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I. Introduction 

The linear canonical transform is a much more general integral transform which has the 
Fourier transform, Fractional Fourier transform, Fresnel transform etc as its special cases. As it 
is well known that fractional Fourier transform (FrFT) is the powerful mathematical tool and is 
widely used for spectral analysis, signal processing, optical system analysis etc.[6], the LCT 
which is the generalization of FrFT has obviously more ability and potential due to its three 
parameters. Especially it is used to analyze optical systems with prisms or shifted lenses.  

Since Namias [5] had introduced Fractional Fourier transform, many mathematicians had 
studied it thoroughly e.g. Almeida [2] studied its convolution and product, Akay [1] discussed 
unitary operators on it, where as Kerr [4] extended it to the spaces of distributions.  

As compared to this, Linear Canonical transform is less attended integral transform. We have 
studied its analytic properties [3] and here we want to study it in some Zemanian spaces.  

Definition : The linear canonical transform (LCT) is a four parameter (a, b, c, d), class of 
integral transform given by, 

𝐹𝐹𝐴𝐴(𝑢𝑢)  =  [𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿(𝑡𝑡)](𝑢𝑢) =  1
√2𝜋𝜋𝜋𝜋𝜋𝜋

 𝑒𝑒
𝑖𝑖
2
𝑑𝑑
𝑏𝑏𝑢𝑢

2
∫ 𝑒𝑒

𝑖𝑖
2
𝑎𝑎
𝑏𝑏𝑡𝑡

2∞
−∞

 𝑒𝑒
−𝑖𝑖
𝑏𝑏 𝑢𝑢𝑢𝑢  𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑  for  𝑏𝑏 ≠ 0                                                              

                                                                 =  √𝑑𝑑 𝑒𝑒
𝑖𝑖
2

 𝑐𝑐𝑐𝑐𝑢𝑢2  𝑓𝑓(𝑑𝑑𝑑𝑑)                         for  𝑏𝑏 = 0          (1) 
 

It is characterized by a general 2×2 matrix, 𝐴𝐴 =  �
𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� with 𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏 = 1,  moreover the 

entries 𝑎𝑎, 𝑏𝑏, 𝑐𝑐,𝑑𝑑 are real or complex but for this paper we assume that they are real parameters. 
Inverse Linear canonical transform is given by 

                          [𝐹𝐹𝐴𝐴
−1(𝑢𝑢)] (𝑡𝑡) = 𝑓𝑓(𝑡𝑡) =  ∫ 𝐹𝐹𝐴𝐴(𝑢𝑢) 𝐾𝐾𝐴𝐴

−1∞
−∞  (𝑡𝑡,𝑢𝑢)𝑑𝑑𝑑𝑑                                            (2) 

where 𝐾𝐾𝐴𝐴−1(𝑡𝑡,𝑢𝑢)
 is the Hermitian conjugate of 𝐾𝐾𝐴𝐴(𝑡𝑡,𝑢𝑢)

 that is 𝐾𝐾𝐴𝐴−1(𝑡𝑡,𝑢𝑢) =  𝐾𝐾𝐴𝐴
∗
 (𝑢𝑢, 𝑡𝑡). 

 This paper attempts to provide the necessary mathematical framework for extending LCT 

to the spaces of generalized functions. We begin by recalling the definition of the space  𝒮𝒮,
 
the 

space of functions of rapid descent and some properties of the Fourier transform on it.
 Section 2 is devoted to define LCT on the space 𝒮𝒮

 
and prove the basic properties of the 

concerned transform. In section 3 some operational formulae are developed. Application of the 

© 2012 Global Journals Inc.  (US)
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theory is discussed by solving one example in section 4 and finally we conclude in the last 
section.

 
 This work is under the Major Research Project sanctioned by UGC (F No. 40-241/2011)

 Notations as per Zemanian [7].
 

II.
 

Preliminaries
 

In this section we note some of the results which will be used later on. 

Let 𝒮𝒮 be the vector space of all smooth functions 𝜑𝜑 such that, 

𝛾𝛾𝑚𝑚 ,𝑛𝑛(𝜑𝜑) =    �𝑡𝑡𝑚𝑚  𝜑𝜑(𝑛𝑛)(𝑡𝑡)� <  ∞𝑡𝑡𝑡𝑡𝑡𝑡
𝑠𝑠𝑠𝑠𝑠𝑠

, for all  𝑚𝑚,𝑛𝑛 ∈ {0, 1, 2, … }. 
Clearly  𝒮𝒮 is equipped with the topology generated by the collection of seminorms  

{ 𝛾𝛾𝑚𝑚 ,𝑛𝑛  }𝑚𝑚 ,𝑛𝑛=0
∞   also 𝒮𝒮 is a Frechet space.  

Fourier transform defined on 𝒮𝒮 

                                               ℱ�𝜑𝜑(𝑡𝑡)� =  1
√2𝜋𝜋

 ∫ 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖∞
−∞   𝜑𝜑(𝑡𝑡) 𝑑𝑑𝑑𝑑,                         𝜑𝜑 𝜖𝜖 𝒮𝒮,𝑤𝑤 ∈ 𝑅𝑅             (3) 

Some useful results as in [3] : 

a) ℱ ∶  𝒮𝒮 →  𝒮𝒮 is a homeomorphism. 

b) (ℱ−1�𝜑𝜑(𝑡𝑡)�(𝑤𝑤) = � ℱ𝜑𝜑(𝑡𝑡)�(−𝑥𝑥)                𝜑𝜑 𝜖𝜖 𝒮𝒮,𝑤𝑤 ∈ 𝑅𝑅. 

c) If 𝑓𝑓(𝑡𝑡) =  𝑒𝑒 𝐴𝐴𝑡𝑡2
2�
1

,𝐴𝐴 𝜖𝜖 𝐶𝐶  then for 𝑛𝑛 = 0, 1, 2, …. ,  

𝑓𝑓(2𝑛𝑛)(𝑡𝑡) =  𝑒𝑒 𝐴𝐴𝑡𝑡2
2�
1

�𝛼𝛼𝑟𝑟

𝑛𝑛

𝑟𝑟=0

 𝐴𝐴2𝑛𝑛−𝑟𝑟  𝑥𝑥2𝑛𝑛−2𝑟𝑟  

𝑓𝑓(2𝑛𝑛+1)(𝑡𝑡) =  𝑒𝑒 𝐴𝐴𝑡𝑡2
2�
1

�𝛽𝛽𝑟𝑟

𝑛𝑛

𝑟𝑟=0

 𝐴𝐴2𝑛𝑛+1−𝑟𝑟  𝑥𝑥2𝑛𝑛+1−2𝑟𝑟  

where the constants 𝛼𝛼𝑟𝑟  and 𝛽𝛽𝑟𝑟  are independent of 𝐴𝐴. 

