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with point of singularity, in which the underlying interpolant is a rational function.

 

This is in contrast with the classical 
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I.

 

Introduction

 
Authors like Lambert and Shaw (1965) [1, 15] considered a class of formulae

 

for 
the numerical

 

solution

 

of

 

      

𝑦𝑦 ′ = 𝑓𝑓(𝑥𝑥,𝑦𝑦);𝑦𝑦(𝑥𝑥) = 𝑦𝑦

                                                        

(1)

 

 

in which the underlying interpolant was a rational function, which was in contrast with 
the classical formulae. The numerical methods that resulted from the works of the above 
mentioned authors afforded an improved numerical solution which was closed to a 
singularity of the theoretical solution of (1), since they locally represented the numerical 
solution of (1) by an interpolant which

 

can possess a simple pole.

 
II.

 

DETERMINATION of

 

THE UNDETERMINED COEFFICIENTS

 
The Interpolant considered in this work is presented as:

 { }∑
=

∉++=
L

J

N
n

j
njn LNxAbxaxF

0
,...,2,1,0,||)(

                                 
(2)

 
 

where Aban ,,

 

and N are real, L is a positive integers.

 

Assuming that
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  nnnn yyxFxF −=− ++ 11 )()(

   

(3)

 Let 
)(if denotes the

 

thi total derivative of f(x,y) with respect to x such that

  
nnnn fyxfxF == ),()()1( and

        

  (4)

 )1()1()2( ),()( nnnn fyxfxF ==

          

(5)

 )1()1()( ),()( −− == m
nnn

m
n

m fyxfxF

       

  (6)

 It follows thus;
        

 [ ] [ ]∑
=

+++ +−++−=−
L

j

N
n

N
n

j
n

j
njnn xAxAbxxayy

0
111 )()(

                                            

(7)

 
The above expressions hold provided all the derivatives concerned exist.  
Elimination of the undetermined coefficients from (7) then gives the required algorithm: 

 
When L = 1 (i.e. the polynomial Pj (x) is linear) 

 
(8)

 

F ( ) ( )Nnnn xAbxaax +++= 10  
                                                              (9)

 

F ( ) ( )N
nnn xAbxaax 11101 +++ +++=                                       (10)

 

Let ( )nn xFy =
 
and ( )11 ++ = nn xFy

  
                                    (11)

 

⇒
 

F ( ) ( ) nnnn yyxFx −=− ++ 11 (12)

 

( ) ( ) ( )[ ]N
n

N
nnnnn xAxAbxxayy +−++−=− +++ 1111

                                               
(13)

 

( ) ( )[ ]N
n

N
nnn xAhxAbhayy +−+++=−+ 11                                           

(14)
 

Differentiate F ( ) ( )N
nnn xAbxaax +++= 10 to eliminate the undetermined coefficients

  

( )[ ]1
1

−+−= N
nn xANbfa

   
          (15)

 

2

)1(

))(1( −+−
= N

n

n

xANN
fb

  
           (16)

 

∑
=

+=+==
1

0
101100)(

j

j
jj xaaxaxaxaxP
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Therefore

                     )1(
2

1 11
)1(

)(
n

n

N

n

n
nnn f

xA
Nh

xA
h

NN
xAhfyy













+
−−








+

+
−

+
+=−+

   

Let us introduce

 ( )
( )n

n

xAN
xAN

+
+

 

to the third term in the bracket to have;

 

 

⇒  

( )
( )

( )
( )

( )( )
( )( )

( )1
22
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1

1 n
n

nnn
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NN
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⇒

 

( ) ( )

( ) 







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

+
−−


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1

  

(18)

 
When L=2 (i.e. the polynomial

 

( )xPj

 

is a quadratic):

 
( ) 2

210
2

2
1

1
0

0

2

0
xaxaaxaxaxaxaxP j

j
jj ++=++== ∑

=                             
(19)

 F ( ) ( )Nnnnn xAbxaxaax ++++= 2
210

 

                             

 

(20)

 By applying the above assumptions, one obtains the undetermined coefficients as;

 ( ) ( )

( )( )( )N
n

nn

xANNN
fxA

b
+−−

+
=

21

23

  
( ) ( )
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  ( ) ( ) ( )

( )
( ) ( )
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

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

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+
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232
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N
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Let us introduce
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to the third term in the bracket to have;
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Notes



 

 

 

    

 

 

To generalize this integrator, we let

 

