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Absiract - In this paper,nonlinear differential equations are solved through Adomian decomposition method(ADM) and
the results are compared with those of Picard iterations method. It is noted that ADM takes the form of a convergent
series with easily computable components. The ADM method is able to solve large class of nonlinear equations
effectively, more easily and accurately; and thus the method has been widely applicable to solve any class of equations
in sciences and engineering.
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[. [NTRODUCTION

Large classes of linear differential equations can be solved by the Adomian
decomposition method [1, 2, 3,5] and Picard iteration method [9] . The ADM was first

compared with the Picard method by Rach [4] and Bellomo and Sarafyan [6] on a

number of examples.Golberg[7] showed that the Adomian approach to llinear differential

equations was equivalent to the classical method of successive approximations (Picard
method). However,we shall show that the equivalence does not hold for nonlinear
differential equations. We consider the generalized first order nonlinear differential
equations in the form:

y'=f(t,y), yeR? f:RxR’'—>R’, 1.1

With initial condition Yy(0)=Y,eR’. We shall proceed to discuss the basic
concepts of the two methods.

I[I.  DERIVATION OF THE METHODS
In reviewing the basic methodology, we consider an abstract system of differential
equation (1.1) and assume that f(t,y) is nonlinear and analytic near Y=Y,,t=0. It is

equivalent to solve the initial value problem (1.1) and the Voltera integral equation of
first kind,

t

y(t) =Y, = [ f(s,¥(s))ds

0 1.2
To set up the Adomian method, Rach [4] write (1.1) in an operator form:
Ly = f(t’Y), 1.3
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Where L:%.He applied L™ (a one fold integral) on (1.3) and imposed the initial

condition to obtain:
y(©) =y, + L (t,y)

Adomian considered the solution y(t) in the series form:

y®) =Yy, + .Y,
n=1

1.4
And write the nonlinear f(t,y) as the series of function
fE9 =2 ALY ) 15
The dependence of A, on tand Y, mz;y be non-polynomial. Formally, A, is obtained by
A1:i dnn f(t,if‘yin , n=012--- 1.6
ntd/ = =0

Where ¢ is a formal parameter. Functions A, are polynomials in (y,VY,,::V,),
which are referred to as the Adomian polynomials. The first few Adomian for d =1 are
listed by Zhu and Chang [8] as follows:

Ab = f(t’YO)
A=y T (tY,)

. 1 .
Az = ny (t'YO)+§y12f (t’yo)

. . 1
A=Y, (6 Yo)+ VY. f (L Yo) "‘gyff (t Yo)
where primes denote the partial derivatives with respect to y.

It was shown by Cherruault and Abbaoui [3] that the Adomian polynomials A, are
defined by the explicit formulae:

n

&:Z%fk(t!yo)( Z ypl"'yka! n>1 1.7

k=1 pi+e-+pe=n
Khelifa and Cherruault [8] proved a bound for Adomian polynomials by,

(n+1)n n+1
| A, |SWM 1.8

Where sup| f“(t,y,) KM for a given time interval J c R.

ted
By substituting (1.4) and (1.5) into (1.2) gives a recursive equation for y , in terms of

(y01 Yir Youro yn) :
t
Your = [ A(8,Yo(8), Vi), ¥, (8))ds, n=01,2,--- L9
0
The Picard’s method is used for the proof of existence and uniqueness of solutions of a

system of differential equations. The method starts with analysis of Volterra's integral
equation (1.2). Assume that f(t,y) satisfies a local Lipschitz condition in a ball around
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t=0and y=y,:
Where K is lipshitz constant and |y| is any norm in R*

Let y© =y, and define a recurrence relation

t
YO =y, + [ F(s,y"()ds,  n=012- L11
0

If t, is small enough, the new approximation Y™™ (t) belongs to the same ball

ly—y, K8, for all [t|<t;and (1.11) is a contraction in the sense that

|[If 6.y6)—f 6,76)]d sl<Q flliply(t) YOI, 1.12

Where Q = Kt, <1, so that t; <% .

By the Banach fixed point theorem, there exists a unique solution Yy(t) in
C([to. 1], B5, (Y)) where B, (y,) is an open ball in R? centered at y, with radius Oy -
The computations of Picard iterative algorithm were reported recently by Youssef [9].