III. Linear Canonical Transform on  𝒮𝒮 Spaces 

For each 𝑓𝑓 𝜖𝜖 𝒮𝒮,   the Linear canonical transform of  f  as given by,  

𝐹𝐹𝐴𝐴(𝑢𝑢) =  [𝐿𝐿𝐿𝐿𝐿𝐿𝐴𝐴𝑓𝑓(𝑡𝑡)] (𝑢𝑢) =  � 𝑓𝑓(𝑡𝑡)  𝐾𝐾𝐴𝐴
∞

−∞
(𝑡𝑡,𝑢𝑢) 𝑑𝑑𝑑𝑑 

where  𝐾𝐾𝐴𝐴(𝑡𝑡,𝑢𝑢) = 1
√2𝜋𝜋𝜋𝜋𝜋𝜋

 𝑒𝑒
𝑖𝑖

2𝑏𝑏�𝑎𝑎𝑡𝑡
2+𝑑𝑑𝑢𝑢2�  𝑒𝑒

−𝑖𝑖
𝑏𝑏 𝑢𝑢𝑢𝑢  for 𝑏𝑏 ≠ 0                        

 =  √𝑑𝑑 𝑒𝑒
𝑖𝑖
2 𝑐𝑐𝑐𝑐𝑢𝑢2

 𝑓𝑓(𝑑𝑑𝑑𝑑) for  𝑏𝑏 = 0 
 

where 𝐴𝐴 =  �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� and 𝑎𝑎, 𝑏𝑏, 𝑐𝑐,𝑑𝑑 are real.  

a) Proposition : 𝐹𝐹𝐴𝐴(𝑢𝑢) =  1
√𝑖𝑖𝑖𝑖

𝑒𝑒
𝑖𝑖
2
𝑑𝑑
𝑏𝑏𝑢𝑢

2
[ℱ �𝑒𝑒

𝑖𝑖
2
𝑎𝑎
𝑏𝑏𝑡𝑡

2
𝑓𝑓(𝑡𝑡)�]( 𝑢𝑢  

𝑏𝑏
 ) where ℱ is the Fourier transform as 

explained above. 

Proof : The result is very clear from the definition (1) and (2). 

Also we note that  

b) Proposition :  𝐹𝐹𝐴𝐴(𝑢𝑢),  Linear canonical transform of 𝑓𝑓(𝑡𝑡), is the homeomorphism on 𝒮𝒮  with 
inverse as given by (3). 
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Proof :  We know that  ℱ, Fourier transform is homeomorphism on 𝒮𝒮
 
[7]. Also the function 

  
ℎ(𝑢𝑢) =

 
𝑒𝑒
𝑖𝑖
2
𝑑𝑑
𝑏𝑏𝑢𝑢

2

 
𝑔𝑔(𝑢𝑢)

 
, for 𝑔𝑔(𝑢𝑢)

 
𝜖𝜖

 
𝒮𝒮

 
,
 
is a homeomorphism on 𝒮𝒮.

 
Therefore by 2.1,  Linear canonical 

transform of 𝑓𝑓(𝑡𝑡), is the homeomorphism on 𝒮𝒮.
 

Now it remains to show that (2) represents the inverse under the space  𝒮𝒮.
 

[𝐿𝐿𝐿𝐿𝐿𝐿𝐴𝐴−1 𝐿𝐿𝐿𝐿𝐿𝐿𝐴𝐴  𝑓𝑓(𝑡𝑡)](𝑣𝑣) =  � 𝑓𝑓(𝑡𝑡)
∞

−∞
 𝐾𝐾𝐴𝐴(𝑡𝑡,𝑢𝑢) � 𝐾𝐾𝐴𝐴−1(𝑢𝑢, 𝑣𝑣) 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑

∞

−∞
 

 

                                                  = 𝐶𝐶1𝑒𝑒
−𝑖𝑖
2
𝑎𝑎
𝑏𝑏𝑣𝑣

2
� 𝑒𝑒

𝑖𝑖
2
𝑑𝑑
𝑏𝑏𝑢𝑢

2
� 𝐶𝐶1

∗
∞

−∞
𝑒𝑒
−𝑖𝑖𝑖𝑖𝑖𝑖
𝑏𝑏

∞

−∞
 𝑒𝑒

𝑖𝑖
2
𝑎𝑎
𝑏𝑏𝑡𝑡

2
𝑒𝑒
−𝑖𝑖
2
𝑑𝑑
𝑏𝑏𝑢𝑢

2
𝑒𝑒
𝑖𝑖𝑖𝑖𝑖𝑖
𝑏𝑏  𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 

 
where 𝐶𝐶1 =  

1
√2𝜋𝜋𝜋𝜋𝜋𝜋

  and 𝐶𝐶1
∗
 
is its conjugate.

 

                                                      = 1
2𝜋𝜋|𝑏𝑏|

 𝑒𝑒
−𝑖𝑖
2
𝑎𝑎
𝑏𝑏𝑣𝑣

2
 ∫ {∫ [𝑒𝑒

𝑖𝑖
2
𝑎𝑎
𝑏𝑏𝑡𝑡

2
 𝑓𝑓(𝑡𝑡)]∞

−∞
∞
−∞ 𝑒𝑒

𝑖𝑖𝑖𝑖𝑖𝑖
𝑏𝑏  𝑑𝑑𝑑𝑑}𝑒𝑒

−𝑖𝑖𝑖𝑖𝑖𝑖
𝑏𝑏  𝑑𝑑𝑑𝑑 

 

                                                =   𝑒𝑒
−𝑖𝑖
2
𝑎𝑎
𝑏𝑏𝑣𝑣

2
[ ℱ−1ℱ{𝑒𝑒

𝑖𝑖
2
𝑎𝑎
𝑏𝑏𝑡𝑡

2
 𝑓𝑓(𝑡𝑡)}] (𝑣𝑣) 

 

                                                =  𝑓𝑓(𝑣𝑣) 
Hence the result follows. 
 
c) Theorem : For each 𝑓𝑓 𝜖𝜖 𝒮𝒮, {𝐿𝐿𝐿𝐿𝐿𝐿𝐴𝐴𝑓𝑓(𝑡𝑡)}(𝑢𝑢)  converges to 𝑓𝑓(𝑡𝑡)  with respect to the topology of 

 𝒮𝒮 as 𝑏𝑏 →  0+and  𝑎𝑎 → 1. 
Proof : Since Fourier transform is a homeomorphism on 𝒮𝒮, equivalently we prove that, 
𝐿𝐿𝐿𝐿𝐿𝐿𝐴𝐴ℱ𝑓𝑓  converges to  ℱ𝑓𝑓  as 𝑏𝑏 →  0+

 in 𝒮𝒮 where ℱ denotes the Fourier transform of f. 

