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Abstract - The aim of the present paper is to derive a new Integral formulae's for the H-function due to Inayat-Hussain
whose based upon some integral formulae due to Qureshi et.al. The results are obtained in a compact form containing
the multivariable Polynomials.

Keywords : H -function, general class of polynomials, generalized wright hypergeometric function.

[ [INTRODUCTION

In 1987, Inayat-Hussain [1, 2] introduced generalization form of Fox’s H-function,
which is popularly known as H-function. Now H -function stands on fairly firm footing
through the research contributions of various authors [1-3, 9, 10, 13-15].

H -function is defined and represented in the following manner [10].

(aJ A )m ’(ai’ai )Mp

(bj'ﬂ'?Bi )1_m’(bwﬂj)

Hoo [z]= Hoa | 2

zzimjsz(}(g)dg (z20) (1.1)

m+1qg

where

ﬁl‘(bl —ﬂjf)ﬁ{r(‘] —aj +aJ§)}AJ
4(&)=—4 B (1.2)

[Tr6-b+ s [[ e, —ag)

j=m+1 j=n+1

It may be noted that the ¢(&) contains fractional powers of some of the gamma

function and mn,p,q are integers such that 1<m<gi<n<p (a, )w’(ﬂ/) are positive real

19
numbers and (4,) (5, )Wmmay take non-integer values, which we assume to be positive

for standardization purpose. (a, )w and (B )m are complex numbers.

The nature of contour’, sufficient conditions of convergence of defining integral
(1.1) and other details about the H-function can be seen in the papers [9, 10].
The behavior of the H-function for small values of |z| follows easily from a result
given by Rathie [3]:
Hon [z]=0(|z|”); Where
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1</<m

b,
a= mmRe[ J|z|—>0 (1.3)
a/

q
Q= Z|B|+Z|b5| Z| Al=D 1A 1>0,0< z|<o (1.4)

J=m+1 J=n+1

The following function which follows as special cases of the H-function will be required in
the sequel [9]

— (a/.,a/;A/ )w —ip (1_8/"“/;/4/ )w
pl//q Hpq-ﬂ —Z (15)
(b/"b)';B/),q (0’1)’(1_[9/’#;5/)1@
The general class of multivariable polynomials is defined by Srivastava and Garg [7]:
Py Bk <L Xho xk
SH XX, ] = (<L), . ALKy k) o (1.6)
Kyvdy =0 et Iy k! k|

Where h,..,h, —are arbitrary positive integers and the coefficients A(Lk,...k,),

(L;h eN;i=1..,r) are arbitrary constant, real or complex.

Evidently the case r=1 of the polynomials (1.6)

Would correspond to the polynomials given by Srivastava [5]

Sf[x]:[%]%ﬂkxk {LeN=(012..)} (1.7)

k=0

Where h is arbitrary positive integers and the coefficient A ,(L,k>0) are arbitrary

constant, real or complex.
The following formulas [11 , p.77, Ens. (3.1), (3.2) & (3.3)] will be required in our

investigation.

w 2 P
J (a)H_QJ +c dx = Nz — F('O+1/2), (a>0b>0c+4ab>0Re(p)+1/2>0) (1.8)
2 X 2a(4ab+c)”"* T(p+1)

% > 1 Jz T(p+1/2)
— - >0,6> 0, +4ab>ORe(p)+1/2 .
J;x2 l:(ax+ ) c} ax Db Tped) (a=0b>0,c+4ab>0Re(p)+1/2>0) (1.9)

o 2 s
J(a+£zj [a,\ur_j te|  ox= x 1 r('OH/Z), (a>0,b>0,c+4ab>0Re(p)+1/2>0)
) (4ab+c)"™"? T(p+1) (1.10)

[I.  MAIN INTEGRAL FORMULAE'S

2
Let X stands for (3X+9j +cC
X
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First Integral Formulae:

K

hki+..+hk, <L 1 g
Jr ALk, e )—C %

T oz -L
2a(4ab + 0)77”/2 Py ( )h1k1+...+ﬁ,k,

d

Notes

¢ /‘/p+1t/77+1 z 4é¥b + C) g
2,r|f (V2-n+oz+ X k8.01)(0,.8:8), (b,

"(4ab+c)" k! (4ab+c)"”

(8/-,0(/ ;A/ )1,/7 ’(a/ G )n+1,p ’(_'7 +od+ z;ﬂ k/é‘/’pﬂ)
'ﬂ/)

The above result will be converging under the following conditions:

(l)a>0b>0c+4ab>0and >0 200>0,,0>0

o' b 1
II + o minRe + pminRe <—
( ) 77 1</j<M {ﬂ/} '0</<m {ﬂ/} 2

(I11) |argz|<%er, where Qis given by equation (1.4)

