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[. INTRODUCTION

he study of the inclusion between two elastic adherents bodies involves introducing a very thin third body, filled
Tby adhesive with an oscillating boundary, between them. In general, the computation of solution using

numerical methods is very difficult. In one hind, this is because the thickness of the adhesive requires a fine
mesh, which in turn implies an increase of the degrees of exible than the adherents, and this produces numerical
instabilities in the stiffness matrix. To overcame this difficulties, thanks to Goland and Reissner [4] find a limit
problem in which the adhesive is treated on this theoretical approach, see for example A. Ait Moussa and J.
Messaho [1], A. Ait Moussa and L. Zla ji [3], Licht and Michail [2], and Acerbi, Buttazzo and Perceivable [6].

This work is specially intereted in approximating a minimization problem (P.) where ¢ is a small parameter
linked to the thickness and the stiffness of the adhesive. In particular, we associate to each component of gradient
an independent of stiffness parameter. We use epi-convergent method introduced in a paper by De Giorgi and
Franzoni in [9],to proof a weak limit of a (P, )- minimizing sequence with is a solution of (IP).

This paper is organized in the following way. In section 2, we express the problem to study, and we give some
notation and we define functional spaces for this study in the section 3. In the section 4, we study the problem (4.0).
The section 5 is reserved to the determination of the limits problems and our main result.

I1. NOTATION AND PRELIMINARIES

we consider a structure, occupying a bonded domain Q € R3with Lipschitzian boundary 9Q. It is constituted
of two elastic bodies joined together by an incompressible rigid thin layer with oscillating boundary, the latter obeys
to nonlinear elastic low of power type. More precisely, the stress field is related to the displacement's field by

o =\ le(ws)| 7! e(uf), A>0.
The structure occupies the regular domain @ = B. U Q.,where B.is given by B.= {z = (2',23) / |23] < §},
and Q. = Q\ B. represent the regions occupied by the thin plate and the two elastic bodies, € being a positive para-
meter intended to approach 0, and ¥ = {z = (', x3) / |z3| = 0}.

The structure is subjected to a density of forces of volume f, f : € — R*, and it is fixed on the boundary
05). Equations which relate the stress field 0%, o0° : @ — R% | and the field of displacement u*, u® : @ — R3 are

div(c®)+ f=01in Q

05, = aijknern(u®) in Qe
0° = Me(ws)| "e(u®) in B. (P

div(u®) = 0 in B

u® = 0 on 9N
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Where aijrnare the elasticity coefficients and RY the vector space of the square symmetrical matrices of
order three, e (u)are the components of the linearized tensor of deformation e(u) . In the sequel,we assume that the
elasticity coefficients aijxn satisfy to the following hypotheses :

Qijkn € LOO(Q) (2.1)

Qijkh = Gjikh = Okhij, (2.2)

9
QijkhTijTkh > CTij’/"ij, V1 e RS
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[11. NOTATION AND FUNCTION
SETTING

[ERN
=l

a) Notations
We begin by introducing some notation which is used throughout the paper.

x = (2/,23), Where 2’ = (z1,x2),
T® ¢ = (1:¢)1<ij<3 And
TRC(+HCR®T
2
In the following C will denote any constant with respect to €, [v] is the jump of displacement field v through
¥, and v, H, respectively the Lebesgue Hausdorff measures. Also, we use the convention 0.(+o0). '
To describe a global subadditive theorem, we consider By (R4) the family of Borel bounded subsets of R¢and
§. Euclidean distance in R?, for every A € By(R%), p(A) = sup{r > 0 : IB,(z) C A}, where B,(z) = {y € R%:
6(z,y) < r}. A sequence (B, )nen C By(R?) is called regular if there exist an increasing sequence of intervals (In)»
C Z% and a constant C independent of nsuch that B,, C I,, and meas (I,,) < C meas(B5,),¥n . The global subadd-
itive theorem is essentially based on subadditive Z -invariant functions.
Afunction S:A € By(R%) — S, € R is called subadditive Z?- periodic if it satisfy the following conditions:
() Forall A,B € By(R?) suchthat AN B = 0, Saup'< Sa+ Ss.
(iy Forall A€ By(RY), all z€Z% Say, =Sa.