(𝐹𝐹𝐴𝐴ℱ𝑓𝑓)(𝑣𝑣) =  [𝐿𝐿𝐿𝐿𝐿𝐿𝐴𝐴ℱ𝑓𝑓](𝑣𝑣) =  �
1

√2𝜋𝜋𝜋𝜋𝜋𝜋
 𝑒𝑒

𝑖𝑖
2𝑏𝑏�𝑎𝑎𝑢𝑢

2+𝑑𝑑𝑣𝑣2�  𝑒𝑒
−𝑖𝑖
𝑏𝑏 𝑢𝑢𝑢𝑢   {

1
√2𝜋𝜋

� 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖
∞

−∞

∞

−∞
𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑} 𝑑𝑑𝑑𝑑 

=
1

√2𝜋𝜋𝑖𝑖𝑖𝑖
 

1
√2𝜋𝜋

� 𝑒𝑒
𝑖𝑖𝑖𝑖𝑣𝑣2

2𝑏𝑏
∞

−∞
 ��

2𝜋𝜋𝜋𝜋𝜋𝜋
𝑎𝑎

 𝑒𝑒  �𝑣𝑣𝑏𝑏+ 𝑡𝑡�
2

2𝑎𝑎����
𝑖𝑖

 �𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 

Using ∫ 𝑒𝑒𝑖𝑖𝑖𝑖𝑢𝑢2∞
−∞ 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖  𝑑𝑑𝑑𝑑 =  �𝜋𝜋𝜋𝜋

𝑎𝑎
 𝑒𝑒

−𝑖𝑖𝑏𝑏2

4𝑎𝑎      if  𝑎𝑎 > 0. 

=  
1

√2𝜋𝜋𝜋𝜋
� 𝑒𝑒

𝑖𝑖𝑖𝑖𝑣𝑣2

2𝑏𝑏
∞

−∞
 𝑒𝑒  (𝑣𝑣

2

𝑏𝑏2 + 2𝑏𝑏𝑣𝑣𝑣𝑣+ 𝑡𝑡2)2𝑎𝑎����
−𝑖𝑖𝑖𝑖

 𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 

                                      =  1
√2𝜋𝜋𝜋𝜋

𝑒𝑒
𝑖𝑖(𝑑𝑑−1 

𝑎𝑎 )𝑣𝑣2

2𝑏𝑏 ∫ 𝑒𝑒
 𝑡𝑡2

2𝑎𝑎����
−𝑖𝑖𝑖𝑖∞

−∞ 𝑓𝑓(𝑡𝑡) 𝑒𝑒−
 𝑖𝑖
𝑎𝑎𝑣𝑣𝑣𝑣  𝑑𝑑𝑑𝑑                                (1) 

∴  𝑣𝑣𝑚𝑚  ( 𝐷𝐷𝑣𝑣𝑛𝑛
 𝐹𝐹𝐴𝐴ℱ𝑓𝑓)(𝑣𝑣) = 

  
𝑣𝑣𝑚𝑚

√2𝜋𝜋𝜋𝜋
∑ �𝑛𝑛𝑘𝑘�
𝑛𝑛
𝑘𝑘=0

 𝐷𝐷𝑣𝑣𝑘𝑘
 𝑒𝑒

𝑖𝑖(𝑑𝑑−1
 

𝑎𝑎 )𝑣𝑣2

2𝑏𝑏
 𝐷𝐷𝑣𝑣𝑛𝑛−𝑘𝑘 ∫ 𝑒𝑒

 
𝑡𝑡2

2𝑎𝑎����
−𝑖𝑖𝑖𝑖∞

−∞ 𝑓𝑓(𝑡𝑡) 𝑒𝑒−
 𝑖𝑖
𝑎𝑎𝑣𝑣𝑣𝑣

 𝑑𝑑𝑑𝑑   
 

= 1
√2𝜋𝜋𝜋𝜋

 

∑ ∑ �𝑛𝑛𝑘𝑘� 𝑎𝑎𝑟𝑟

 
[

 

𝑘𝑘
2]
𝑟𝑟=0

𝑛𝑛
𝑘𝑘=0 ( 𝑖𝑖

2𝑏𝑏
(𝑑𝑑 − 1

𝑎𝑎
))𝑘𝑘−𝑟𝑟𝑒𝑒

𝑖𝑖(𝑑𝑑−1

 

𝑎𝑎 )𝑣𝑣2

2𝑏𝑏 𝑣𝑣𝑚𝑚+𝑘𝑘−2𝑟𝑟 ∫ 𝑒𝑒

 

𝑡𝑡2
2𝑎𝑎����
−𝑖𝑖𝑖𝑖∞

−∞ 𝑓𝑓(𝑡𝑡)(−𝑖𝑖𝑖𝑖
𝑎𝑎

)𝑛𝑛−𝑘𝑘
 

𝑒𝑒−

 

𝑖𝑖
𝑎𝑎𝑣𝑣𝑣𝑣𝑑𝑑𝑑𝑑
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   = 1
√2𝜋𝜋𝜋𝜋  

∑ ∑ �𝑛𝑛𝑘𝑘� 𝑎𝑎𝑟𝑟  

[
 

𝑘𝑘
2]
𝑟𝑟=0

𝑛𝑛
𝑘𝑘=0 ( 𝑖𝑖

2𝑏𝑏
(𝑑𝑑 − 1

𝑎𝑎
))𝑘𝑘−𝑟𝑟𝑒𝑒

𝑖𝑖(𝑑𝑑−1

 
𝑎𝑎 )𝑣𝑣2

2𝑏𝑏 ∫ 𝑒𝑒
 
𝑡𝑡2

2𝑎𝑎����
−𝑖𝑖𝑖𝑖∞

−∞ 𝑓𝑓(𝑡𝑡)(−𝑖𝑖𝑖𝑖
𝑎𝑎

)𝑛𝑛−𝑘𝑘𝑣𝑣𝑚𝑚+𝑘𝑘−2𝑟𝑟𝑒𝑒−
 

𝑖𝑖
𝑎𝑎𝑣𝑣𝑣𝑣𝑑𝑑𝑑𝑑

 
           