[II.  APPLICATIONS AND RESULTS

Since the problems given in the article at reference [9] on the computations and
analysis of Picard’s iterative scheme are relevant for our aim, we reuse some of the
problems.

Problem 1

Consider a scalar first order ODE,

day
—=Yy", 0)=1 1.13
ranb AN C)
where p>1. This differential equation has exact solution;
1
y(t) = 1.14

a-(p —1)t)p%l
Following the Adomian method, we write (1.13) as y(t) :1+jyp(s) ds and

compute the Adomian polynomials from f(t,y)=y" in the form: °

Ao=Yo

A= PYs Vi,

) )
Af%yé’ 2y2 4 pylly,,

_p(p-1(p-2)
6

p-3,,3

Yo oys + P(P=DYS Yy, + PYS Vs,

A
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Using (1.9), we determine few terms of the Adomian series:

yo(t) =1
yl(t) =t
_pt
Y,(t) = 5
p(2p-1t°
Ys(t) =
p(6p*-7p+2t*
y4(t) = a1
From (1.4)

2 Cy3 2 4
YO= Yo+ Yo Yot Yot Yoo =Lt 2 +p(2‘; Ot p(ep 47|p+2)t b

Expanding (1.13) in a power series of t, we can see that theAdomian method recovers the

power series solution y(t) =

(p—(p-Dt)"*

2 3 2 4
pt’ p(2p3|—1)t L PGP —47|p+2)t L0t

=1+t+

Using the Picard iterations method,
t
y" =1+ [ (y"(s))" ds,
0

We obtain successive approximations in the form:

y(o) :1

y® =1+t

y@ = p N (d+0)""
1+p 1+p

t
y® =l+f(y(2’)pds
0

It is noted from Yy that Picard iteration mix up powers of t which make y™

being different from the nth partial sum of the power series.If p=2, then
y(O) =1= yo,
¢”:1+t:y¢+m’

3 t3

t
y? :1+t+t2+§= y0+yl+y2+§
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Notes

Since 2 Y%i(®) is a partial sum of the power series (1.13), we conclude that the
i0

Adomian method better approximates the exact power series solution compared to the
Picard method.

Problem 2

Consider the nonlinear differential equation,

d
d—’t'=2y—y2, y(0)=1 1.15

with the exact solution Yy(t) =1+ tanh(t)
t
By the ADM, we write (1.15) in the integral form y(t) =1+j(2y(s) - yz(s))ds and
0

compute the Adomian polynomials for f(y)=2y-y? in the form;
A =2Yo— Yo

A =2Y,-2YoY,

Ao =2y, =2YoY,— Vi

Ay =23 = 2(YoYs + YaY2)

Y

A4 = 2y4 _2(y0y4 + y1y3) - y22

Using (1.9) we determine few terms of the series;

-3 2t°
Yo=1 vy, =t vy,=0; Ys =37 Y, =0; T
2 2t°
Thus, y(t)=1+t——+——---=1+tanh(t
us, Y(t) AT (t)

By wusing Picard method, we write (1.15) in the integral form,
t

y"t :1+I(2y(”)(8) - (y(”)(s))z)d and we obtain the successive approximations in the form;
0

y(O) =1l=Yy,,

YO =let=yo+y,
3 tS

t
y®? Slttoo =Yt Nty — o

y(3) :1+t_i+2t_5_£:y +Yy,+Y,+Y +2t_5_£
3 15 63 ° 7t 7?2 7P 15 63
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We can equally see from y® and y® that Picard method mix up powers of t

which also make y® being different from the nth partial sum of the series.

[V. CONCLUSION AND DISCUSSION

In this paper, ADM has been successfully applied to finding the solutions of
nonlinear ODE. The obtained results are compared with those of Picard iterations
method. It is noted that the Picard method mixes up powers of the partial sum for the
exact solutions, while the Adomian series is equivalent to the power series in time and
Adomian method requires analyticity of f(t,y) ,which is more restrictive than the
Lipschitz condition required for the Picard method.The results show that ADM is a
powerful mathematical tool for solving nonlinear differential equations, and therefore, can
be widely applied in the field of science and engineering.
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