Now, we shall see the global subadditive theorem, firstly used in the setting of the calculus of variation by Licht and
Michaille [2]

XII Issue II Version I
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Theorem 3.1.[2; page24] Let S be a subadditive Z?- invariant function such that

~(S) = inf{ 51 7 1 =a,b[,a,b € Z% and a; < b;¥1 <i < d}

meas

7(S) > —o0

Global Journal of Science Frontier Research (A) Volume

In addition, we suppose that S satisfies the dominant property: There exists C(S), for every Borel convex subset
A C [0,1[¢, |Sal < C(S). Let(A,), be a regular sequence of Borel convex subsets of By,(RY) with lim,, 4 oo

p(An) = +oo. Then lim,,_, ;.o —2z— exists and is equal to

meas A,

. Sa . S1o,m[
1 —_ = f {—— 1
n—1>r—&I-1c>o meas A,, W;QN*{ md }=7(5)

We have the following stability result for epiconvergence.

© 2012 Global Journals Inc. (US)



Proposition 3.2 . [T, p:40] Suppose that F* epi-convergence to F in (X,7) andthat G : X — RU{+cc},is 7—
continues. Then F*© + G epi-converges to F' + G in (X, 7)

This epi-convergence is a special case of the I'- convergence  introduced by De  Giorgi (1979) [9].
It is well suited to the asymptotic analysis of sequences of minimization problems since one has the
following fundamental result.

Theorem 3.3 : [7; Theorem1:10]. Suppose that
(1) F*° admits a minimizeron X ;

(2) the sequence (u®) is T relatively compact

(3) The sequence Feepi-converges to F inthis topology 7.on X =

[\

Then every cluster point u* of the sequence (u®) minimizer F on X and lim0 F* (u) = F(u*)
e'—
where (us’)a, denotes any subsequence of (u®)_. which converges to u*

b) Function setting
First, we introduce the space

Ve - u € Wy (Q,R3) x WHY(B,,R3),
N u=0o0n0Q and div(u) =0 in B

we easily show that V¢ is a Banach space with respect to the norm

u = [le(u)|| 220, re) + le(w)|| L1 (5. r)-

XII Issue II Version I

[V. STUDY OF PROBLEM

Problem P, is equivalent of the minimization problem

infocye 3 Jo, aijhkeij(v)ens (v)dz+
€ +A [, le@)] = [, fodz

To study problem P, , we will study the minimization problem (4.0). The existence and uniqueness of solutions
to (4.0) is given in the following proposition.

(A) Volume

Proposition 4.1 . Under the hypotheses (2:1), (2:2), (2:3) and for f € L*, problem (4:0) admits an unique solution.

Proof. From (2:1) and (2:3), we show easily that the energy functional in (4:0) is weakly lower semicontinuous, strictly

convex and coercive overVe, Since V€ is not reexive, so we may not apply directly result given in Dacorogna [17;
p:48], but we can follow our proof by using the compact imbedding to the W1(Q) Sobolev space, in the reflexivity
space L%(Q), or q = % for more information see you Adams [14; p:95].

Frontier Research

On the other hand, let «,, be a minimizing sequence for (4:0), to simplify the writing let

Fe(v) = 1/Q aijhkeij(v)ehk(v)dx—i-/\/ le(v)]

2 B.
7/ fudx
Q

so, we have F¢(u,) — inf,cyve F(v). Using the coercivity of F¢, we may then deduce that there exists a constant
C > 0, independent of n, such that

Global Journal of Science

[unllve < C,

then u,, bounded in L4, therefore a subsequence of «,, , still denoted by w,, , there exists vy € V¢ such that wu,, N
— ug in V*. The weak lower semicontinuity and the strict convexity of F¢ imply then the resuilt.

Lemma 4.2. Assuming that for any sequence (u®). C V*©there exists a constant ¢’ > 0 such that F*(u®) < C

,under (2:1), (2:3) and for f € L>°(Q, R?), (uf),., satisfies

© 2012 Global Journals Inc. (US)
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le(u) 1720, rey < C (4.1)
/ le(us)| < C. (4.2)
B.

moreover u¢ is bounded in W' (2, R3).