 

                                                                                                                          

(2)

 
Now,

 

𝐷𝐷𝑡𝑡𝑚𝑚+𝑘𝑘−2𝑟𝑟
 � 𝑒𝑒

−𝑖𝑖𝑖𝑖𝑖𝑖
𝑎𝑎 � = (

−𝑖𝑖𝑖𝑖
𝑎𝑎

)𝑚𝑚+𝑘𝑘−2𝑟𝑟
  𝑒𝑒

−𝑖𝑖𝑖𝑖𝑖𝑖
𝑎𝑎

 

 
Hence (3) becomes,

 

=
1

√2𝜋𝜋𝜋𝜋 
���𝑛𝑛𝑘𝑘� 𝑎𝑎𝑟𝑟

 

[

 

𝑘𝑘
2]

𝑟𝑟=0

𝑛𝑛

𝑘𝑘=0

(
𝑖𝑖

2𝑏𝑏
(𝑑𝑑

1
𝑎𝑎

))𝑘𝑘−𝑟𝑟𝑒𝑒
𝑖𝑖(𝑑𝑑−1

 
𝑎𝑎 )𝑣𝑣2

2𝑏𝑏 � 𝑒𝑒
 

𝑡𝑡2
2𝑎𝑎����
−𝑖𝑖𝑖𝑖

∞

−∞
𝑓𝑓(𝑡𝑡)(

−𝑖𝑖𝑖𝑖
𝑎𝑎

)𝑛𝑛−𝑘𝑘
 

                                                                                               (𝑖𝑖𝑖𝑖)𝑚𝑚+𝑘𝑘−2𝑟𝑟𝐷𝐷𝑡𝑡𝑚𝑚+𝑘𝑘−2𝑟𝑟𝑒𝑒−

 

𝑖𝑖
𝑎𝑎𝑣𝑣𝑣𝑣𝑑𝑑𝑑𝑑

 

=
 

1
√2𝜋𝜋𝜋𝜋  

���𝑛𝑛𝑘𝑘� 𝑎𝑎𝑟𝑟  

[
 

𝑘𝑘
2]

𝑟𝑟=0

𝑛𝑛

𝑘𝑘=0

(
𝑖𝑖

2𝑏𝑏
(𝑑𝑑

1
𝑎𝑎

))𝑘𝑘−𝑟𝑟(𝑖𝑖𝑖𝑖)𝑚𝑚+2𝑘𝑘−2𝑟𝑟−𝑛𝑛𝑒𝑒
𝑖𝑖(𝑑𝑑−1

 𝑎𝑎 )𝑣𝑣2

2𝑏𝑏 � 𝑒𝑒− 

𝑖𝑖
𝑎𝑎𝑣𝑣𝑣𝑣𝐷𝐷𝑡𝑡𝑚𝑚+𝑘𝑘−2𝑟𝑟{𝑒𝑒  

𝑡𝑡2
2𝑎𝑎����
−𝑖𝑖𝑖𝑖

∞

−∞
𝑓𝑓(𝑡𝑡)(𝑡𝑡)𝑛𝑛−𝑘𝑘}

 
𝑑𝑑𝑑𝑑

 

by [7 p 49] 

 =  1
√2𝜋𝜋𝜋𝜋

 ∑ ∑ �𝑛𝑛𝑘𝑘� 𝑎𝑎𝑟𝑟  
[ 𝑘𝑘2]
𝑟𝑟=0

𝑛𝑛
𝑘𝑘=0 ( 𝑖𝑖

2𝑏𝑏
(𝑑𝑑 1

𝑎𝑎
))𝑘𝑘−𝑟𝑟(𝑖𝑖𝑎𝑎)𝑚𝑚+2𝑘𝑘−2𝑟𝑟−𝑛𝑛𝑒𝑒

𝑖𝑖(𝑑𝑑−1 
𝑎𝑎 )𝑣𝑣2

2𝑏𝑏 ∫ 𝑒𝑒− 𝑖𝑖𝑎𝑎𝑣𝑣𝑣𝑣
∞
−∞  

� �𝑚𝑚 + 𝑘𝑘 − 2𝑟𝑟
𝑗𝑗 �

𝑚𝑚+𝑘𝑘−2𝑟𝑟

𝑗𝑗=0

 𝐷𝐷𝑡𝑡
𝑗𝑗  𝑒𝑒  𝑡𝑡2

2𝑎𝑎����
−𝑖𝑖𝑖𝑖

𝐷𝐷𝑡𝑡
𝑚𝑚+𝑘𝑘−2𝑟𝑟−𝑗𝑗  �𝑡𝑡𝑛𝑛−𝑘𝑘𝑓𝑓(𝑡𝑡)� 𝑑𝑑𝑑𝑑 

=  1
√2𝜋𝜋𝜋𝜋

 ���𝑛𝑛𝑘𝑘� 𝑎𝑎𝑟𝑟
 

[
 𝑘𝑘
2]

𝑟𝑟=0

𝑛𝑛

𝑘𝑘=0

(
𝑖𝑖

2𝑏𝑏
(𝑑𝑑 −

1
𝑎𝑎

))𝑘𝑘−𝑟𝑟(𝑖𝑖𝑖𝑖)𝑚𝑚+2𝑘𝑘−2𝑟𝑟−𝑛𝑛𝑒𝑒
𝑖𝑖(𝑑𝑑−1

 

𝑎𝑎 )𝑣𝑣2

2𝑏𝑏 � 𝑒𝑒−
 𝑖𝑖
𝑎𝑎𝑣𝑣𝑣𝑣

∞

−∞

 

                                   
∑ ∑ 𝑏𝑏𝑟𝑟

[

 
𝑗𝑗
2]
𝑙𝑙=0 �𝑚𝑚 + 𝑘𝑘 − 2𝑟𝑟

𝑗𝑗 �𝑚𝑚+𝑘𝑘−2𝑟𝑟
𝑗𝑗=0 ( 𝑏𝑏

𝑖𝑖𝑖𝑖
)𝑗𝑗−𝑙𝑙

 
𝑡𝑡𝑗𝑗−2𝑙𝑙𝐷𝐷𝑡𝑡

𝑚𝑚+𝑘𝑘−2𝑟𝑟−𝑗𝑗
 
�𝑡𝑡𝑛𝑛−𝑘𝑘𝑓𝑓(𝑡𝑡)�𝑑𝑑𝑑𝑑

  

