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[. [NTRODUCTION

The linear canonical transform is a much more general integral transform which has the
Fourier transform, Fractional Fourier transform, Fresnel transform etc as its special cases. As it
is well known that fractional Fourier transform (FrFT) is the powerful mathematical tool and is
widely used for spectral analysis, signal processing, optical system analysis etc.[6], the LCT
which is the generalization of FrFT has obviously more ability and potential due to its three
parameters. Especially it is used to analyze optical systems with prisms or shifted lenses.

Since Namias [5] had introduced Fractional Fourier transform, many mathematicians had
studied it thoroughly e.g. Almeida [2] studied its convolution and product, Akay [1] discussed
unitary operators on it, where as Kerr [4] extended it to the spaces of distributions.

As compared to this, Linear Canonical transform is less attended integral transform. We have
studied its analytic properties [3] and here we want to study it in some Zemanian spaces.

Definition : The linear canonical transform (LCT) is a four parameter (a, b, ¢, d), class of
integral transform given by,

id2 o a2 =i
Fa(w) = [LCT(OIW) = = em" [ e en™ f(t)dt for b #0

= Vd e f(gu) for b =0 (1)

It is characterized by a general 2x2 matrix, 4 = [‘Z Z] with ad — bc = 1, moreover the

entries a, b, ¢, d are real or complex but for this paper we assume that they are real parameters.
Inverse Linear canonical transform is given by

[Fr] @) =f®) = [ Fa@ Kt (twdu (2)

where K;1(t,u) is the Hermitian conjugate of K, (t,u) that is K;1(t,u) = K; (u,t).

This paper attempts to provide the necessary mathematical framework for extending LCT
to the spaces of generalized functions. We begin by recalling the definition of the space S, the
space of functions of rapid descent and some properties of the Fourier transform on it.

Section 2 is devoted to define LCT on the space § and prove the basic properties of the
concerned transform. In section 3 some operational formulae are developed. Application of the

Author . Dept. of mathernatics, govt vidarbha institute of science and humanities, Amravati, India. E-mail : alka.gudadhe@gmail.com

© 2012 Global Journals Inc. (US)

Year 2012

[uny
~

Frontier Research ( F) Volume XII Issue VIII Version I

Global Journal of Science



Global Journal of Science Frontier Research ( F) Volume XII Issue VIII Version I E Year 2012

theory is discussed by solving one example in section 4 and finally we conclude in the last
section.

This work is under the Major Research Project sanctioned by UGC (F No. 40-241/2011)

Notations as per Zemanian [7].

1. PRELIMINARIES

In this section we note some of the results which will be used later on.
Let S be the vector space of all smooth functions ¢ such that,
Y (@) = 5eb |t @™ ()| < o0, for all m,n €{0,1,2,..}.
Clearly § is equipped with the topology generated by the collection of seminorms
{ Vi Imn=o also § is a Frechet space.

Fourier transform defined on §

Flo®) = \/%_n fjooo e ' @(t) dt, peS,WwWER (3)
Some useful results as in [3] :

a) F: 8§ — §is ahomeomorphism.
b) (FHe®)w) = (Fp))(—x) peS,weR.
¢) If f(t) = e’ A€ C thenforn=0,1,2, ...,

n

f(Zn)(t) — e%Atz Z a, A2n-T 4 2n—2r
r=0

n
f(2n+1) (t) = e%Atz Z’BT A2n+1-r 4 2n+1-2r
r=0
where the constants a, and S, are independent of A.

[1I.  LiNEAR CANONICAL TRANSFORM ON S SPACES

For each f € §, the Linear canonical transform of f as given by,
Fa) = LCTFO1 ) = [ £ K () de

g2 2y Zt
emp(@t’+dut) pqut ¢ p 2

where K,(t,u) =5

= Vd ez f(du) for b =0

where A = [? Z] and a, b, c,d are real.

. 1 Euz i—atz u . .
a) Proposition : F(u) = TFe [F ( ez f(t) 1(5) where F is the Fourier transform as

explained above.

Proof : The result is very clear from the definition (1) and (2).
Also we note that

b) Proposition : F,(u), Linear canonical transform of f(t), is the homeomorphism on § with
inverse as given by (3).
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Proof : We know that F, Fourier transform is homeomorphism on § [7]. Also the function

id
h(u) = eart’ g@) , for g(u) € §,is a homeomorphism on §. Therefore by 2.1, Linear canonical
transform of f(t), is the homeomorphism on §.