Proof. Science F¢(u®) < C , we have

1

f/ aijhkeij(ue)ehk(ue)der/\/ |e(u€)|7/ fusdx < C
2 Ja Q

€ =

Then, taking advantage of the fact that ¢ vanishes on 09 :

/ futdr < |f|Loo(Q)|UE‘L1(Q) < C|e<u6)|L1(Q).
Q
by Holder and Young the inequalities, we obtain

le(u®)|L1) < C+ Clle(u®)|| L2 + le(u®)| 1B,

According to (2:3) and (4:3), we have

||e(u8)||%z(QE7Rg) + /\/B le(u®)| < C + C’/g2 fusdz

< O+ Clle(w) | 2, xo) + / le(u)|

€

To facilitate writing, we denote by
X1 = |le(u?)]|2(q. re), and Xy = fBE le(u®)| We have
X7+ X5 < O(X1 + Xo).

Then C

(Xi—-=)P+(1-0)X2 <

2
2 4

according to the values of C,

e If(1-C)>0 :we see easily the result.
e f 1-C)<0:

C., C?

(X1 — Z) <

this inequality means that, the tensor of deformation form a straight line on the ground in B_,below parable about (2.,

which is contradicted to the situation of problem. Therefore, we will have (4:2) and (4:3). In another problem we can
supposed that (1 — C') > 0 and completed the proof.

According to (4:2) and (4:3), and for a small enough € the sequence (u®) is bounded in Wol’l(Q, R3).

- (1-0)Xo,

Remark 4.3. The solution u® of the problem (4:0) satisfy to the Lemma 4:2.

To apply the epi-convergence method, we need to characterize the topological spaces containing any
cluster point of the solution of the problem (4:0) with respect to the used topology, therefore the weak topology to
use is insured by the lemma 4.1. So the topological spaces characterization is given in the following proposition.

Proposition 4.4. The solution «° of the problem (4.0) possess a cluster point «* in BD(Q)NLY(Q) .

Proof. According to the Remark 4.3 and Lemma 4.2, for a small enough €, the solution »® is bounded inBD (Q),since
there is a compact embedding of BD(Q) in L*(e). Hence the result of Temam [13; p:152], there exists

u* € L*(Q), such that u* — u*in L*(f).

© 2012 Global Journals Inc. (US)



Remark 4.5. Proposition 4.4 remains valid for any weak cluster point of a sequence w° in ¢ that satisfies (4:2) (4:3)

VL. LIMIT BEHAVIOR

Let Fow) = %fﬂs aijnieij(v)ens(v)de + )‘fBE le(v)| ifveVe
c 400 (5.1) ifv g Ve

G(v) = —/ fodx, YveVe®
Q

20

We design by ¢ the weak topology on the space. In the sequel, we shall characterize, the epi-limit of the
energy functional given by (5:1) in the following theorem.
Theorem 5.1. Under (2:2), (2:3), (2:4) and for f € L>®(Q,R?) , there exists a functional F: W1(Q) — RU {+oo}
such that
T —lmFe=F in Wyt (Q)

[EEY
~N

where Fis given by

3 Jo aijnreij(wen,(w)de + A [ [[u] @ es]
F(u) = if ue Wyt (Q)
+oo ifud Wy't(Q)

Before launching our proof of this theorem we need the following lemma

Lemma 5.2.

LetQ) be a Lipschitizian in R and p >1 :

() — If L& W1 (Q,R?) and < £,® >=0,¥d € WIP(Q,R?), with div(®) = 0,then tere exists ¢ € L7
such that £ = grad(q).

(i)—1If ¢ € L7and [,q = 0, then there exists v € WP (€, R3), such that div(v) = q.

(A) Volume XII Issue II Version I

Proof. this result is classical if p= 2, is less well known if p = 1, thus the domain(? is connected lipschitizian boundary.
We can be shown (i) and (i) such as in Tartar [10; p:29 - 30].

Proof. [theorem 5.1]
e —(a) We are now in position to describe the lower epi-limit.

Frontier Research

Let u € Wy' () and (u) € V= such that uf — u in Wy ' (Q) . If liminf. o F#(u®) = 400, there is
nothing to prove, because

1

§V/Qaijhkeij(u)ehk(u)dx + )\/Z |['LL] ®s €3| < +o0.
Otherwise, liminf._,g F¢(u®) < 400, there exists a subsequence of

Fe(uf) < C, which implies that

||€(UE)||%2(QE,R€;) <C,

[ lew<c.