=
 
�� � ��𝑛𝑛𝑘𝑘�

[

 
𝑗𝑗
2]

𝑙𝑙=0

�𝑚𝑚 + 𝑘𝑘 − 2𝑟𝑟
𝑗𝑗 � 𝑎𝑎𝑟𝑟𝑏𝑏𝑟𝑟

𝑚𝑚+𝑘𝑘−2𝑟𝑟

𝑗𝑗=0

 [

 
𝑘𝑘
2]

𝑟𝑟=0

𝑛𝑛

𝑘𝑘=0

(
𝑖𝑖

2𝑏𝑏
(𝑑𝑑 −

1
𝑎𝑎

))𝑘𝑘−𝑟𝑟(𝑖𝑖𝑖𝑖)𝑚𝑚+2𝑘𝑘−2𝑟𝑟−𝑛𝑛
 
(
𝑏𝑏
𝑖𝑖𝑖𝑖

)𝑗𝑗−𝑙𝑙
 

                           

∫ 𝑒𝑒−

 

𝑖𝑖
𝑎𝑎𝑣𝑣𝑣𝑣

∞
−∞ 𝑡𝑡𝑗𝑗−2𝑙𝑙𝐷𝐷𝑡𝑡

𝑚𝑚+𝑘𝑘−2𝑟𝑟−𝑗𝑗

 

�𝑡𝑡𝑛𝑛−𝑘𝑘𝑓𝑓(𝑡𝑡)�𝑑𝑑𝑑𝑑          

=

 

∑ ∑ ∑ ∑

   

𝐺𝐺𝑗𝑗 ,𝑘𝑘 ,𝑟𝑟 ,𝑙𝑙
[

 

𝑗𝑗
2]
𝑙𝑙=0

𝑚𝑚+𝑘𝑘−2𝑟𝑟
𝑗𝑗=0

 

[

 

𝑘𝑘
2]
𝑟𝑟=0

𝑛𝑛
𝑘𝑘=0

 

 

where, 

   

𝐺𝐺𝑗𝑗 ,𝑘𝑘 ,𝑟𝑟 ,𝑙𝑙 = �𝑛𝑛𝑘𝑘�

 

�𝑚𝑚 + 𝑘𝑘 − 2𝑟𝑟
𝑗𝑗 � 𝑎𝑎𝑟𝑟𝑏𝑏𝑟𝑟 �

𝑖𝑖
2𝑏𝑏
�𝑑𝑑 − 1

𝑎𝑎
��

𝑘𝑘−𝑟𝑟
(𝑖𝑖𝑖𝑖)𝑚𝑚+2𝑘𝑘−2𝑟𝑟−𝑛𝑛

 

�𝑏𝑏
𝑖𝑖𝑖𝑖
�
𝑗𝑗−𝑙𝑙

   

 

 
� 𝑒𝑒−

 

𝑖𝑖
𝑎𝑎𝑣𝑣𝑣𝑣

∞

−∞
𝑡𝑡𝑗𝑗−2𝑙𝑙𝐷𝐷𝑡𝑡

𝑚𝑚+𝑘𝑘−2𝑟𝑟−𝑗𝑗
 
�𝑡𝑡𝑛𝑛−𝑘𝑘𝑓𝑓(𝑡𝑡)�𝑑𝑑𝑑𝑑
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∴  �    𝐺𝐺𝑗𝑗 ,𝑘𝑘 ,𝑟𝑟 ,𝑙𝑙 �

=  ��𝑛𝑛𝑘𝑘�  �𝑚𝑚 + 𝑘𝑘 − 2𝑟𝑟
𝑗𝑗 � 𝑎𝑎𝑟𝑟𝑏𝑏𝑟𝑟 �

𝑖𝑖
2𝑏𝑏 �

−
1
𝑎𝑎�
�
𝑘𝑘−𝑟𝑟

(𝑖𝑖𝑖𝑖)𝑚𝑚+2𝑘𝑘−2𝑟𝑟−𝑛𝑛  �
𝑏𝑏
𝑖𝑖𝑖𝑖�

𝑗𝑗−𝑙𝑙

� 𝑒𝑒−  𝑖𝑖
𝑎𝑎𝑣𝑣𝑣𝑣

∞

−∞
𝑡𝑡𝑗𝑗−2𝑙𝑙𝐷𝐷𝑡𝑡

𝑚𝑚+𝑘𝑘−2𝑟𝑟−𝑗𝑗  �𝑡𝑡𝑛𝑛−𝑘𝑘𝑓𝑓(𝑡𝑡)�𝑑𝑑𝑑𝑑  �  

Since �𝑒𝑒− 𝑖𝑖𝑎𝑎𝑣𝑣𝑣𝑣 � = 1 

�   𝐺𝐺𝑗𝑗 ,𝑘𝑘 ,𝑟𝑟 ,𝑙𝑙 � =

 ��𝑛𝑛𝑘𝑘� �
𝑚𝑚 + 𝑘𝑘 − 2𝑟𝑟

𝑗𝑗 � 𝑎𝑎𝑟𝑟𝑏𝑏𝑟𝑟 �
𝑖𝑖

2𝑏𝑏
� 𝑑𝑑 −

1
𝑎𝑎
��

𝑘𝑘−𝑟𝑟
(𝑖𝑖𝑖𝑖)𝑚𝑚+2𝑘𝑘−2𝑟𝑟−𝑛𝑛  �𝑏𝑏

𝑖𝑖𝑖𝑖
�
𝑗𝑗−𝑙𝑙

 ∫ 𝑡𝑡𝑗𝑗−2𝑙𝑙𝐷𝐷𝑡𝑡
𝑚𝑚+𝑘𝑘−2𝑟𝑟−𝑗𝑗  �𝑡𝑡𝑛𝑛−𝑘𝑘𝑓𝑓(𝑡𝑡)�𝑑𝑑𝑑𝑑∞

−∞  �  

= ��𝑛𝑛𝑘𝑘� �
𝑚𝑚 + 𝑘𝑘 − 2𝑟𝑟

𝑗𝑗 � 𝑎𝑎𝑟𝑟𝑏𝑏𝑟𝑟 �
𝑖𝑖

2𝑏𝑏 �
 
𝑏𝑏𝑏𝑏
𝑎𝑎 ��

𝑘𝑘−𝑟𝑟

(𝑖𝑖𝑖𝑖)𝑚𝑚+2𝑘𝑘−2𝑟𝑟−𝑛𝑛  �
𝑏𝑏
𝑖𝑖𝑖𝑖�

𝑗𝑗−𝑙𝑙

 � 𝑡𝑡𝑗𝑗−2𝑙𝑙𝐷𝐷𝑡𝑡
𝑚𝑚+𝑘𝑘−2𝑟𝑟−𝑗𝑗  �𝑡𝑡𝑛𝑛−𝑘𝑘𝑓𝑓(𝑡𝑡)�𝑑𝑑𝑑𝑑

∞

−∞
 � 

= ��𝑛𝑛𝑘𝑘� �
𝑚𝑚 + 𝑘𝑘 − 2𝑟𝑟

𝑗𝑗 � 𝑎𝑎𝑟𝑟𝑏𝑏𝑟𝑟 �
𝑖𝑖
2
� 
𝑐𝑐
𝑎𝑎
��

𝑘𝑘−𝑟𝑟

(𝑖𝑖𝑖𝑖)𝑚𝑚+2𝑘𝑘−2𝑟𝑟−𝑛𝑛  �
𝑏𝑏
𝑖𝑖𝑖𝑖�

𝑗𝑗−𝑙𝑙

 � 𝑡𝑡𝑗𝑗−2𝑙𝑙𝐷𝐷𝑡𝑡
𝑚𝑚+𝑘𝑘−2𝑟𝑟−𝑗𝑗  �𝑡𝑡𝑛𝑛−𝑘𝑘𝑓𝑓(𝑡𝑡)�𝑑𝑑𝑑𝑑

∞

−∞
 � 

 

Now ∫ 𝑡𝑡𝑗𝑗−2𝑙𝑙𝐷𝐷𝑡𝑡
𝑚𝑚+𝑘𝑘−2𝑟𝑟−𝑗𝑗  �𝑡𝑡𝑛𝑛−𝑘𝑘𝑓𝑓(𝑡𝑡)�𝑑𝑑𝑑𝑑∞

−∞ , is independent of the parameters 𝑎𝑎, 𝑏𝑏, 𝑐𝑐,𝑑𝑑,  hence 

�   𝐺𝐺𝑗𝑗 ,𝑘𝑘 ,𝑟𝑟 ,𝑙𝑙 � → 0 as 𝑏𝑏 → 0 and 𝑎𝑎 → 1 provided  𝑗𝑗 − 𝑙𝑙 > 0 , which is always true. 

∴ �𝑣𝑣𝑚𝑚  ( 𝐷𝐷𝑣𝑣𝑛𝑛  𝐹𝐹𝐴𝐴ℱ𝑓𝑓)(𝑣𝑣) − 𝑣𝑣𝑚𝑚 𝐷𝐷𝑣𝑣𝑛𝑛

√2𝜋𝜋 ∫ 𝑓𝑓(𝑡𝑡)𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖∞
−∞  𝑑𝑑𝑑𝑑�  < ∞ , since 𝑓𝑓 ∈  𝒮𝒮. 

 
Hence the theorem is proved. 
 

IV.
 

Some
 
Properties of  Linear

 
Canonical

 
Transform in 𝒮𝒮

 
a)

 
Theorem : For each 𝑓𝑓 ∈  𝒮𝒮,  𝐹𝐹𝐴𝐴

𝐹𝐹𝐵𝐵 =  𝐹𝐹𝐶𝐶  where  𝐴𝐴 =  �
𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� ,𝐵𝐵 =  �

𝑝𝑝 𝑞𝑞
𝑟𝑟 𝑠𝑠�  and 𝐶𝐶 = 𝐵𝐵 𝐴𝐴.

  
Proof

 
: Consider, 

 
[𝐹𝐹𝐵𝐵𝐹𝐹𝐴𝐴𝑓𝑓(𝑡𝑡)](𝑣𝑣) =  𝐿𝐿𝐿𝐿𝐿𝐿𝐵𝐵  

1
√2𝜋𝜋𝜋𝜋𝜋𝜋  ∫ 𝑒𝑒

𝑖𝑖
2𝑏𝑏�𝑎𝑎𝑡𝑡

2+𝑑𝑑𝑢𝑢2�
  𝑒𝑒

−𝑖𝑖
𝑏𝑏 𝑢𝑢𝑢𝑢

∞
−∞  𝑓𝑓

(𝑡𝑡) 𝑑𝑑𝑑𝑑     

                     
=  

1
√2𝜋𝜋𝜋𝜋𝜋𝜋  

1
�2𝜋𝜋𝜋𝜋𝜋𝜋  ∫ 𝑒𝑒

𝑖𝑖
2𝑞𝑞�𝑝𝑝𝑢𝑢

2+𝑠𝑠𝑣𝑣2�

  𝑒𝑒
−𝑖𝑖
𝑞𝑞 𝑢𝑢𝑢𝑢∞

−∞  � ∫ 𝑒𝑒
𝑖𝑖

2𝑏𝑏�𝑎𝑎𝑡𝑡
2+𝑑𝑑𝑢𝑢2�

  𝑒𝑒
−𝑖𝑖
𝑏𝑏 𝑢𝑢𝑢𝑢

∞
−∞  𝑓𝑓(𝑡𝑡) 𝑑𝑑𝑑𝑑 � 𝑑𝑑𝑑𝑑 

                     
=  

1
√2𝜋𝜋𝜋𝜋𝜋𝜋  

1
�2𝜋𝜋𝜋𝜋𝜋𝜋  �∫ 𝑒𝑒

𝑖𝑖
2� 

𝑝𝑝
𝑞𝑞+

 
𝑑𝑑
𝑏𝑏�𝑢𝑢

2−𝑖𝑖�𝑣𝑣𝑞𝑞+
 
𝑡𝑡
𝑏𝑏�𝑢𝑢∞

−∞  𝑑𝑑𝑑𝑑�  𝑒𝑒
𝑖𝑖𝑖𝑖 𝑡𝑡2

2𝑏𝑏 𝑒𝑒
𝑖𝑖𝑖𝑖𝑣𝑣2

2𝑞𝑞
 𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑

                                 

