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[ INTRODUCTION AND PRELIMINARIES
a) Harmonic Number

The n** harmonic number is the sum of the reciprocals of the first n natural numbers:

|
H,=Y = 1.1
;k (1.1)

Harmonic numbers were studied in antiquity and are important in various branches of number
theory. They are sometimes loosely termed harmonic series, are closely related to the Riemann
zeta function, and appear in various expressions for various special functions.

An integral representation is given by Euler

Hn_/ L-2" (1.2)

1—33

The equality above is obvious by the simple algebraic identity below

=1l4+z+ ... +z" (1.3)

An elegant combinatorial expression can be obtained for H,, using the simple integral transform
r=1—-u:
1-— 01— (1 —u)” Li—@a—-wn
Hn_/ T _ /Mdu:/ 1-0-w
1—-x 1 U 0 U

L [Eer o

k=1
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b) Lucas polynomials N otes

The sequence of Lucas polynomials is a sequence of polynomials defined by the recurrence rela-
tion

220 =2 , ifn=0
Ly(r)=< 1ol =2 , if n=1 (1.5)
2Ly, 1 (z) + 2°L,_o(x) , if n>2

The first few Lucas polynomials are:

Lo(l‘) =2
Li(x)=x
LQ(.Z‘) = .1'2 + 2

L(x) = 2 + 3z
Ly(z) = 2 + 42 +2

The ordinary generating function of the Lucas polynomials is

2 —uxt

GiLa@}(t) = Lu()t" = T—tatD)

n=0

(1.6)

¢) Polylogarithm
The polylogarithm (also known as Jonquire’s function) is a special function Lis(z) that is defined
by the infinite sum, or power series:

o

o Zk
Lig(2) =) — (1.7)
k=1

It is in general not an elementary function, unlike the related logarithm function. The above
definition is valid for all complex values of the order s and the argument z where| z |< 1.The
polylogarithm is defined over a larger range of z than the above definition allows by the process
of analytic continuation.

The special case s = 1 involves the ordinary natural logarithm (Liq(z) = —In(1 — z)) while the
special cases s = 2 and s = 3 are called the dilogarithm (also referred to as Spence’s function)
and trilogarithm respectively. The name of the function comes from the fact that it may alter-
natively be defined as the repeated integral of itself, namely that

Lisir(2) = /0 ’ Li%(t)dt (1.8)
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Thus the dilogarithm is an integral of the logarithm, and so on. For nonpositive integer orders
s, the polylogarithm is a rational function.

The polylogarithm also arises in the closed form of the integral of the FermiDirac distribution
and the Bose-Einstein distribution and is sometimes known as the Fermi- Dirac integral or the
Bose-Einstein integral. Polylogarithms should not be confused with polylogarithmic functions
nor with the offset logarithmic integral which has a similar notation.

d) Generalized Gaussian Hypergeometric Function

Generalized ordinary hypergeometric function of one variable is defined by

T ai,ao, - ,a4 3 . :i(al)k(GQ)k”'(aA)kzk
bi,ba, -+ ,bp —0 (01)k(b2)k -~ (bp)kk!
or
(aa) ; (%)3‘4:1 ) o k
ap))kz
AFB z | = 4FB z | = Z((((b% (1.9)
(bB) 3 (bj);gzl 3 —o B
where denominator parameters by, bo, - - - ,bp are neither zero nor negative integers and A, B
are non-negative integers.
[I.  MAIN INDEFINITE [NTEGRALS
sinhz H"L; (x) 1 8 6L\ (i, . T
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[1I.  DERIVATION OF THE INTEGRALS

Involving the same parallel method of ref[8] , one can derive the integrals.

IV. CONCLUSION

) + L7T2:| + Constant (2.8)

In our work we have established certain indefinite integrals involving Lucas Polynomials , Har-

monic Number , and Hypergeometric function .

However, one can establish such type of in-

tegrals which are very useful for different field of engineering and sciences by involving these
integrals. Thus we can only hope that the development presented in this work will stimulate
further interest and research in this important area of classical special functions.
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