€

Global Journal of Science

then xo.e(u®) is bounded in L2(Q, RY), so for a subsequence of xo.e(u®), still denoted by xo.e(u®),
we have ]
xa.e(u®) = e(u) in L*(,RY).

Form the semirespectability's inequality of v — %fﬂ aijhkeij(w)enk(w)dz, and passing to the lower limit, we obtain

© 2012 Global Journals Inc. (US)



a1
limint 5 | asjnsess (u)en (u°)do

1
> i/aijhkeij(u)ehk(u)dm. (5.2)
Q

To describe the lower limit in the domain B¢, denote by C,(z¢) the cylinder S,(zq ) is the open ballin R?
with radios p in centered at o on X, it suffices to establish for H, which represents the Hausdorff measure,
almost all zo on X

i X (Co(20))
p—0 Hy(S,(z0))

where v represent the Lebesgue measure in L1(€2), then
V(Colao)) _ 1 ve(Cylwo)
HQ(SP(:L‘O)) e—0 HQ(SP(Z'Q))
. A /
—_— e(u)dz. 5.3
e=0 Ha(5,(20)) Js,(20)x]—c.e] () (53)

2 [U] ®s €3,

2012
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Other way, let u in W,"'(Q) there exists a sequence ™ in C§°(€2) such that u™ — w in Wol’l(Q) when n — 400
We will use the smoothing operator R, , define by

XII Issue II Version I

- +
R.ou = L4 2(%)\1’6@) e z(ws) if |z3] < 5
u(x) if |z > 5
where
& / I
g ] (3) = u(z’, |x3)) +2u(:1: ) stl)’
=
— - u(z’, |zs|) — u(x’, —|z
- ol ) = SEll) ~ s ~les))
° And
() si el
Z -(x) = sign(ws) min(“, 1),
% We denote by u®"™ = R.u™ , We easily show that
- 1
e(u”) = g[u}(%) ®s ez +e(u" — Re(u")). (5.4)

Otherwise, let

s em .

= divu in B,
=3\ s

o fBE divu in Q.

We have ¢" € L'(2) and

Global Journal of Science

/qs,n =0
Q

according to the Lemma 5.2, there exists v=" € Wol’l(Q,R?‘) such that ¢=" = divv® and v>" depending
H linearly and continuously of ¢*™ so there exists a constant C' > 0 such that

[0 [y < Cllg™" ||

© 2012 Global Journals Inc. (US)



Using that [, ¢=" = 0, implies ¢™ =0 p.p for this result see you Roudin [15], so we havey=m — 0 in W, (2, R3).

Let

e,n EM _ &

w =Uu

Since divvs” = divu®" in B, so divw®™ = 0 in B., it follows that w=" € V¢, and as us" — u™and v>" — 0

in Wy (Q,R3).

According to the (5:3) and (5:4), we have
lim lim #/ le(u®™)|dx
p=0=0 Ho(Sp(70)) /s, (20) x]—e.e

A

- lim lim 7/ e RE uw))—e uE,n_RE u dx
=00 Hy(S,(z0)) SP(IU)XFE’E” (Re(u))—e( (u))]

= lim lim ¥{
- p—0e—0 HQ(SI,(I()))

/ |1[U]_ (o) ®sez+e(u™" —Re.(u))|dx}.
Sp(wo)x]

—e,¢] S

(5.5)

We can modify u¥" — R.(u) in the boundary of S,(z0)x] — ¢,¢[ by a function . € Wy (S,(x0)x] — t(e), t(e)

t(e)

[,R3) where lim._o ?5 = 1, for more information see you Licht and Michaille [16], so that

lim lim ——————
223 B (S, o))

1. -
/ |=[u] (w0) ®s €3+ e(u™" — Rou)|dx}
Sp(xo) xX]—e,e] €
>
lim sup lim sup {

p—0  e=0 Ha(S,(x0))

