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 I.

 

Introduction

 The concept of a radical was introduced by J. H. M. Wedderburn [10] in 1908, for 
the determination of structures of algebras and later on various radicals have been 
proposed by Artin [14], Baer [11], Jacobson [9], Brown-McCoy [12], Levitzki [7] etc. for 
the study of rings in the forties. The general theory of radicals was initiated by Kurosh [6] 
(1953) and Amitsur [1] in the early fifties. Andrunakievic [4], Sulinski [15], Divinsky [8] 
and many others have followed up the works of Kurosh and Amitsur.

 Radical properties based on the notion of nilpotence do not seem to yield fruitful 
results for rings without chain conditions. The notion of quasi-regularity was introduced 

by Perlis [16]. In 1945, Jacobson [9] used it and the significant “chainless”
 

results were 
obtained. 

 In this paper, the general ring theory covering elementary definition of rings and 
its ideals, homomorphism, theorem related to homomorphism and some definitions related 
to radical class has been discussed in preliminaries. Also, we will introduce radical class of 
rings and some theorems related to radical class. Amitsur gives a theorem of radical class, 
which works as a sufficient condition of a class of rings that would be a radical class. We 
will know about this theorem and also right quasi-regular ring, right quasi-regular right 
ideal and some lemmas related to right quasi regular

 

rings. Finally, we will prove that J, 
the class of all right quasi-regular rings is a radical class. It has already been proved by

 using the definition of radical class. But, here we will prove this using Amitsur theorem of 
radical class.
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II. Preliminaries 

2.1. Definition 
A ring is an ordered triple (R, +, ⋅) such that R is a nonempty set and + and ⋅ are 

two binary operations on R satisfying the following axioms: 
a) R is an additive abelian group. i.e.  
i) a + b ∈ R for all a, b ∈ R [ closure law ] 
ii) (a + b) + c = a + ( b + c) for all a, b, c ∈ R. [ associative law ] 
iii) there exists an element 0∈R such that a + 0 = 0 + a = a, for all a∈R. [identity law] 
iv) for every non-zero element a∈R there exists an element –a∈R such that a + (−a) = (−a) 
+ a = 0. [inverse law] 
v) a + b = b + a for all a, b ∈ R. [commutative law] 
b) (R, ⋅) is a semi group. i.e. 
i) a ⋅ b ∈ R for all a, b ∈ R.  [closure law] 
ii) (a ⋅ b) ⋅ c = a ⋅ (b ⋅ c) for all a, b, c ∈ R [associative law]  
c) Distributive laws are true in R. i.e. for all a, b, c ∈R, 
i) a ⋅ (b + c) = a ⋅ b + a ⋅ c 
ii) (a + b) ⋅ c = a ⋅ c + b ⋅ c  

Example 
i) ( ℤ , +,∙), (ℚ , +,∙), (ℝ, +,∙), (ℂ, +,∙) are rings. 
ii) The residue class of modulo 6,  
ℤ6  = { 0 , 1 , 2 , 3 , 4 , 5 } is a ring. 
iii) [x ], the set of all polynomials in x with real coefficients, is a ring. 

2.2. Definition 
A non-empty subset I of a ring R is called a left (right) ideal of R if 

i) I is an additive subgroup of R 

ii) ∀ r∈R and ∀ i∈I, ri∈I, (ir∈I). 

2.3. Definition 
A non-empty subset I of a ring R is called an ideal of R if I is both a left ideal and 

a right ideal of R. For a commutative ring all left and right ideals are ideals. 

Example: 
1. 2 

2. The set of integers ℤ
ℤ is an ideal of ℤ. 

 is only a subring but not an ideal of the ring of rational 

numbers ℚ. 
5
2As 3∈ℤ, ∈ℚ 

5
2but 3·  = 

5
6  ∉ ℤ

2.4. Definition 

. 

Let R be a ring and I be an ideal of R then the quotient ring or factor ring
I
R

is the 

set r + I : r∈R  , where addition and multiplication of two elements r1 + I, r2 + I ∈
I
R  are 

given by  

i) (r1 + I) + (r2 + I) = (r1 + r2) + I. 

ii) (r1 + I)(r2 + I) = r1r2 + I. 

Example: 
ℤ

2ℤ
 is a quotient ring. 
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2.5. Definition 
Let (R, +, ⋅) and (R ′, +, ⋅) be two rings. A mapping f : R → R ′ is called a ring 

homomorphism if ∀ a, b ∈R 
i) f (a 

+ b) = f (a) + f (b) and  
ii) f (ab) = f (a) f (b). 

2.5.1. Theorem 

Every factor ring of a ring is the homomorphic image of that ring. 