Now it remains to show that (2) represents the inverse under the space §.

[LCT Y LCT, F(0)](v) = f ) () Ki(t,u) f oo1!(,;1(11, v) dt du

—ia 2 id o ® —ivu  ia,p —id , iut
= (C;e2b ezb Cie b ez eZb“ eb dtdu
—00 —00

where C; = \/erﬁ and Cf is its conjugate.

—iuv

f_w{f_w et (O] e dtye s du

- anbl

= 3 [FIFEn ()] @)
= f(v)

Hence the result follows.
¢) Theorem : For each f €S, {LCT,f(t)}(u) convergesto f(t) with respect to the topology of
Sasbhb - O%tand a - 1.

Proof : Since Fourier transform is a homeomorphism on §, equivalently we prove that,
LCT,Ff converges to Ff asb — 0% in § where F denotes the Fourier transform of f.

p(an?+av?) T e~ £(t)dt} du

1 v

(FFH@) = [LCT,Ff]() = j

ldV 2wib (v, \*
- % v—f R G
o . ) - —ib2
Using [ ei®* et dy = E e if a>0.

1 © idv®  —ip

= el 7 e H G gy

id-Ly?

= \/%e 2 fjowe_ifztzf(t) e a" dt (1)
L(d——)v ) _ivt
V™ (DF FAFAW) = =X () Dke 2 Dk [T ettt f(e) e dt
1 4 l(d—l—)vz N
Te pm r n— vt
= = = 55 (1) @ Gy =) #e2r [0 ot pe) Sk e~ g
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L(d——) v2

7 Thwo 22 o( Jar G(d—dykre [T e pEy ot (2)

Now,

—ivt —iv —ivt
Dgn+k—2r (e a ): (_)m+k—2r e a
a
Hence (3) becomes,

k
n [7]

1 l(d_a)v —ib —it
) @ Te B [ ehe fo
na k=0 T=0 —00

i
(L'a)m+k—2ngn+k—2re— th dt

(k
2] z(d—%)vz t o
(d—))k—r(la)m+2k Zr‘”eTf —=v k=2 o4 b2 OO de
- = Z 2. (&) :
by [7 p 49]
ke—r +2k—2r— (G L O
s, 5 (M), @by e 7 e
m+k—2r K _2
j=0
k
n L3l
1 i 1 id—Lyv i
~ \2ma Z (Z) ar (o (d =) iy re - f oot
k=01r=0 .
mik-2rglil ) (m+l; Zr) Lyt gD (g ()t
k
n 12 mak—2r 13

_ n\ /m+k-—2r i B 1 K e 4 2k—2r—n b i
- > 2T ek G- )
w Ly i 2l ym+k—=2r—j (. n—k
f—oo e o« UTD, (t f(t))dt

— n [g] m+k—2r [%]
- Zk=02r=02j:0 2l=0 Gj,k,r,l

k—r

el = (Z) (m * l]c B ZT) a, b, (i (d — %)) (iq)m+2k—2r-n (%)f -l

where, G

f e~ avt =2tk (t”_kf(t))dt
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“| Gl

. k—r i —1 .
— 1 by * i ] o
[ e (55 (2)) o (@) o

=1

L
Since |e «

| Girri| =
() ("5 arn (5 (- )

%))k_r (l-a)m+2k—2r—n (ﬁ)j_l foo j—ZlDtm‘HC—ZT—]' (tn_kf(t))dt| S

[
ia —

k—r .
_ |y (mtk—2r i (be - m+2k—2r—n (D S =21 pym+k=2r—=j (n—k
=@ e <—(z)) Gaysme (Z) [ omor o (et @)as

J 2b

(Z) (m + l]c - 27‘) a,b, (é(%))k_r (iq)m+2k-2r-n (%)j_l j_o:otj—ZIDtm+k—2r—j (tn—kf(t))dt

Now fjooo t2p" th—2r=y (t"_kf(t))dt, is independent of the parameters a,b,c,d, hence

| Gj,k,r’l| — 0asb—>0anda — 1provided j—1> 0, which is always true.