1 -
/ =[] (20) s €5 + e(pe)|da}.
Sp(xo)x]—t(e),t(e) €

Recalling (5:5), then

lim lim 7/ le(u®™)|dx
p=0e=0 Ho(Sp(20)) /s, (20)x]—e.e

>

1
lim sup lim sup — inf{
p—0 e—0 |As |

/A ) (0) ®s €5 + e()|da : 0 € WL (A, RY)}

where A. = +5,(xz0)x]—t(e), ()], the subadditive process
A— SA =

it [ ([ (z0)Bueate(elde: € Wi (4, B}

satisfies all the condition of the global theorem thus finally obtain

© 2012 Global Journals Inc
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For u € Wg' () and u® € V¢, such that u¢ — u in W' (), Assume that
lign_)iglf Fe(uf) < +o0.
So there exists a constant C' > 0 and a subsequence of F*(u®), still de noted by F*(u®), such that
Fe(u®) < C.
So u® verifies the following evaluation (4.2) and (4.3), as u® — u in W&’I(Q)thanks to the Remark 4.5 we haveu €
Wh(Q) what contracdicts the fact that u € W1(Q) \ W, " (Q), consequently we have

lim inf F¥(u®) = 400
e—0

2012

e — (b) We are now in position to determine the upper epi-limit, we have
1
o) = 5 [ asmes e e [ Jew ™)
QE Ba

which implies that

1
_ Fowr) = 5 [ s emem(ndoen [ e )
E QE £
Z =51+ 5
=
= sothat
/ i 51 = lim 1 (e
; EL)I% 1= glli% 2 o XQeQijhk€ij (W )EpE (W x
>
:/aijhkeij(w")ehk(w")dx
Q
we have

&zx/|dMM|
B,

as in [8] we chow that

1
: NN _ T [,,M
lim [e(w™") = —[w"] @ e

Frontier Research (A) Volume

Consequently,

lim sup F©(w*"™) =

e—0

1

= 5/ aijhkeij(W)epr(w™)de + )\/ [[w"] ®s es].
Q )

Science w"™ — wu in W(}’l(Q) because v=™ — 0, there fore according to the classic result, digitalization's
Lemma, see [7, p.32], there exists a real function n(e) : RT — N increasingto + oo , such that we®, n(e) = u
in W,'(€) when & — 0.

Global Journal of Science

Consequently, we have

| lim sup F< (w*™)) < lim sup lim sup F*© (w"")

e—0 e—=0 n—+oo

1

< 5/ aijhiei; (W")eny(w")de + )\/ [[w"] ®s es].
Q by

© 2012 Global Journals Inc. (US)



Foru € Wy () , so for any sequence u® — wu in L' (£2), we obtain

lim sup F*(u®) < +o00

e—0

Hence the proof is complete.

In the sequel, we determine the limit problem linked to (4:0), when e approaches to zero. Thanks to the epi-
convergence results, see section 2 [Theorem 3.3, and Proposition 3.2] and the theorem 5.1, according to the 7y -
continuity of the functional G in W&’I(Q),we have F* 4 G 77 -epiconverges to F'4+G in Wol’l(Q)

Proposition 6.3. Forany f € L'(Q,R3) , there exists u* € W' (Q,R?) satisfies o
[@\]

ut —ut in Wyt (Q,R3),

F)+Gu) = it {F()+ Gl

Proof. Thanks to Lemma 4.2, the family (u¢)_ is bounded in L*(Q), therefore it passess a 7 — cluster point u* in
L'(©Q). And thanks to a classical epiconvergence method, theorem 3.3, it follows that «* is a solution of the problem
: Find

inf ~ {F(u) + G(u)} (5.2)
ueWy " (2)

Since F = +o0 on Wh1(Q) \ Wy"' (), so (5.6) became

XII Issue II Version I

ueml/r}fl(m{F(u) + G(u)}.

According to the uniqueness of solutions of problem (5:6), so «® admits an unique 7y -cluster point w*, and
therefore u® — u* in Wy"' ().

(A) Volume

VI.  CONCLUSION

Using the epi-convergence method we showed that the structure, constituted of two elastic bodies joined
together by a incompressible elastic thin oscillating layer of thickness, rigidity, and periodicity parameter depending
on(e), obeying to a nonlinearelastic law, whose parameters depend on the negative powers of e, behaves at the limit
like an elastic body embedded on the boundary and subjected to a density of forces of volume f, according to the
powers of ¢, the layer behaves like a rather rigid nonlinear elastic material surface with membrane effect, too rigid
inextensible material surface, a material surface with effect of infection or the structure is embedded on the interface
3, We found the same result of A. Ait Moussa and J. Messaho [1].

Frontier Research
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