Proof: Let R be a ring and I be an ideal of R, then we have to show that 
I
R  is a 

homomorphic image of R. Let us define a map f : R → I
R

 by f(r) = r + I for all r∈R. We 

need to show that f  is a onto homomorphism. 
Clearly f is well defined. 
Now f (r1 + r2) = (r1 + r2) + I = (r1 + I) + (r2 + I) = f (r1) + f (r2)  
and f (r1r2) = r1r2 + I = (r1 + I) (r2 + I) = f (r1) f (r2). 
Thus f is a homomorphism. 

Let r + I ∈ I
R  where r∈R. Then by definition, f (r) = r + I. i.e. r + I = f (r). This 

implies that every element of 
I
R  is the image of some element in R. Thus f is onto. Hence 

the theorem is proved. 

2.6. Definition 
A ring R is said to have the ascending chain condition (A.C.C.) on left (right) 

ideals, if every ascending sequence of left (right) ideals  L1 ⊆ L2 ⊆ L3 ⊆ ...... ⊆ Ln ⊆......, 
terminates after a finite number of steps, i.e. there exists a positive integer n such that Ln 

= Ln + 1 = ……... . 

2.7. Definition 
A ring R is said to have the descending chain condition (D.C.C.) on left (right) 

ideals, if every descending sequence of left (right) ideals R ⊇ L1 ⊇ L2 ⊇ L3 ⊇ ...... ⊇ Ln 

⊇........., terminates after a finite number of steps, i.e. there exists a positive integer n 

such that Ln = Ln + 1 = ……… . 

III. Radical Class of Rings 
3.1. Definition 

Let ℜ be a nonempty class of rings with a certain property. A ring A is said to be 
an ℜ-ring if A∈ℜ. 

Example: 
Let ℜ be the class of all nilpotent ring and A be an idempotent ring. Then A is 

not nilpotent ring and hence A∉ℜ. Therefore A is not an ℜ-ring. 

3.2. Definition 
An ideal I of a ring A is said to be an ℜ-ideal if I is an ℜ-ring. i.e. I∈ℜ. 

Example: 
Let ℜ be the class of all nilpotent ring and I be an ideal of a nilpotent ring A. 

Then I∈ℜ. Therefore I is an ℜ-ideal. 
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3.3. Definition 
A ring A is said to be ℜ-semi-simple if A has no non-zero ℜ-ideal. 

3.4. Definition 
Let ℜ be a non-empty class of rings with a certain property. Then ℜ is said to be a 

radical property or radical class if the following conditions are hold: 
A) ℜ is homomorphically closed. i.e. every homomorphic image of an ℜ-ring A is an 

ℜ-ring. i.e. if A∈ℜ and IA, then I
A ∈ℜ. 

B) Every ring A∈ℜ contains a non-zero ℜ-ideal R(A) which contains every other ℜ-
ideals of A. 

C) )(AR
A

has no non-zero ℜ-ideal. i.e. )(AR
A

is ℜ-is semi-simple. 

A radical class is simply called a radical. 

3.5. Definition 
Let ℜ be a radical class. The ℜ - ideal R(A) of a ring A is called the ℜ - radical of

 the ring A. 

3.6. Definition 

Let ℜ-be a radical class. Then a ring A is said to be an ℜ-radical ring if R(A) = A, 
where R(A) is the radical of A. 

3.7. Definition 
Let ℜ be a radical class. Then a ring A is said to be an ℜ-semi-simple ring if R(A) 

= 0, where R(A) is the radical of A. 

0 is the only ring which is both an ℜ-radical ring and an ℜ-semi-simple ring.  

3.7.1. Theorem [8] 
    

A) ℜ
 
is homomorphically closed.

 

D) If every non-zero homomorphic image of a ring A
 
contains a non-zero ℜ-ideal, then 

A is in ℜ. i.e.∀ IA, if 
I
A  ⊃

I
B ∈ ℜ then A∈ℜ, where BA. 

This theorem is known as Kurosh’s Theorem. 

3.7.2.1. Lemma (Zorn’s Lemma) 
Let A be a nonempty partially ordered set in which every totally ordered subset 

has an upper bound in A. Then A contains at least one maximal element. 

3.7.2. Theorem (Amitsur) [3] 
Let ℜ be a nonempty class of rings. Then ℜ is a radical class if and only if  

A′) ℜ is homomorphically closed. 

B′) For any ring A and an ideal I of A if both I and 
I
A

is in ℜ, then A∈ℜ. i.e. ℜ is 

closed under extension. 

      

 

IV. Right Quasi-Regular Rings 
4.1. Definition 

Let R be a ring and x∈R. Then x is called right quasi-regular if there exists an 
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Let ℜ be a non-empty class ℜ of rings. Then ℜ is said to be a radical class if and 
only if

C′) If I1 ⊆ I2 ⊆ I3 ⊆ ….….., is an ascending chain of ℜ-ideals of a ring A, then 
α

αI is 

an ℜ-ideal.