  

 

F(x)

 

=

 

𝑎𝑎0 +

 

𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2 +

 

𝑎𝑎3𝑥𝑥3 + ⋯+ 𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛 + 𝑏𝑏(𝐴𝐴 + 𝑥𝑥)𝑁𝑁

                      

(25)

 
 

𝐹𝐹(𝑥𝑥𝑛𝑛) = 𝑎𝑎0 +

 

𝑎𝑎1𝑥𝑥𝑛𝑛1 + 𝑎𝑎2𝑥𝑥𝑛𝑛2 +

 

𝑎𝑎3𝑥𝑥𝑛𝑛3 + ⋯+ 𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛𝑛𝑛 + 𝑏𝑏(𝐴𝐴 + 𝑥𝑥𝑛𝑛)𝑁𝑁

                             

(26)

 

 

Let                                                          

 

(A+𝑥𝑥𝑛𝑛) = ∅𝑛𝑛𝑎𝑎𝑎𝑎𝑎𝑎(A + 𝑥𝑥𝑛𝑛+1) = 𝜙𝜙𝑛𝑛+1

                                                        

(27)

 

 

𝐹𝐹(𝑥𝑥𝑛𝑛) = 𝑎𝑎0 +

 

𝑎𝑎1𝑥𝑥𝑛𝑛 + 𝑎𝑎2𝑥𝑥𝑛𝑛2 +

 

𝑎𝑎3𝑥𝑥𝑛𝑛3 + ⋯+ 𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛𝑁𝑁 + 𝑏𝑏∅𝑛𝑛𝑁𝑁

                      

(28)

 

 

And

 

                              𝐹𝐹(𝑥𝑥𝑛𝑛+1) = 𝑎𝑎0 +

 

𝑎𝑎1𝑥𝑥𝑛𝑛1 + 𝑎𝑎2𝑥𝑥𝑛𝑛+1
2 + 𝑎𝑎3𝑥𝑥𝑛𝑛+1

3 + ⋯+ 𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+1
𝑛𝑛 + 𝑏𝑏∅𝑛𝑛+1

𝑁𝑁

                               

(27)

 

 

It follows (3) that

 

𝑦𝑦𝑛𝑛 =

 

𝑎𝑎0 + 𝑎𝑎1𝑥𝑥𝑛𝑛 + 𝑎𝑎2𝑥𝑥𝑛𝑛2 +

 

𝑎𝑎3𝑥𝑥𝑛𝑛3 + ⋯+ 𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛𝑛𝑛 + 𝑏𝑏[𝜙𝜙(𝑛𝑛)]𝑁𝑁

                              

(29)

 

And so

 

𝑦𝑦𝑛𝑛+1 =

 

𝑎𝑎0 + 𝑎𝑎1𝑥𝑥𝑛𝑛+1 + 𝑎𝑎2𝑥𝑥𝑛𝑛+1
2 + 𝑎𝑎3𝑥𝑥𝑛𝑛+1

3 + ⋯+ 𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛+1
𝑛𝑛 + 𝑏𝑏[𝜙𝜙(𝑥𝑥𝑛𝑛+1)]𝑁𝑁

               

(30)

 

Subtraction equation (29) from (30) we have

 

𝑦𝑦𝑛𝑛+1 =

 

𝑦𝑦𝑛𝑛 + 𝑎𝑎1(𝑥𝑥𝑛𝑛+1 − 𝑥𝑥𝑛𝑛) + 𝑎𝑎2(𝑥𝑥𝑛𝑛+1
2 − 𝑥𝑥𝑛𝑛

 
 

2)+. . . +𝑎𝑎𝑛𝑛(𝑥𝑥𝑛𝑛+1
𝑖𝑖 − 𝑥𝑥𝑛𝑛𝑖𝑖 ) + 𝑏𝑏[𝜙𝜙(𝑥𝑥𝑛𝑛+1)]𝑁𝑁 − [𝜙𝜙(𝑥𝑥𝑛𝑛)]𝑁𝑁

           

(31)

 

Since the mesh size is defined as 𝑥𝑥𝑡𝑡 = 𝑎𝑎 + 𝑡𝑡ℎ

 

and Continuing unto𝑥𝑥𝑡𝑡𝑛𝑛 ;

 

𝑥𝑥𝑡𝑡𝑛𝑛 = (𝑎𝑎 + 𝑡𝑡ℎ)𝑛𝑛𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢

 

We obtain

 