Second Integral Formulae:

k|

(4ab+c)’ ae

m+1g

(2.1)
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% 4 )(%fshwh,[c)(g1 CXé, Hgg X (alj‘all';A‘/)va’(al/"al/)/\/ﬂp H | 2X (a/ a /)m,(a/,a/)mp ”
2 L L r ’ | ) | | pa .
o X (b/'ﬂ /"B/’)1,M’(b/"'3/)/w+1,o (b"ﬂ/'B/ )1m'(b/ 'B/ mlg
\ﬁ Pkt Ak, <L C/q Ck,
= — -L A(Lk,. K ! L
2b(4ab+c) " Fo e ’)(4ab+c)k“* k! (4ab+c)" k!
a,a Al la,a , —77+(7§+Z:: k0, p1
5 ,J #(& Hp+1q+1 z(4ab+c) S /)1’” ( /r /)M’o ( 1 ) (4ab+c)” de
7! (1 j2-n+oe+Y ks, p;1),(b/, BB, (b.B),..
(2.2)
The above result will be converging under the following conditions:
(I) a=0b6>0c+4ab>0and 7>06 >006>0,p>0
b, b,
(II)  —n+o minRe| =~ |+ p minRe| -~ <1
1<j<M ﬁ/ 1<j<m ﬂ/ 2
(II1) |argz|<%§27z, where Qis given by equation (1.4)
Third Integral Formulae: ]
. LA Cal aA) (a.«a
j[a+£]X IS e X0 e X Hea | X (@0 A (2 ) ool o )8 ), o
0 X (b/"ﬂ/;B/)mM’(b/’ﬂ/)Mno b/,ﬂ/;B/)1m,(b/,,B/ m+1g
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hky+..+hk <L K K,
%72. Wt AT, 01 Cf/

S L — -L A(Lk,. k.
(4ab+o)y™"? | T (L ons AL ) (4ab+c)" k! (4ab+c)™ k|

(@a:4), (a4, (-n+0e+ X kd.0)

(4ab + 0)5” a¢
(1/2—77+aa:+Z/.ﬂk,d,p;1),(b/.,,6‘/;5’/)Lm,(b/,ﬂ/)

5 'j¢ Hp+1q+1 Z 4ab+0)
T

m+1q

(2.3)
The above result will be converging under the following conditions:

(I) a>0b>0c+4ab>0and 7>08 >006>0,,0>0

1</<M 1<j<m

b' b, 1

II —17+0 min Re +pmin Re <—

( ) {ﬂ/J {'B/J 2
(III) |argz|<%Q;z, where Qis given by equation (1.4)

Proof: To prove the first integral, we first express H -function occurring on the
L.H.S. of equation (2.1) in terms of Mellin-Barnes type of contour integral given by

equation (1.1) and general class of multivariable polynomials S/ [x,,...x,] in series form
with the help of (1.6) and then interchanging the order of integration and summation.

We get:

r .
—q+6§+p§+zlz]k/(), -1

b+t he <L ch ck, 1 - ‘- o b\
-L ALk, ..k — — ¢ — ax |déd
@%“:o (“L)isoni. Al )/ﬂ- ; 27”.[¢(§)2m.!¢(§)z Maﬂxj +c} w |agae
(2.4)
Further using the result (1.8) the above integral becomes
ikt Ak, <L choof 1 .
—-L ALk, .k ). ———
P ( )/71/(1+..+h,k, ( " f) /(1| kr| o) _!.¢(§)
: [e(¢)Z = r(n-o0f-ps -3 ks +1/2) e
ol K4 T ;
2nly 2&(4ab+c)"'”§'”§'2/:‘k/b’ weer (77 —oE—pS =Y kS, +1)
(2.5)

Then interpreting with the help of (1.1) and (2.5) provides first integral.
Proceeding on the same parallel lines, integral second and third given by equation
(2.2) and (2.3) can be easily obtained by using the results (1.9) and (1.10) respectively.

[TI.  SPECIAL CASES
(3.1) If we put A', =B', = A =B, =1, H-function reduces to Fox’s H-function [6,

p. 10, Eqn. (2.1.1)], then the equations (2.1), (2.2) and (2.3) take the following form.
(a/,a.)

Y o
b.5,)

I Mg

'[qu—TSZH ----- hr [01)(51 ,,,,, C,Xﬁ, ]H/i{b/v l:XJ

0
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p+1g+1

27[|j (E)VHI | z(4ab+c)’
(3.1.1)

ity ke <L K K
\/; 1 A(L’/(1,/(,) 011 C,

S L A— L . :
2b(4ab+c)y"? T, s (4ab+c)" k! (4ab+c)" k!

