¢ = ¢° in (1.7), we get

(040
(¢°;4"%) o0

(¢") =

employing (1.7) and putting the values of f(q¢?, ¢%) and (¢°) in (2.8), we get

(&P (%0

after simplification, we get

3. 9 6. 9 9. 9
=047 o0 (=0 ¢") (030" )0 = —q
( )oo( Jool ) (4; %) (0% 4'®) oo
(7% ¢ _ (=g =% ¢ ¢°) +q(q18;q18)oo
(¢;4%) o (¢°;4"%)

which established (3.1).

Proof of (3.2): By substituting a = —¢? and b = —¢® in (1.5), we have

© 2012 Global Journals Inc
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F(=@, =) = (6% 0°) (0% ¢") (0" ")

(3.1)

(3.5)

(3.6)

Notes



by substituting a = —g and b = —¢* in (1.5), we have

F(=a.—a") = (@:0°)oo(q": 0o (@1 ¢") s
employing (1.8) and putting the values of f(—¢? —¢®) and f(—q, —q¢*) in (2.9), we get

(0% 0”) o0 (@1 6”) o0 (0% 07) oo (@07 ) oo (0% 0°) oo (073 0 ) oo = (€ @) (075 0 )
NO tes after simplification, we get
(@@ = (a.4°,¢°, 4", ¢°: ¢°)o

which established (3.2).
Proof of (3.3): By substituting a = ¢ and b = ¢” in (1.5), we have

F(4,4") = (=4:6%)oo(—0"5 ¢%) 0 (0% ¢ o
by substituting a = ¢* and b = ¢° in (1.5), we have

F(@0°) = (=% 6% oo (=" 670 (0% ¢°) oo

also by substituting ¢ = ¢* in (1.7), we get

employing (1.7) and putting the values of f(q,q"), f(¢3,¢°) and (¢*) in (2.10), we get

.8 7.8 8. 8 3.8 5.8 8. 8\ __ (qz;qz)oo % <q8;q8)oo
(=¢:07)oo (=450 )o0 (0730 )oo(—0" 0 ) oo (=073 0" )00 (073 ¢ oo = G )

further using (1.13), and after simplification, we get

(¢* 4% ")
—q, _q37 _q57 _q77 qs)oo

(a:q )ooz(

which established (3.3).
Proof of (3.4): By putting ¢ = g and ¢ = —q? in (1.7), we have

) = (¢ 9) oo and  (—qh) = (q;lq)oo
(425 @)o0 (4% Qs
by substituting the values of f(¢,¢°) from proof of (3.3), (q2) and (—g¢2) in (2.11),
we get
(4 9)oo
(=021 0)

(¢:9)oo
(475 0)

2(=¢% ¢*) oo (— 0% ) oo (¢®; %) 0 = +
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after simplification, and employing (3.2), we have

1 1
2(—¢*, —¢°, 4% ¢®) oo (42, —4%; @)oo
(0.2, ¢*, ¢ ¢°) o

1

1
(—4%; @)oo + (42 Q)00 =

which established (3.4).
Proof of (3.5): Substituting the values of f(¢,¢7), (¢2) and (—¢q2) in (2.12), we get

(D (9
(€% @) (—0%:@)0

1
202 (=4, ¢%)oo(=4" 4% 0 (4% ¢°) 0 =
after simplification, and employing (3.2), we have

1 1
202 (—=q, —¢", % %) oo (42, =42 @)oo
(0.2, ¢3 ¢%, ¢ ¢°) o

1

(4% 0)0e — (471 @)oo =

which established (3.5).

Proof of (3.6): Dividing (3.4) by (3.5), we get desired result.
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