                               =  1
√2𝜋𝜋𝜋𝜋𝜋𝜋

 1
�2𝜋𝜋𝜋𝜋𝜋𝜋

 ∫ √𝑖𝑖�2𝜋𝜋𝜋𝜋𝜋𝜋
�𝑏𝑏𝑏𝑏+𝑑𝑑𝑑𝑑

∞
−∞  𝑒𝑒

−𝑖𝑖(𝑏𝑏𝑏𝑏+𝑞𝑞𝑞𝑞 )2

2(𝑏𝑏𝑏𝑏 +𝑑𝑑𝑑𝑑 ) 𝑒𝑒
𝑖𝑖𝑖𝑖 𝑡𝑡2

2𝑏𝑏 𝑒𝑒
𝑖𝑖𝑖𝑖𝑣𝑣2

2𝑞𝑞  𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 

         =  1
�2𝜋𝜋𝜋𝜋(𝑏𝑏𝑏𝑏 + 𝑑𝑑𝑑𝑑)

� 𝑒𝑒
𝑖𝑖

2𝑏𝑏(𝑎𝑎−
 𝑞𝑞
(𝑏𝑏𝑏𝑏+𝑑𝑑𝑑𝑑 ))𝑡𝑡2∞

−∞

 𝑒𝑒
𝑖𝑖

2𝑞𝑞(𝑠𝑠−
 𝑏𝑏
(𝑏𝑏𝑏𝑏+𝑑𝑑𝑑𝑑 ))𝑣𝑣2

𝑒𝑒
−𝑖𝑖𝑖𝑖𝑖𝑖

(𝑏𝑏𝑏𝑏+𝑑𝑑𝑑𝑑 ) 𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 

Now by simple calculations and using  𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏 = 1
 
and

 
𝑝𝑝𝑝𝑝 − 𝑟𝑟𝑟𝑟 = 1

 
, it can be shown 

that the right hand side is nothing but,
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               =
 
[𝐹𝐹𝐶𝐶𝑓𝑓(𝑡𝑡)](𝑣𝑣).

 
b)

 
Theorem : For 𝑓𝑓

 
∈

 
𝒮𝒮,

 
and 𝜏𝜏 ∈ 𝑅𝑅,

 
𝐹𝐹𝐴𝐴  
𝑓𝑓(𝑡𝑡 − 𝜏𝜏) =

 
𝑒𝑒
−𝑖𝑖𝑎𝑎𝑎𝑎𝜏𝜏2

2
 
𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

 
[𝐹𝐹𝐴𝐴𝑓𝑓(𝑡𝑡)]

 
(𝑢𝑢 − 𝑎𝑎𝑎𝑎).

 
Proof : As 𝑓𝑓 ∈  𝒮𝒮 implies 𝑓𝑓(𝑡𝑡 − 𝜏𝜏) ∈ 𝒮𝒮, (by ex. 3, p 102 [2])  so that both sides of above equation 

are defined as elements of 𝒮𝒮. We shall prove the result for 𝑓𝑓 ∈  𝒟𝒟, the space of smooth functions 
of compact support, then the result will be clear from the continuity and denseness. 

𝐹𝐹𝐴𝐴  𝑓𝑓(𝑡𝑡 − 𝜏𝜏) =
1

√2𝜋𝜋𝜋𝜋𝜋𝜋
 𝑒𝑒

𝑖𝑖
2
𝑑𝑑
𝑏𝑏𝑢𝑢

2
� 𝑒𝑒

𝑖𝑖
2
𝑎𝑎
𝑏𝑏𝑡𝑡

2
∞

−∞

 𝑒𝑒
−𝑖𝑖
𝑏𝑏 𝑢𝑢𝑢𝑢  𝑓𝑓(𝑡𝑡 − 𝜏𝜏)𝑑𝑑𝑑𝑑  

 

                                                 = 1
√2𝜋𝜋𝜋𝜋𝜋𝜋

 𝑒𝑒
𝑖𝑖
2
𝑑𝑑
𝑏𝑏𝑢𝑢

2
∫ 𝑒𝑒

𝑖𝑖
2
𝑎𝑎
𝑏𝑏(𝑡𝑡+𝜏𝜏)2∞

−∞
 𝑒𝑒

−𝑖𝑖
𝑏𝑏 𝑢𝑢(𝑡𝑡+𝜏𝜏) 𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑   

Simple calculations will show that right hand side is equal to,
 

             
=

 
𝑒𝑒
−𝑖𝑖𝑖𝑖𝑖𝑖 𝜏𝜏2

2
 
𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

 
[𝐹𝐹𝐴𝐴𝑓𝑓(𝑡𝑡)]

 
(𝑢𝑢 − 𝑎𝑎𝑎𝑎)

 

c)

 

Theorem

 

: For 𝑓𝑓

 

∈

 

𝒮𝒮,

 

and 𝑛𝑛

 

∈

 

ℕ,

 

[𝐹𝐹𝐴𝐴

 

(𝐷𝐷𝑛𝑛𝑓𝑓(𝑡𝑡))]

 

(𝑢𝑢) =

 

(−𝑖𝑖𝑖𝑖𝑖𝑖 + 𝑎𝑎
𝑑𝑑
𝑑𝑑𝑑𝑑

)𝑛𝑛
 

𝐹𝐹𝐴𝐴

 

(𝑢𝑢).

 

Proof

 

:

 

As (𝐷𝐷𝑛𝑛𝑓𝑓(𝑡𝑡))

 

∈

 

𝒮𝒮

 

if 𝑓𝑓

 

∈

 

𝒮𝒮,

 

both sides of above equation are defined in 𝒮𝒮.

 

We shall prove for  𝑛𝑛 = 1

 

and it follows for all n

 

1by induction.

 

Consider,

 

[𝐹𝐹𝐴𝐴

 

�𝐷𝐷𝐷𝐷(𝑡𝑡)�(𝑢𝑢) =

 

1
√2𝜋𝜋𝜋𝜋𝜋𝜋

 

𝑒𝑒
𝑖𝑖
2
𝑑𝑑
𝑏𝑏𝑢𝑢

2
� 𝑒𝑒

𝑖𝑖
2
𝑎𝑎
𝑏𝑏𝑡𝑡

2
∞

−∞

 

𝑒𝑒
−𝑖𝑖
𝑏𝑏 𝑢𝑢𝑢𝑢

 

𝐷𝐷𝐷𝐷(𝑡𝑡)𝑑𝑑𝑑𝑑

 

                                                      

=

 

−𝑖𝑖𝑖𝑖
𝑏𝑏

 

�𝐹𝐹𝐴𝐴

 

�𝑡𝑡𝑡𝑡(𝑡𝑡)��(𝑢𝑢) +

 

𝑖𝑖𝑖𝑖
𝑏𝑏

 

[𝐹𝐹𝐴𝐴

 