(a/,a/ )m ’(_77 roE+d /(/5/’0)

.[ (E)HI | z(4ab+c)” ) (4ab+c)” ae
erl’t o (1/2-77+a§+z/ﬂk,a,,,p),(b/.,ﬂ,)m 5.1
K (al/ I/' )1P (a/ & 1
j [ ]X TSI e X e XU x| T T H 20 7 lax
0 X ] s J )1,0 (b/ 'ﬂ/ 19

\/; Pkt A0k <L ck o
S L — -L ALk, .k LN -
(4ab+c)™*  Fao (e Al K) (4ab+c)™ k! (4ab+c)"™ k.|
a;,a; ) _77+O-§+z:: /(/5/lp

2;z|.[ $(E)HI | z(4ab+c) (@ /)w ( 1 ) (4ab+c)” d&

(1/2—77+G§+Z;:1k/'5/"p)‘(b/"3/)w,q (3 1 3)

The conditions of convergence of (3.1.1), (3.1.2) and (3.1.3) can be easily obtained
from those of (2.1), (2.2) and (2.3) respectively.

Further If we put A =8'=A =8 =1a',=p,=a, = =1, then the H-function
reduces to general type of G-function [12], which is also the new special case.

(3.2) If we putn=p m=1g=g+1b6=0p=1a =1-a, b =1-b,, then the H-
function reduces to generalized wright hypergeometric function [9] i.e.
(1—8/,05/;,4/ )1,,0
(01).(1-5,8:8,),,

take the following form.

Hpq+1

Lo A
_ - (a2 /)W;_Z , the equations (2.1), (2.2) and (2.3)
’ (b/'ﬂ/;B/)
g

P _zX ”]dx

(a/,a/;A/)w,(a/,a/)NHP] _ {(a o '/4/)
v,

(6.8:8),(0.8)) (6,88

M+1.Q
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! (1/2—77+of+ZM/(,5,,/);1),([7/,,3/;5’/ ).,
(3.2.2)
T(a_{_%j)(_nqsﬁwn [01)(51 ..... C,Xg' ]/T/gg X° (al/"al/;AI/LN’(al/’al/-)Nﬂ,P p';q (a/'a/ﬂ;A/)w‘p;_ZXp ax
0 X (bl/'ﬂl/;Bl/ )W ’(bl/’ﬂlf )M+1,0 (b/"B/‘ /g

hki+..+hk, <L Ky K,
_LW (~L) ALk, K, R -
(4ab+c)™™ T e (4ab+c)™ k! (4ab+c)™ k!
: _ | (@A), (e k000

—z(4ab+c)’ |(4ab+ c)i’:“ aé

_J‘L&(‘f) p+1l//q+1 P
o7l (112-n+0s+3 k8.01),(6,8:8),, (3.23)

The conditions of convergence of (3.2.1), (3.2.2) and (3.2.3) can be easily obtained
from those of (2.1), (2.2) and (2.3) respectively.

(3.3) If we put r=1 the general class of multivariable polynomials given by
Srivastava and Garg [7] reduces to the polynomials given by Srivastava [5], the equations
(2.1), (2.2) and (2.3) take the following form:

(all"alf;AI/ )1,/v ’(al/’alf )/\/+1,P /T/Z; ZXP (
(blf’ﬁlf;BI/ )w/ ’(bl/’ﬂl/ )M+1,o
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Notes

(3:04), (2, (00 s k)

H +1 +1 4 b
2”"[ ¢ p q |:Z a +C) (1/2—7]4—0’5+/(151,p;1):(b/:ﬁ/;5/)1‘,77’(b/’ﬂ/)

}(43[9 +0)7 d¢

m+1g

(3.3.1)

j X8 e X Heo {X"

O

|” I‘;AI‘ , I,, \‘ . ;
(a/ a/ /)1,/\/ (a/ a/)/\/+1‘P HZ; ZX7 (
(blf’ﬂI/;BI/)W‘M’(bl/’ﬂlv) (b

Jz (LA) (_L)mk. A ¢
2b(4ab ey S k) (4ab+c)™

a.,a Al la, a. (—n+ &+ ko, p1
2”|.[ #(& Hp+1q+1 z(4ab+c) ( e /)1’" ( ’ a/.)"”‘p ( 77 o+ ki) (4ab+c)” d&
(1/2-n+at+k6,p1).(5,8:8,), .(6,.8),..
(3.3.2)
T(a+£j){”‘8ﬁ[cx*]ﬁm e AL ) W 5 i) lae) |
2 1 ! | VLo \ \ .
0 X (b/'ﬂ/'B/ )LM’(b/'ﬂ/)Mna “ (b/"ﬂ/'B/ )w,(b/,,[)’/ )mng
B Jz (wim (~L) i Aok cl
(4ab+o)? k! (4ab+c)k‘5‘
. a,a;A) la,a (-n+oé+ k0o, p;l
2ﬁ|j #(& Hp+11q+1 z(4ab+c)’ ( " /)1’" ( ! a/.)"“'p ( 77 o2 ki) (4ab+c)§”d.§
(1/2=n+o5+ke,p0).(6,.8:5), (6,.8),...
(3.3.3)

The conditions of convergence of (3.3.1), (3.3.2) and (3.3.3) can be easily obtained
from those of (2.1), (2.2) and (2.3) respectively.