A New Self-Adjusting Numerical Integrator for the Numerical Solutions of Ordinary Differential 
Equations

  
   
 

28

    
 

20
12

  
G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
II

Is
su

e 
  
  
  
er

sio
n

I
V

X
I

  
 F
)

)

    
 Ye

a r

𝑥𝑥𝑡𝑡+1
𝑛𝑛 − 𝑥𝑥𝑡𝑡𝑛𝑛= 𝑛𝑛𝑎𝑎𝑛𝑛−1ℎ + 𝑛𝑛(𝑛𝑛 − 1)𝑎𝑎𝑛𝑛−2𝑡𝑡ℎ2 +

𝑛𝑛(𝑛𝑛 − 1)𝑎𝑎𝑛𝑛−2ℎ2

2!
+

3𝑛𝑛(𝑛𝑛 − 1)(𝑛𝑛 − 2)𝑎𝑎𝑛𝑛−3𝑡𝑡3ℎ2

3!
+

3𝑛𝑛(𝑛𝑛 − 1)(𝑛𝑛 − 2)𝑎𝑎𝑛𝑛−3𝑡𝑡ℎ3

3!

+
(𝑛𝑛 − 1)(𝑛𝑛 − 2)𝑎𝑎𝑛𝑛−3ℎ3

3!
(36)

Thus, one obtains:

𝑦𝑦𝑡𝑡+1 − 𝑦𝑦𝑡𝑡 = 𝑎𝑎0 + 𝑎𝑎1 ℎ + 𝑎𝑎2 �2𝑎𝑎ℎ + ℎ 2( 1 + 2𝑡𝑡)�

+𝑎𝑎3 (3𝑎𝑎2ℎ + 3𝑎𝑎2ℎ ( 1 + 2𝑡𝑡) + ℎ 3 (3𝑡𝑡3 + 3𝑡𝑡 + 1)) + ⋯+ 𝑎𝑎𝑛𝑛(𝑥𝑥𝑡𝑡+1
𝑛𝑛 − 𝑥𝑥𝑡𝑡𝑛𝑛) (37)

Also with the generalized interpolant;

𝐹𝐹(𝑥𝑥𝑡𝑡) = 𝑎𝑎0 + 𝑎𝑎1𝑥𝑥𝑡𝑡 + 𝑎𝑎2𝑥𝑥𝑡𝑡2 + 𝑎𝑎3𝑥𝑥𝑡𝑡3 + ⋯+ 𝑎𝑎𝑛𝑛𝑥𝑥𝑡𝑡𝑛𝑛 + 𝑏𝑏[𝜙𝜙(𝑥𝑥𝑡𝑡)]𝑁𝑁 (38)
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This can be written as;

 

𝐹𝐹(𝑥𝑥) = �𝑎𝑎𝑖𝑖

𝑛𝑛

𝑖𝑖=0

𝑥𝑥𝑡𝑡𝑖𝑖 + 𝑏𝑏[𝜙𝜙(𝑥𝑥𝑡𝑡)]𝑁𝑁

                                                                                            

(39)

 

By differentiating 6.1.29 nth times, one obtains;

  

𝐹𝐹

 

1(𝑥𝑥𝑡𝑡) = 𝑎𝑎1 + 2𝑎𝑎2𝑥𝑥2𝑡𝑡
2 +

 

3𝑎𝑎3𝑥𝑥𝑡𝑡2 + ⋯+ 𝑛𝑛

 

𝑎𝑎𝑛𝑛𝑥𝑥𝑡𝑡𝑛𝑛−1 + 𝑏𝑏𝑁𝑁[𝜙𝜙(𝑥𝑥𝑡𝑡)]𝑁𝑁−1 =

  

𝑓𝑓𝑡𝑡

                         

(40)

  

.                                                    .                                                             .

 

.                                                    .                                                             .

 

.                                                    .                                                             .

 

𝐹𝐹(𝑛𝑛−1)

 

= (𝑛𝑛 − 1)!𝑎𝑎𝑛𝑛−1 + 𝑛𝑛!