 

 

element y∈R such that x + y + xy = 0. 
We often write x + y + xy by xoy. When xoy = 0 then the element y is called right 

quasi-inverse of x.  

4.2. Definition 
A ring R is said to be right quasi-regular if every element in R is right quasi-regular. 

4.2.1. Lemma 

If R is a ring with 1, then (1 + x) has right inverse (1 + y) iff x is right quasi-regular.  
Proof: Let us consider a ring with unity element 1. Let (1 + y) be the right inverse 

of (1 + x). Then we have, 

(1 + x) (1 + y) = 1 

⇒1 + y + x + xy = 1 

⇒x + y + xy = 0 

⇒x is right quasi-regular. 

Conversely, let x be right quasi-regular. Then there is a right quasi-inverse y such that  

x + y + xy = 0 

⇒1 + y + x + xy = 1 

⇒1(1 + y) + x(1 + y) = 1 

⇒ (1 + x) (1 + y) = 1 

i.e. (1 + y) is right inverse of (1 + x). 

4.2.2. Lemma 
Let R be a ring. Then for any element x in R, x is a right quasi-regular if and only 

if {r + xr} = R, ∀ r ∈R.  

Proof: Let R be a ring and x∈R. Consider {r + xr}, the set of all elements r + xr, 

∀ r∈R. Then {r + xr} is clearly a right ideal of R. Now suppose that {r + xr} = R. We 

are to show that x is right quasi-regular. Since {r + xr} = R, then x = r + xr for some r in 

R. This implies that x + (−r) + x (−r) = 0. This implies that x is right quasi-regular for 

some r∈R. 
Conversely, suppose that x is right quasi-regular element of R. We have to show 

           

xy = 0 ⇒ x = (−y) + x (−y) ∈ {r + xr}. Then xr ∈ {r + xr} and therefore r ∈ {r + xr} for 

every r∈R. Hence {r + xr} = R. 

4.3. Definition 
Let R be a ring and I be a right ideal of R. Then I is called a right quasi-regular 

right ideal if every element of I  is right quasi-regular.  

4.3.1. Lemma[8] 
If x is right quasi-regular and if y belongs to a right quasi-regular right ideal I, 

then x + y is right quasi-regular.  

Proof: Since x is right quasi-regular, then there exists an element x ′ such that, x + 

x′ + xx′ = 0. Now, consider the element y + yx ′. Then y + yx ′ is in I and thus is right 

quasi-regular. Let z be the right quasi-inverse of y + yx′ then,   (y  +  yx ′) + z + (y + yx ′)z 
= 0.  

© 2012 Global Journals Inc.  (US)
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Now we will show that x ′ + z + x ′z is a right quasi-inverse of x + y.  
Therefore, (x + y) + (x ′ + z + x ′z) + (x + y)(x ′ + z + x ′z)  
= x + y + x ′ + z + x ′z + xx ′ + xz + xx ′z + yx ′ + yz + yx ′z  
= (x + x ′ + xx ′) + (y + yx ′) + z + (y + yx ′)z + (x + x ′ + xx ′)z  
= 0 
Hence x + y is right quasi-regular. 

4.3.2. Lemma 
The sum of two right quasi-regular right ideals of a ring is also a right quasi-

regular right ideal. 
Proof: Let I1 and I2 be two right quasi-regular right ideals of a ring R. We have to 

show that I1 + I2 is also a right quasi-regular right ideal of R. Let p ∈ I1 + I2 then p = x + 

y for some x ∈ I1 and y ∈ I2. Since x is right quasi-regular and y ∈ I2 then we have x + y 
is also right quasi-regular (by Lemma 4.3.1). i.e. p is right quasi-regular.  

Hence every element of I1 + I2 is right quasi-regular.  

Hence I1 + I2 is right quasi-regular right ideal of R. 

4.3.3. Lemma 
The sum of any finite number of right quasi-regular right ideals of a ring is again a 

right quasi-regular right ideal. 

Proof: Let I1, I2…, In are right quasi-regular right ideals of a ring R. We have to 

show that I1 + I2 +……+ In is right quasi-regular right ideal. We shall prove this by the 
method of induction on n.  

If n = 1 then the proof is obvious. Now suppose n = 2, then, I1 + I2 is right quasi-
regular right ideal (by Lemma 4.3.1).  

Now, let I = I1 + I2 +…….+ In−1 a right quasi-regular right ideal of R. We show that 

I + In is right quasi-regular right ideal of R. 