(3.4) By applying the our results given in (3.3.1), (3.3.2) and (3.3.3) to the case of

Hermite polynomials 8] by setting S?[x]=x"""H, { 1 }n which
2x

L=nh=2A 5 = (—1)/(1 , we have the following interesting results:

](i)(ﬂﬁ1 (C X51 )/7/2 H 1 /T//l:é\/ X° (all’all;AI/ )1,/v ,(a'/’a'/ )NHP H ZXP (a/ ,(Z/;A/ )m '(a/ ,0.’/ )n+1,p o
1 n ! pa
0 2 01)((51 (bl/'ﬂlf;BI/ )1,/!/7 '(blf’ﬂl/ )M+1,0 (b ﬂ ) ( ﬂ/ )m+1q

~ Jz (/2] (—/7)2/(1 (—1)k‘ ¢

C2aldab+o) S KD (sab+c)”

(a/’a/;A/ )1‘n '(af’a/ )nﬂ,p ’(_77 + O-é: + k151’p’1)

Hp+1q+1
J #(S (1/2-n+ot+ks,.p1).(5,.8,:5 )w,(b/,ﬂ/)

Z( 4ab+c)

et (3.4.1)

m+1g

}(43[3 +o)’ d¢
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_ \/; (4] (_/7)2/<1 (_1)/(1 C1k1
C2b(4ab+o) P kU (dab+o)™
‘[ ¢ /—/ Z 4ab+c) (a/’a/;A/)1,n’(a/’a/‘)nﬂ,p'(_77+O-§+k151’p;1) (4804‘0)50 Olg
p+1q+1
2!t (1/2_77+O—§+kWé‘W’p;‘I)’(b/’ﬂ/;B/)w‘m’(b/’ﬁ/ )mﬂ,q
(3.4.2)
T( szX”1( X‘}‘ )n/2 /‘/n 1 _ ]/T/go/v X° (al/ al/ Al/ )1,/\/’(al/‘ I/ )N+1P
0 X 2 01)(1 (bl/ ﬂl/ Bl/)w‘(bl/‘ﬂlf )M+1O

Jr [(n/2) (—/7)2/(1 (—1)/(1 ch

(43@ +o) " = k! (4ab + c)k‘a‘
i a.a Al l(a,a (-n+0E+ k6, p)
|JA ¢ /—/er:qH Z 4ab+c) ( / VAN )1,n ( / / )n+1,p ( ™~ (4ab+c)5o' d§
2 (1/2-n+0f+£8.p0).(0,5,:8)),,(6,:5)),.,,
(3.4.3)

The conditions of convergence of (3.4.1), (3.4.2) and (3.4.3) can be easily obtained
from those of (2.1), (2.2) and (2.3) respectively.

(3.5) By applying the our results given in (3.3.1), (3.3.2) and (3.3.3) to the case of
Lagurre polynomials 8] by setting  S[x] 1 [X] in which

n

n+a 1
L=nh=1A, =( jW7 we have the following interesting results:
. n a+
k1

TXﬂHL(ﬁa)[QX&JFgg X° (aI/'aI/‘;A‘/)mN’(al/‘alf)/vn,/’ ﬁ’;vq” X7
: (6.8:8),,(0'.5)

(6,8:8),,,(6,8)

1m 1T Tmig

(a/. 0 A )1,,7 ’(a/.,a/ )”*”’ ]dx
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ko,
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q=
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X
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j¢ /‘//J+11q+1 z(4ab+c)’ S /)1'” (@2, )Mp( 7 o8 ko) (4ab+c)* dé
2l (1/2-f7+ag+k@,pn),(bj,ﬂ/;g/)m,(b/,ﬁ/)mm
(3.5.2)
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= @), (/7+aj( 1 o)l

(dab+co) A k) n )(a+1) . (4ab+ C)k“"'

(a/,a/;A/. )m ,(a/,a/ )Myp (-n+0E+ k6, p)
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The conditions of convergence of (3.5.1), (3.5.2) and (3.5.3) can be easily obtained
from those of (2.1), (2.2) and (2.3) respectively.
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