 

𝑎𝑎𝑛𝑛

 

𝑥𝑥𝑡𝑡 + ⋯+ 𝑛𝑛(𝑛𝑛 − 1)(𝑛𝑛 − 2) …

 

(𝑛𝑛 − [(𝑛𝑛 − 1) − 1])𝑎𝑎𝑛𝑛𝑥𝑥𝑡𝑡
𝑛𝑛−(𝑛𝑛−1)

 

+𝑏𝑏𝑁𝑁

 

(𝑁𝑁 − 1)(𝑁𝑁 − 2)

 

…

 

(𝑁𝑁 − [(𝑛𝑛 − 1) − 1])

 

𝜙𝜙

 

(𝑥𝑥𝑡𝑡)𝑁𝑁−(𝑛𝑛−1) =

  

𝑓𝑓𝑡𝑡
(𝑛𝑛−1)−1

                                                                                        

(41)

 
 

𝐹𝐹

 

𝑛𝑛

 

= 𝑛𝑛!𝑎𝑎𝑛𝑛 + 𝑏𝑏𝑁𝑁

 

(𝑁𝑁 − 1)(𝑁𝑁 − 2)

 

…

 

(𝑁𝑁 − [(𝑛𝑛 − 1) − 1])

 

𝜙𝜙

 

(𝑥𝑥𝑡𝑡)𝑁𝑁−𝑛𝑛 =

 

𝑓𝑓𝑡𝑡
(𝑛𝑛−1)−1

                                                                     

(42)

  
 

𝐹𝐹

 

𝑛𝑛 = 𝑛𝑛(𝑛𝑛 + 1)(𝑛𝑛 − 2) …

 

(𝑛𝑛 − [(𝑛𝑛 − 1)]) 𝑎𝑎𝑛𝑛

  

+ ⋯

 

+𝑏𝑏𝑁𝑁

 

(𝑁𝑁 − 1)(𝑁𝑁 − 2)

 

…

 

(𝑁𝑁 − 𝑛𝑛)

 

𝜙𝜙

 

(𝑥𝑥𝑡𝑡)𝑁𝑁−(𝑛𝑛+1) =

  

𝑓𝑓𝑡𝑡
(𝑛𝑛−1)−1

                                                                                                

(43)

 

𝑓𝑓𝑡𝑡

 

(𝑛𝑛) = 𝑏𝑏𝑁𝑁

 

(𝑁𝑁 − 1)(𝑁𝑁 − 2)(𝑁𝑁 − 3)

 

…

 

(𝑁𝑁 − 𝑛𝑛)[𝐴𝐴 + 𝑥𝑥𝑡𝑡]𝑁𝑁−(𝑛𝑛+1)

                                    

(44)

 

Thus, the undetermined coefficients are obtained asfollows:

 

𝑏𝑏

  

=
[𝐴𝐴 + 𝑥𝑥𝑡𝑡]𝑛𝑛+1𝑓𝑓𝑡𝑡

 

(𝑛𝑛)

𝑁𝑁

 

(𝑁𝑁 − 1)(𝑁𝑁 − 2)(𝑁𝑁 − 3)

 

…

 

(𝑁𝑁 − 𝑛𝑛)[𝐴𝐴 + 𝑥𝑥𝑡𝑡]𝑁𝑁

                                        

(45)

  

𝑎𝑎𝑛𝑛 =
1
𝑛𝑛! �𝑓𝑓𝑡𝑡

(𝑛𝑛−1)

 

−
[𝐴𝐴 + 𝑥𝑥𝑡𝑡]
(𝑁𝑁 − 𝑛𝑛) 𝑓𝑓𝑡𝑡

 

(𝑛𝑛)�

                                                                                       

(46)

 

𝑎𝑎𝑛𝑛−1

   

=
1

(𝑛𝑛 − 1)!

 

�𝑓𝑓𝑡𝑡

 

(𝑛𝑛−2)

 

−

 

𝑥𝑥𝑡𝑡𝑓𝑓𝑡𝑡
(𝑛𝑛−1) −

  

�
(𝑁𝑁 − 𝑛𝑛 + 2)(𝐴𝐴+𝑥𝑥𝑡𝑡)2

(𝑁𝑁 − 𝑛𝑛)(𝑁𝑁 − (𝑛𝑛 − 1) −

 

𝑥𝑥𝑡𝑡(𝐴𝐴 +

 

𝑥𝑥𝑡𝑡)
(𝑁𝑁 − 𝑛𝑛) � 𝑓𝑓𝑡𝑡

 

(𝑛𝑛)�

                    

(47)

  

 

𝑎𝑎𝑛𝑛−2 =
1

(𝑛𝑛 − 2)!
⎣
⎢
⎢
⎢
⎡ 𝑓𝑓𝑡𝑡

(𝑛𝑛−3) − 𝑥𝑥𝑡𝑡

  

