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For |q| < 1,

(a; q)∞ =
∞∏

n=0

(1 − qn) (1.1)

(a; q)∞ =
∞∏

n=1

(1 − aq(n−1))

(a1, a2, a3, ..., ak; q)∞ = (a1; q)∞(a2; q)∞(a3; q)∞...(ak; q)∞

f(a, b) =
∞∑
−∞

a
n(n+1)

2 b
n(n−1)

2 ; |ab| < 1, (1.4)

Jacobi’s triple product identity [1, p.35] is given, as

f(a, b) = (−a; ab)∞(−b; ab)∞(ab; ab)∞ (1.5)

Special cases of Jacobi’s triple products identity are given, as

Φ(q) =
∞∑

n=−∞
qn2

= (−q; q2)2∞(q2; q2)∞ (1.6)

Ψ(q) =
∞∑

n=0

q
n(n+1)

2 =
(q2; q2)∞
(q; q2)∞

(1.7)

f(−q) =
∞∑

n=−∞
(−1)nq

n(3n−1)
2 = (q; q)∞ (1.8)

(1.3)

Ramanujanhas defined general theta function, as

a

(1.2)

Equation (1.8) is known as Euler’s pentagonal number theorem.  Euler’s another well known
identity is as

(1
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(q; q2)−1
∞ = (−q; q)∞ (1.9)

Throughout this paper we use the following representations

(qa; qn)∞(qb; qn)∞(qc; qn)∞ · · · (qt; qn)∞ = (qa, qb, qc · · · qt; qn)∞ (1.13)

(qa; qn)∞(qa; qn)∞(qc; qn)∞ · · · (qt; qn)∞ = (qa, qa, qc · · · qt; qn)∞ (1.14)

Computation of q-product identities:
we can have following q-products identities, as

(q2; q2)∞ =
∞∏

n=0

(1 − q2n+2)

=
∞∏

n=0

(1 − q2(4n)+2) ×
∞∏

n=0

(1 − q2(4n+1)+2)×

×
∞∏

n=0

(1 − q2(4n+2)+2) ×
∞∏

n=0

(1 − q2(4n+3)+2)

=
∞∏

n=0

(1 − q8n+2) ×
∞∏

n=0

(1 − q8n+4)×

×
∞∏

n=0

(1 − q8n+6) ×
∞∏

n=0

(1 − q8n+8)

= (q2; q8)∞(q4; q8)∞(q6; q8)∞(q8; q8)∞

= (q2, q4, q6, q8; q8)∞ (1.15)

(q4; q4)∞ =
∞∏

n=0

(1 − q4n+4)

=
∞∏

n=0

(1 − q4(3n)+4) ×
∞∏

n=0

(1 − q4(3n+1)+4) ×
∞∏

n=0

(1 − q4(3n+2)+4)

=
∞∏

n=0

(1 − q12n+4) ×
∞∏

n=0

(1 − q12n+8) ×
∞∏

n=0

(1 − q12n+12)

= (q4; q12)∞(q8; q12)∞(q12; q12)∞

= (q4, q8, q12; q12)∞
(1.16)

(q4; q12)∞ =
∞∏

n=0

(1 − q12n+4)

=
∞∏

n=0

(1 − q12(5n)+4) ×
∞∏

n=0

(1 − q12(5n+1)+4)×

Notes
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×
∞∏

n=0

(1 − q12(5n+2)+4) ×
∞∏

n=0

(1 − q12(5n+3)+4)×

×
∞∏

n=0

(1 − q12(5n+4)+4)

=
∞∏

n=0

(1 − q60n+4) ×
∞∏

n=0

(1 − q60n+16) ×
∞∏

n=0

(1 − q60n+28)×

×
∞∏

n=0

(1 − q60n+40) ×
∞∏

n=0

(1 − q60n+52)

= (q4; q60)∞(q16; q60)∞(q28; q60)∞(q40; q60)∞(q52; q60)∞

= (q4, q16, q28, q40, q52; q60)∞ (1.17)

Similarly we can compute following, as

(q4; q12)∞ = (q4; q60)∞(q16; q60)∞(q28; q60)∞(q40; q60)∞(q52; q60)∞

= (q4, q16, q28, q40, q52; q60)∞ (1.18)

(q6; q6)∞ = (q6; q24)∞(q12; q24)∞(q18; q24)∞(q24; q24)∞

= (q6, q12, q18, q24; q24)∞ (1.19)