Df} oo i . .
|vm (D} EAF)(w) —v™ 2= [ (e dt| <® gince f € S.

Hence the theorem is proved.

[V.  SOME PROPERTIES OF LINEAR CANONICAL TRANSFORM IN §
a) Theorem : For each f € §, F;Fz = F, where A = [Z Z],B = [2; Z] and C = B A.
Proof : Consider,

[FaFaf (D](v) = LCTy = [7 em(@™ 448 o3 £(p) ar

1 1 < 24 6p2 i) L2 2 =i
_ - - foooo ezq(pu sv?) et {foooo eZb(at +du?) e Ut Ji03) dt}du
i - -

2

1 1 o L(g+1)uz_i(z+£)u iat? isv®
- 2 b b 2
Vs T [f_ooe q q du| ez e 20 f(t)dt
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- —i(bv+qt)? g2 isv?
= L L YO Gy e e 2 f(1)dt
v2mib /2miq Y~ \/bp+dq

i —ivt

(o] L _ q 2 e b 2
j eZb(a Gp+a)t 3261(5 p+dq)” ep+da) f(t)dt H

1
~ [2mi(bp + dq)

Now by simple calculations and using ad —bc =1landps —rq =1 , it can be shown
that the right hand side is nothing but,
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= [Fcf(O]W).
b) Theorem : For f € S, and 7 €R,

—iact?

Fift—1)=e et [Fyf(0)] (u — an).

Proof : As f € S implies f(t —17) € S, (by ex. 3, p 102 [2]) so that both sides of above equation
are defined as elements of §. We shall prove the result for f € D, the space of smooth functions
of compact support, then the result will be clear from the continuity and denseness.

1 id o (C ia, —i
e2b" f ez’ e ™ f(t — 1)dt
—00

Fyft—1) =

2mib

id ia —i
_ 1 eﬁuZ fjooo eﬁ(t+r)2 e7u(t+r) f(t)dt

2mib
Simple calculations will show that right hand side is equal to,

—iact?

= e~ 7 e [Ff()] (u—ar)
; c) Theorem : For f € §,andn € N,
v ) d
: [Fa (D" F(EN] () = (—icu+ @) Fy ().
% Proof : As (D"f(t)) € Sif f € §, both sides of above equation are defined in §.
_% We shall prove for n =1 and it follows for all n > 1by induction.
i Consider,
; [y (DF )W) = ——— e25"" [ o2 ¢ Df(e)de
< u) = e e e
: A V2mib e
5 = — [E (tF )] + 7 [F4 FOIw)
and
d d 1 id - ®  ia 2 —i
—icu + a—)F u) = —icuF,(u) + a— ezb" e2b’” ed ™ f(t)dt
( —) ) A+ agy = en | G

= —icuF,(u) + %u Fy (w) — %a [Fa(t f(ED] (W)

Global Journal of Science

= % [Fy (O] @) + %a [Fa (tf ()] @)

Hence the theorem.

H d) Theorem : For f € §, and k €R,

idk (2u—bk)

[Fa (e f®O) @ =e 2z [F(f(©)@-bk).

Proof : The proof of this is simple and hence omitted.
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V.  APPLICATION

_¢2 (c+id)u?
a) Example : If f(t) = e 2 then [F,f(t)](u) = — ¢ 20D
42
Sol. Clearly e 2 € §,
1 i e ey —h =t
Now, [Fif(D](u) = 7= en" [ en" er™ ezdt
id w —=ia) =i
= \/er_ib ompt’ [© e m 2 Bt gy
. 2 : 2
1 id 2 _b‘” : 1 (ctidyu
= (b—ai) = (b—ai)
Varm ¢ ¢ Vo’ :
b) Example : If f(£) = 8(t — 1) th = L egplartrdu?) g
) Example : If f(t) (t — 1) then , [Fif(t)](w) o © e

Sol: Since §(t — 1) € § we can apply the above theory and by the definition of delta function the
result is clear.

VI. CONCLUSION

In this paper we have confined ourselves to the space § next we propose to extend this

theory to the spaces of generalized functions S the space of distributions of slow growth.
Another extension we plan is to study the linear canonical transform with complex entries. Then
we shall use this theory to solve some partial differential equations.
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