𝑓𝑓𝑡𝑡
(𝑛𝑛−2) + 𝑥𝑥𝑡𝑡2𝑓𝑓𝑡𝑡

(𝑛𝑛−1)

+𝑓𝑓𝑡𝑡
(𝑛𝑛) �

𝑥𝑥𝑡𝑡

 

(𝐴𝐴 +

 

𝑥𝑥𝑡𝑡)2

(𝑁𝑁 − (𝑛𝑛 − 1))(𝑁𝑁 − 𝑛𝑛) −

  

𝑥𝑥𝑡𝑡

 

2(𝐴𝐴 +

 

𝑥𝑥𝑡𝑡)
(𝑁𝑁 − 𝑛𝑛)

 

(𝐴𝐴 +

 

𝑥𝑥𝑡𝑡)3

(𝑁𝑁 − (𝑛𝑛 − 2))

 

(𝑁𝑁 − (𝑛𝑛 − 1))(𝑁𝑁 − 𝑛𝑛)�⎦
⎥
⎥
⎥
⎤

              

(48)

 

.                                                               .                                                          .

 

.                                                               .                                                          .
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𝑎𝑎5 =
1

5! �
𝑓𝑓𝑡𝑡

(4) − 720 𝑎𝑎6𝑥𝑥𝑡𝑡 −⋯− 𝑛𝑛(𝑛𝑛 − 1) … (𝑛𝑛 − 4)𝑎𝑎𝑛𝑛 𝑥𝑥𝑛𝑛−5

−𝑏𝑏𝑁𝑁(𝑁𝑁 − 1) … (𝑛𝑛 − 4)[𝐴𝐴 + 𝑥𝑥𝑡𝑡]𝑁𝑁−5 � (49)

Notes



 

 

 
                                        

 

𝑎𝑎4 =
1

4!

 

�𝑓𝑓𝑡𝑡
(3) − 120

 

𝑎𝑎5𝑥𝑥𝑡𝑡 − ⋯− 𝑛𝑛(𝑛𝑛 − 1) … (𝑛𝑛 − 4)𝑎𝑎𝑛𝑛

 

𝑥𝑥𝑛𝑛−4

−𝑏𝑏𝑁𝑁(𝑁𝑁 − 1) … (𝑁𝑁 − 3)[𝐴𝐴 + 𝑥𝑥𝑡𝑡]𝑁𝑁−4
�

                                      

(50)

 𝑎𝑎3 =
1
3! �

𝑓𝑓𝑡𝑡
(2) − 24

 

𝑎𝑎4𝑥𝑥𝑡𝑡 − ⋯−

 

𝑛𝑛

 

(𝑛𝑛 − 1)(𝑛𝑛 − 2)𝑎𝑎𝑛𝑛

 

𝑥𝑥𝑛𝑛−3

−𝑏𝑏𝑁𝑁

 

(𝑁𝑁 − 1)(𝑁𝑁 − 2)[𝐴𝐴 + 𝑥𝑥𝑡𝑡]𝑁𝑁−3 �

                                              

(51)

 𝑎𝑎2 =
1

2!

 

�𝑓𝑓𝑡𝑡

 

(1) −

 

6

 

𝑎𝑎3𝑥𝑥𝑡𝑡 − ⋯−

 

𝑛𝑛

 

(𝑛𝑛 − 1)𝑎𝑎𝑛𝑛

 

𝑥𝑥𝑡𝑡𝑛𝑛−2 −

 

𝑏𝑏𝑁𝑁

 

(𝑁𝑁 − 1)[𝐴𝐴 + 𝑥𝑥𝑡𝑡]𝑁𝑁−2�

                      

(52)

 

 

𝑎𝑎1 =

 

[𝑓𝑓𝑡𝑡 −

 

2𝑎𝑎2𝑥𝑥𝑡𝑡 − 3𝑎𝑎3

 

𝑥𝑥𝑡𝑡2 −⋯−

 

𝑛𝑛

 

𝑎𝑎𝑛𝑛

 

𝑥𝑥𝑡𝑡𝑛𝑛−1 −

 

𝑏𝑏𝑁𝑁

 

[𝐴𝐴 + 𝑥𝑥𝑡𝑡]𝑁𝑁−1]

                                    

(53)

 In all, by substituting the undetermined coefficients appropriately, one obtains;

 ( ) ( )



















+

−
−−








+

+
+

+=− ∑∑
=

=

−
−

=
+
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K n

N
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L
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L

L
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L

K

k

nn XA
h

K
K
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hf
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f

k
hyy

1

1
1

1
1 !