Let p ∈ I + In then p = x ′ + y ′ for some x ′ ∈ I and y ′ ∈ In. Then x ′ is right quasi-

regular and y ′ belongs to a right quasi-regular right ideal In. Therefore x ′ + y ′ is right 

quasi-regular (by Lemma 4.3.1). Hence I + In is right quasi-regular right ideal. i.e. I1 + I2 

+…....+ In−1 + In is a right quasi-regular right ideal of R. 

4.3.4. Lemma 
Sum (Union) of all right quasi-regular right ideals of a ring R is a right quasi-

regular right ideal of R. 

4.3.5. Lemma[8] 
J(R), the sum of all right quasi-regular right ideals of a ring R is a two sided ideal 

of R. 
Proof: Let x be any element in J(R) and r any element of R. We have to show that 

rx is in J(R) i.e. J(R) is a left ideal. We know that J(R) is a right quasi-regular right 
ideal. Hence xr

 ∈ 
J(R) is a right quasi-regular. Then there exists an element w

 
such that 

xr
 

+
 

w
 

+
 

xrw
 

=
 

0. Then 
 

rx
 

+
 

(−rx
 

−
 

rwx) +
 

rx(−rx
 

−
 

rwx) 
 

=
 

rx
 

–
 

rx
 

–
 

rwx
 

−
 

rx⋅rx
 

−
 

rx⋅rwx
 

=
 

−r(w
 

+
 

xr
 

+
 

xrw)x
  

= −r ⋅0⋅x
 

= 0
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Next consider the right ideal generated by rx. This is the set of all rxi
 
+
 
rxs, where 

i
 
is an integer and s

 
is in R. The element xi

 + 
xs

 
is in J(R) and, as above, r(xi

 + 
xs) is 

 

J(R) and then, in particular, rx is in J(R). Therefore J(R) is a two-sided ideal of R. 

4.3.6. Lemma 

Every homomorphic image of a right quasi-regular ring R is right quasi-regular. 

Proof: Let R be a right quasi-regular ring and I be any ideal of R, then we have to 

show that 
I
R  is right quasi-regular. Let x ∈

I
R  then x = r + I for some r ∈ R.  

Since R is right quasi-regular, then r is right quasi-regular. Then there exists an 

element r ′∈ R such that r + r ′ + rr ′ = 0.  

Now (r + I) + (r ′ + I ) + (r + I )(r ′ + I )  = r + r ′ + I + rr ′ + I  

= r + r′ + rr′ + I  

= 0 + I  

= I  

But I is the zero element of 
I
R

. Therefore r′ + I is right quasi-inverse of r + I. 

Hence r + I is right quasi-regular i.e. x is right quasi-regular. Therefore 
I
R

is right quasi-

regular.  

4.3.7. Lemma 

Let R be a ring and I be an ideal of R. If I and I
R

 are right quasi-regular then R is 

right quasi-regular.
 

Proof: Since 
I
R

 
is right quasi-regular, then for every x

 
∈

I
R , there exists y

 
∈

I
R

 
such

 that  

(x + I ) + (y + I ) + (x + I )(y + I ) = I 
⇒ x + I + y +I + xy + I = I 
⇒ x + y + xy + I = I 
⇒ x + y + xy ∈ I 
Since I is right quasi-regular then there exists w ∈ I such that 
x + y + xy + w + (x + y + xy)w = 0 
⇒ x + y + xy + w + xw + yw + xyw = 0 
⇒ x + (y + w + yw) + x(y + w + yw) = 0 

This implies that y + w + yw is a right quasi-inverse of x and thus x is a right 
quasi-regular. Hence R is right quasi-regular. 

V. Conclusions 
From the above discussions, we can prove the following theorem. 

5.1. Theorem 
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right quasi-regular. Therefore, {rxi + rxs} is a right quasi-regular right ideal. It is thus in 

The class of all right quasi-regular rings is a radical class.
Proof: Let J be the class of all right quasi-regular rings. We shall prove this

using Amitsur theorem. 
By Lemma 4.3.6, A′) holds. i.e. J is homomorphically closed.

Therefore, rx is right quasi-regular.
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1942.

By Lemma 4.3.7, B′) holds. i.e. J is closed under extension.

To prove C′), let I1  ⊆ I2  ⊆ I3 ⊆ …… be an ascending chain of right quasi-regular 

right ideals of a ring R. We have to show that 
α

αI is right quasi-regular. Let x ∈ 
α

αI

then x∈Iα for some α. Since each Iα is right quasi-regular right ideal then ∃ an element x′

such that x + x′ + xx′ = 0. i.e. x is right quasi-regular. Hence every element of 
α

αI is right 

quasi-regular. i.e. 
α

αI is right quasi-regular. Hence J is a radical class.
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