(q6; q12)∞ = (q6; q60)∞(q18; q60)∞(q30; q60)∞(q42; q60)∞(q54; q60)∞

= (q6, q18, q30, q42, q54; q60)∞ (1.20)

(q8; q8)∞ = (q8; q48)∞(q16; q48)∞(q24; q48)∞(q32; q48)∞(q40; q48)∞(q48; q48)∞

= (q8, q16, q24, q32, q40, q48; q48)∞ (1.21)

(q8; q12)∞ = (q8; q60)∞(q20; q60)∞(q32; q60)∞(q44; q60)∞(q56; q60)∞

= (q8, q20, q32, q44, q56; q60)∞ (1.22)

(q8; q16)∞ = (q8; q48)∞(q24; q48)∞(q40; q48)∞

= (q8, q24, q40; q48)∞ (1.23)

(q10; q20)∞ = (q10; q60)∞(q30; q60)∞(q50; q60)∞

= (q10, q30 50; q60)∞ (1.24)

(q12; q12)∞ = (q12; q60)∞(q24; q60)∞(q36; q60)∞(q48; q60)∞(q60; q60)∞

= (q12, q24, q36, q48, q60; q60)∞ (1.25)

, q

Notes
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(q16; q16)∞ = (q16; q48)∞(q32; q48)∞(q48; q48)∞

= (q16, q32, q48; q48)∞ (1.26)

(q20; q20)∞ = (q20; q60)∞(q40; q60)∞(q60; q60)∞

= (q20, q40, q60; q60)∞ (1.27)

In 1983 Denis [5], has introduced following continued fraction identity

(q2; q2)∞(−q; q)∞ =
(q2; q2)∞
(q; q2)∞

=
1

1 − q

1 +
q(1 − q)

1 − q3

1 +
q2(1 − q2)

1 − q5

1 +
q3(1 − q3)

1 +
...

(2.1)

The famous Rogers-Ramanujan continued fraction identity [3, (1.6)], is

(q; q5)∞(q4; q5)∞
(q2; q5)∞(q3; q5)∞

=
1

1 +
q

1 +
q2

1 +
q3

1 +
q4

1 +
...

(2.2)

A well known continued fraction identity due to Ramanujan [4, (4.21)], is

(−q3; q4)∞
(−q; q4)∞

=
1

1 +
q

1 +
q3 + q2

1 +
q5

1 +
q7 + q4

1 +
q9

1 +
q11 + q6

1 +
...

(2.3)

          The outline of this paper is as follows. In sections 2, we have recorded some well known results on
continued fraction identities and recent results on q-products identities given by the author[7], those
are useful to the rest of the paper. In section 3, we state and prove four new results related to
q-product identities with theapplications of continued fraction identities.

(7)
M

.P.
C

haudhary
:

O
n

q-product
identities,

pre-print.

Ref.



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Applications of Continued Fraction Identities

  
G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
II

Is
su

e 
  
  
 e

rs
io
n

I
V

IV
  

 F
)

)

© 2012 Global Journals Inc.  (US)

35

    
 

  
20

12
    
 

A
pr

i l

C(q) =
(q2; q5)∞(q3; q5)∞
(q; q5)∞(q4; q5)∞

= 1 +
q

1 +
q2

1 +
q3

1 +
q4

1 +
q5

1 +
...

(2.4)

Recently Chaudhary [7], has introduce following q-product identities

(q2, q4, q6; q8)∞[(−q; q2)2∞ + (q; q2)2∞] = 2(−q4; q8)2∞ (2.5)

(q2, q4, q6, q8; q8)∞[(−q; q2)2∞ − (q; q2)2∞] = 4q
(q16, q32, q48; q48)∞
(q8, q24, q40; q48)∞

(2.6)

(−q; q2)2∞ + (q; q2)2∞
(−q; q2)2∞ − (q; q2)2∞

=
(−q4; q8)2∞(q8, q8, q24, q24, q40, q40; q48)∞

2q
(2.7)

(−q; q2)2∞(q; q2)2∞(q2; q2)2∞ = (q2, q2, q4; q4)∞ (2.8)

(−q; q2)∞(−q3; q6)∞ − (q; q2)∞(q3; q6)∞
(−q; q2)∞ × (−q3; q6)∞ × (q; q2)∞ × (q3; q6)∞