111
! α

 

Prove of Convergence for the Scheme

 According to Henrici (1962): we define any algorithm for solving a 
differentialequation in which the approximation yt+1

 
to the solution at the xt+1

 
can be 

calculated if only xt, yt

 
and h are known as a ONE-STEP METHOD. We proceed to 

establish that our numerical algorithm is
 

one step methods. From (2), the numerical 

integrator generated is given by (). If we expand

N

nxA
h



















+

+1
 

by binomial expansion 

and taking 𝑁𝑁
 

as a real, we shall have

 

= ℎ �
1
ℎ

+
𝑁𝑁

𝐴𝐴 + 𝑥𝑥𝑛𝑛
+ �

𝑁𝑁!
(𝑁𝑁 − (𝑖𝑖 + 1))!

�
ℎ𝑖𝑖

(𝑖𝑖 + 1)! (𝐴𝐴 + 𝑥𝑥𝑛𝑛)(𝑖𝑖+1)�
∞

𝑖𝑖=1

�
 

This implies      𝑦𝑦𝑛𝑛+1 += ny h� ( )







 −

=

−

∑ 1

1

1

!
k

n

L

K

K

f
K

h
+ (𝐴𝐴+𝑥𝑥𝑛𝑛 )

∝𝐿𝐿
𝑁𝑁 𝑓𝑓𝑛𝑛

(𝐿𝐿) � 𝑁𝑁
𝐴𝐴+𝑥𝑥𝑛𝑛

+ 𝛽𝛽
( )∑

=

−










+
Ψ−

L

K
K

K

xA
h

1

1 ��     (56)
 
 

Thus                        ( )( )








++= ∑
=

−
+

L

k

L
n

k
nnn fGfhyy

1

)1(
1 γ

     
(57)

 

( )hyxhyy nnnn ;,1 θ+=+

 
                                                                    (58)

 

( ) ( ) ( )
( )( )∑

=

− +=
L

k

L
yx

k
yxnn nnnn

fGfhyx
1

,
)1(

,;, γφ  

                                                          
(59)

 

where

 

!

1

K
hG

K−

=

 

; ( )
( ) ( ) 




















+
Ψ−+











+

+
= ∑

=

−L

K
K

K

n
N
L

n

xA
h

xA
NxA

1

1

1

1 ! β
α

γ

 

;
!
1

K

N
K−=Ψ

α ;𝛽𝛽 = ∑ 𝑁𝑁!
�𝑁𝑁−(𝑖𝑖+1)�!

� ℎ𝑖𝑖

(𝑖𝑖+1)!(𝐴𝐴+𝑥𝑥𝑛𝑛 )(𝑖𝑖+1)�∞
𝑖𝑖=1
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where );,( hyx ttϑ is called the increment function. 
  

To derive A(n) and N(n), we make use of the Taylor series expansion of  (55). This 
gives the following expression for the truncation error:  

)(. 11 ++ −= nn xyyET                                         (63) 

∑
∞

=

++−−
−+

+++
+−=

1

1
)(

1
1)(

)!1(
]

)(
[.

q

qL
L

nq
n

LN
qqL

n qL
hf

xA
fET

α                                     (64) 

)(
1

1)(

)(
L

nq
n

LN
qqL

nq f
xA

fT
+

+−=
−−

−+ α  

The values of the parameters A(n) and N(n) are now chosen to satisfy 
 

021 == TT  

So that : 

0
)(

. )(
0

1
0)1(

1 =
+

+−=
−−

+ L
n

n

LN
L

n f
xA

fET
α

 
                               (65)

 

  0
)(

. )(
2

1
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n

n
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L

n f
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fET α
  

   
 

(66)
 

0
)(

)(
1

)(1
0

)1(1

=
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++− −−+

n

l
n

LNL
nn

xA
ffxA α   

                              
(67)

 

It can be shown that;

     
 

)(1
0
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L
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)1(

)(1
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L
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(70)

 

From the above, one obtains;
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L
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L
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L
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L
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Derivationofthelocation andnatureofthepointofsingularity

Notes



 

This result to;  