𝑓𝑓(𝑡𝑡)](𝑢𝑢)

 

and 

 

�−𝑖𝑖𝑖𝑖𝑖𝑖 + 𝑎𝑎
𝑑𝑑
𝑑𝑑𝑑𝑑�

𝐹𝐹𝐴𝐴(𝑢𝑢) =

 

−𝑖𝑖𝑖𝑖𝑖𝑖𝐹𝐹𝐴𝐴(𝑢𝑢) +

 

𝑎𝑎
𝑑𝑑
𝑑𝑑𝑑𝑑

 

1
√2𝜋𝜋𝜋𝜋𝜋𝜋

 

𝑒𝑒
𝑖𝑖
2
𝑑𝑑
𝑏𝑏𝑢𝑢

2
� 𝑒𝑒

𝑖𝑖
2
𝑎𝑎
𝑏𝑏𝑡𝑡

2
∞

−∞

 

𝑒𝑒
−𝑖𝑖
𝑏𝑏 𝑢𝑢𝑢𝑢

 

𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑

 

                                        

=

 

−𝑖𝑖𝑖𝑖𝑖𝑖𝐹𝐹𝐴𝐴(𝑢𝑢) + 𝑖𝑖𝑖𝑖𝑖𝑖
𝑏𝑏
𝑢𝑢

 

𝐹𝐹𝐴𝐴

 

(𝑢𝑢) −

 

𝑖𝑖𝑖𝑖
𝑏𝑏

 

[𝐹𝐹𝐴𝐴(𝑡𝑡

 

𝑓𝑓(𝑡𝑡))](𝑢𝑢)

 

      

=
𝑖𝑖𝑖𝑖
𝑏𝑏

 

[𝐹𝐹𝐴𝐴

 

𝑓𝑓(𝑡𝑡)](𝑢𝑢) +
−𝑖𝑖𝑖𝑖
𝑏𝑏

 

�𝐹𝐹𝐴𝐴

 

�𝑡𝑡𝑡𝑡(𝑡𝑡)��(𝑢𝑢)

 

Hence the theorem.

 

d)

 

Theorem

 

: For 𝑓𝑓

 

∈

 

𝒮𝒮,

 

and 𝑘𝑘 ∈ 𝑅𝑅,

 

[𝐹𝐹𝐴𝐴

 

�𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 𝑓𝑓(𝑡𝑡)� (𝑢𝑢) =

 

𝑒𝑒
𝑖𝑖𝑖𝑖𝑖𝑖 (2𝑢𝑢−𝑏𝑏𝑏𝑏 )

2 [𝐹𝐹𝐴𝐴�𝑓𝑓(𝑡𝑡)�(𝑢𝑢 − 𝑏𝑏𝑏𝑏).

 

Proof

 

:

 

The proof of this is simple and hence omitted.
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>



=

 

1
√2𝜋𝜋𝜋𝜋𝜋𝜋

 

𝑒𝑒
𝑖𝑖
2
𝑑𝑑
𝑏𝑏𝑢𝑢

2
∫ 𝑒𝑒

−(𝑏𝑏−𝑖𝑖𝑖𝑖 )
2𝑏𝑏 𝑡𝑡2∞

−∞

 

𝑒𝑒
−𝑖𝑖
𝑏𝑏 𝑢𝑢𝑢𝑢

 

𝑑𝑑t

 

=

 

1
√𝑎𝑎+𝑖𝑖𝑖𝑖

 

𝑒𝑒
𝑖𝑖
2
𝑑𝑑
𝑏𝑏𝑢𝑢

2
𝑒𝑒

−𝑢𝑢2

2𝑏𝑏(𝑏𝑏−𝑎𝑎𝑎𝑎 ) =

 

1
√𝑎𝑎+𝑖𝑖𝑖𝑖

𝑒𝑒
(𝑐𝑐+𝑖𝑖𝑖𝑖 )𝑢𝑢2

2(𝑏𝑏−𝑎𝑎𝑎𝑎 ) .

 

b)

 

Example

 

:

 

If 𝑓𝑓(𝑡𝑡) =

 

𝛿𝛿(𝑡𝑡 − 𝜏𝜏)

 

then ,  [𝐹𝐹𝐴𝐴𝑓𝑓(𝑡𝑡)](𝑢𝑢) =

 

1
√2𝜋𝜋𝜋𝜋𝜋𝜋

 

𝑒𝑒
𝑖𝑖

2𝑏𝑏�𝑎𝑎𝜏𝜏
2+𝑑𝑑𝑢𝑢2�

  

𝑒𝑒
−𝑖𝑖
𝑏𝑏 𝑢𝑢𝑢𝑢

 

Sol: Since 𝛿𝛿(𝑡𝑡 − 𝜏𝜏) ∈ 𝒮𝒮

 

we can apply the above theory and by the definition of delta function the 

result is clear.

 
  

VI.

 

Conclusion

 

In this paper we have confined ourselves to the space 𝒮𝒮  next we propose to extend this 

theory to the spaces of generalized functions 𝒮𝒮′

 

the space of distributions of slow growth. 
Another extension we plan is to study the linear canonical transform with complex entries. Then 
we shall use this theory to solve some partial differential equations.
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V. Application

a) Example : If 𝐿𝐿(𝑡𝑡) = 𝑒𝑒
−𝑡𝑡2

2 then [𝐹𝐹𝐴𝐴𝐿𝐿(𝑡𝑡)](𝑢𝑢) = 1
√𝑎𝑎+𝜋𝜋𝜋𝜋

𝑒𝑒
(𝑐𝑐+𝜋𝜋𝑑𝑑 )𝑢𝑢2

2(𝜋𝜋−𝑎𝑎𝜋𝜋 ) .

Sol. Clearly 𝑒𝑒
−𝑡𝑡2

2 ∈ 𝒮𝒮,

Now,  [𝐹𝐹𝐴𝐴𝐿𝐿(𝑡𝑡)](𝑢𝑢) = 1
√2𝜋𝜋𝜋𝜋𝜋𝜋

𝑒𝑒
𝜋𝜋
2
𝑑𝑑
𝜋𝜋𝑢𝑢

2
∫ 𝑒𝑒

𝜋𝜋
2
𝑎𝑎
𝜋𝜋𝑡𝑡

2∞
−∞ 𝑒𝑒

−𝜋𝜋
𝜋𝜋 𝑢𝑢𝑡𝑡 𝑒𝑒

−𝑡𝑡2

2 𝑑𝑑𝑡𝑡
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