=
2q(−q2; q4)2∞(q4, q8, q16, q20, q24; q24)∞
(q2, q4, q6, q8; q8)∞(q6, q12, q18; q24)∞

(2.9)

(−q3; q6)∞(−q5; q10)∞ − (q3; q6)∞(q5; q10)∞
(−q3; q6)∞ × (−q5; q10)∞ × (q3; q6)∞ × (q5; q10)∞

=
(q4, q8, q12; q12)∞

(q6, q12, q18, q24; q24)∞
×

× 2q3

(q2, q6, q10; q12)∞(q10, q20, q30, q30, q40, q50; q60)∞
(2.10)

5

And,

[(q; q2)∞(q15; q30)∞] + [(−q; q2)∞(−q15; q30)∞]
[(q; q2)∞(q15; q30)∞][(−q; q2)∞(−q15; q30)∞]

=
(q12, q20, q24, q36, q40, q48, q60, q60; q60)∞

(q10, q30, q30, q50, q60; q60)∞
×

× 2
(q2, q4, q6, q8, q8; q8)∞(q6, q18, q30, q42, q54; q60)∞

(2.11)

One of the most celebrated continued fractional identities associated with Ramanujan’s academic
career, given by Rogers-Ramanujan [6], is

(7
)
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(q2, q4, q6, q8; q8)∞[(−q; q2)2∞−(q; q2)2∞]

=
4q(q16, q32; q48)∞

(q8, q40; q48)∞
× 1

1 − q24

1 +
q24(1 − q24)

1 − q72

1 +
q48(1 − q48)

1 − q120

1 +
q72(1 − q72)

1 +
...

(3.1)

(−q; q2)∞(−q3; q6)∞ − (q; q2)∞(q3; q6)∞
(−q; q2)∞ × (−q3; q6)∞ × (q; q2)∞ × (q3; q6)∞

=
2q(−q2; q4)2∞(q4, q8, q16, q20; q24)∞
(q2, q4, q6, q8; q8)∞(q6, q18; q24)∞

×

× 1

1 − q12

1 +
q12(1 − q12)

1 − q36

1 +
q24(1 − q24)

1 − q60

1 +
q36(1 − q36)

1 +
...

(3.2)

(−q3; q6)∞(−q5; q10)∞ − (q3; q6)∞(q5; q10)∞
(−q3; q6)∞ × (−q5; q10)∞ × (q3; q6)∞ × (q5; q10)∞

6

=
2q3(q8; q12)∞(q4, q16, q28, q40, q54; q60)∞

(q6, q12, q18, q24; q24)∞(q2, q10; q12)∞(q10, q20, q30, q30, q40, q50; q60)∞
×

× 1

1 − q6

1 +
q6(1 − q6)

1 − q18

1 +
q12(1 − q12)

1 − q30

1 +
q18(1 − q18)

1 +
...

(3.3)

          In this section, we established and proved following identities with the applications of continued
fraction identities in the q-product identities, recentlygiven by Chaudhary [7], as

(7)
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And,

[(q; q2)∞(q15; q30)∞] + [(−q; q2)∞(−q15; q30)∞]
[(q; q2)∞(q15; q30)∞][(−q; q2)∞(−q15; q30)∞]

=
2(q12, q20, q24, q36, q40, q48; q60)∞

(q2, q4, q6, q8, q8; q8)∞(q6, q10, q18, q30, q42, q50, q54, q60; q60)∞
×

×



1

1−
q30

1 +
q30(1 − q30)

1 − q90

1 +
q60(1 − q60)

1 − q150

1 +
q90(1 − q90)

1 +
...



2

(3.4)

24

12

6

30
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Proof of (3.1): Making suitable arrangements in the q-products identitiesgiven in the right hand side of
(2.6), and further apply (2.1) for q = q , we  get (3.1).

Proof of (3.3): Making suitable arrangements in the q-products identities given in the right hand side
of (2.10), and further apply (1.17), and (2.1)for q = q

Proof of (3.2): Making suitable arrangements in the q-products identitiesgiven in the right hand side of
(2.9), and further apply (2.1) for q = q , we

 
get (3.2).

, we get (3.3).

, we get (3.4).
Proof of (3.4): Making suitable arrangements in the q-products identitiesgiven in the right hand side of
(2.11), and further apply (2.1) for q = q
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