[ ]
[ ])2()(2)1(

)2()(2)1()2()(2)1(

)(
)()(
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++++ −+−
= L

n
L
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L
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L
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L
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L
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L
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L
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fff
ffffffL
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(75)  
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+

+= L
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L
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L
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L
n

fff
f

LnN
                                               

(76)
 

Substitude (76) into (69) to obtain the value of A(n) as follow:  

[ ] [ ]
[ ] )1(
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)2()(2)1(

2)1(

1
)(

)(
1)( +++

+



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L
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L
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L
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L
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L
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L
fff
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)(
)( ++

+

−
−=− L

n
L

n
L

n

L
n

L
n

n fff
ff

xnA
                                 

(78)
 

In the above derivation,N(n) is the nature of singularity and A(n) is the location 
of singularity.  

III.  Convergence Theorem  

Let the function Φ(x,y;h) be continuous (jointly as a function of its three 

arguments) in the region defined by  x 𝑥𝑥𝑥𝑥[𝑎𝑎, 𝑏𝑏], y є  (a,x)  0<h<h0, where h0>0, and let 
there exist a constant L such that   

,*);,()*;,( yyLhyxhyx −≤Φ−Φ                                  (79)  

for all (x,y;h) and (x,y*;h) in the region just defined. Then the relation   

),()0;,( yxfyx =Φ is a necessary and sufficient condition for theconvergence of the method 

defined by the incrementfunction, Φ. With the  increment function deducted from the 
formula or scheme.  
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 Let yt
 

be defined as a point in the interior of the interval whose endpoints are y 
and y*, if we apply

 
the mean value, we have

 

)(
),(

),(),( **
nn

n

n
nnnn yy

y
yxf

yxfyxf −
∂

∂
=− , )(

),(
),(),( *

)1(
)1(*)1(

nn
n

n
nnnn yy

y
yxf

yxfyxf −
∂

∂
=− ,…,

( ) ( )
( ) ( )nn

n

L
yxL

yx
L

yx yy
y

f
ff n

nnnn
−

∂
∂

=− *
)(
,)(

,
)(
, * And ( ) ( )

( ) ( )nn
n

k
yxk

yx
k

yx yy
y

f
ff n

nnnn
−

∂
∂

=−
−

−− *
)1(

,)1(
,

)1(
, *  

              (84)
 

If we defined  
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Put equations
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Taking the absolute value of both sides, we have    
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which is the condition for convergence.
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(100)

 

V.

 

Conclusion

 

 

If in (2), the parameter A is regarded as undetermined coefficients and eliminated 

in the same way as b and ),...1,0( Lpa p = , another class of formulae would emerge, which 

is given as:

 
 

𝑦𝑦𝑛𝑛+1 − 𝑦𝑦𝑛𝑛 =

 

ℎ𝑓𝑓𝑛𝑛+1
(𝑁𝑁 (𝑁𝑁−1))⁄ −𝑓𝑓𝑛𝑛

(𝑁𝑁 (𝑁𝑁−1))⁄

𝑁𝑁𝑓𝑓𝑛𝑛+1
(1 (𝑁𝑁−1))⁄ −𝑓𝑓𝑛𝑛

(1 (𝑁𝑁−1))⁄

  

,𝑁𝑁 ≠ 0

  

   

 

     (60)

 

This shall be used to construct a subroutine called GENFOR, which shall be able 
to jump the point of singularity.

 

Ibijola, et (2004) constructed a one-step method, which was based on the non-linear 
interpolant:

 
 

𝐹𝐹(𝑥𝑥) =
𝐶𝐶

1 + 𝑎𝑎𝑒𝑒𝜆𝜆𝜆𝜆

  

,

                                                                             

(61)

 
 

where C and a are real constants.

 
 

The resulting integrator is:

 
 

𝑦𝑦𝑛𝑛+1 =
𝜆𝜆𝑦𝑦𝑛𝑛2

𝜆𝜆𝑦𝑦𝑛𝑛 + (𝑒𝑒𝜆𝜆𝜆𝜆 − 1)ℎ𝑦𝑦𝑛𝑛′
.

                                                               

(62)

 

This is capable of skipping the point of singularity if the mesh size is carefully 

selected. This scheme can’t give any information concerning the location and nature of 
singularity. However, it will be used for the construction of another subroutine called 
GENDOR, which could  be preferred where GENFOR might not be strong enough to give 
a better approximation, hereafter, the programme retunes to (55) for a continuation after 
the point of singularity.
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