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Abstract

 

-

 

The present paper is devoted to establish a general Mathematica

 

module

 

to determine if a function is 
homology invariant

 

or not.

 

The module is described through its basic points, propose, input, output and computational 
steps. Applications of the module are also given. 

 
    

I.

 

Introduction

 

The reduction

 

of the differential equations is probably the most challenging 
problem in dynamics and physics. A general interpretation of reducibility includes various 
transformations and changes the original problem not only along mathematical lines but 
also in a physical sense. 

 

What concerns us in the present paper is the reduction of the second order Lane-
Emden equation of stellar structure into a first order through what is known as homology 
theorem. The

 

important consequence of the use of homology theorem.    

 

  is that, if we can find

 

two independent homology invariant functions,

 

say u and 
v, then   the Lane-Emden equation transformed to u and v variables is of order one. 

 

Due to the

 

important role of  homology

 

invariant functions

 

in the reduction of  
Lane-Emden equation, the present paper is devoted to establish a general Mathematica

 

module

 

to determine if a function is homology invariant

 

or not.

 

The module is described 
through its basic points, propose, input, output and computational steps. Applications of 
the module are also given.

 

    

  

II.

 

The Homology Theorem and Homology Invariant Functions

 

The Lane-Emden equation of finite polytropic index  ∞±−≠

 

,

 

1n

 

is given as 

(Prialnik 2007)

 

.

 

n2
2 θ

 

dξ
dθξ

dξ
d

ξ
1

−=








                                            
(1)

 

This equation

 

is subject to the initial conditions
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                                                 0
dξ
dθ     ,  1θ   ;   0ξat   ===

 
.

                                        
(2) 

a) Theorem    
If θ(ξ) is a

 
solution of the Lane-Emden equation

 
of index n

 
then

 
θ(Aξ)
 

A 1n
2
− , where 

A
 
is

 
an arbitrary real constant

 
is also a solution of the equation

 
.The proof of this 

theorem is given by Horedt (2004)
 Thus,

 
if one solution θ(ξ)θ = of the  Lane-Emden equation is known, we can derive 

a whole homologous
 
family )}({ ξθ of solutions. In particular, if θ is just the Lane-Emden 

function defined by the initial conditions of Equation (2) , then its homologous family 

)}({ ξθ defines a whole set of solutions that are all finite at the origin .
 

0ξ = Solutions that 

are finite at the origin are called E-solutions and denoted by Eθ . The   
    

Lane-Emden function

 
defined by the initial conditions from Equation (2)

 
is just a particular member of the set 

)}({ ξθ
 

of E-solutions . All
 

E-solutions can be found from the
 

Lane-Emden function through

the homology transformation 
 

 
                                  

 
(3)

 

It should also be noted that, any solution )(EE ξθ=θ
 
that is finite at the origin 

0=ξ
 
is an E-solution,

 
and its derivative is zero .0)d/d( 0E =ξθ =ξ

 
The general solution of the second order Lane-Emden equation must characterized 

by two integration constants. According to the homology theorem one of the two 
constants must be "trivial" in the sense that it defines merely the scale factor A of the 
homology transformation,

 
and we should be able to transform the second order

 
Lane-

Emden equation into a first order differential equation(Chandrasekhar (1957).
  

b)
 
Homology invariant functions

 1-A function Q (say) is said to homology invariant
 
if it is invariant to the 

homologous transformation:
 

 

 
( ) ( ) ( ) ,

 
,
 

1n;  )1n/(2  ;  ξθ
 

A
A
ξθor     Aξθ

 
Aξθ ωω ∞±−≠−=ω=






= ∗∗

                     
(4)

 

So,
 
to prove that, Q is homology invariant function, we have to prove that

 

  
( ) ( ) ( )ξQ

A
ξQor      AξQξQ =





= ∗∗

                                     (5)

                                   

2-The homology transformation for the derivatives are: 

                                      
( ) ( ) , , 1n   ;   

dξ
ξθd

 A
dξ

ξθd
k

k
kω

A
ξξ

k

k

∞±−≠= +

=

∗

                               

(6) 
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∞±−≠ ,1n .     )A(  A)( )1n/(2 ξθ→ξθ −



 
III.

 
Mathematica Module "Homoinvfunpol"

 
In this section we shall develop

 
a
 
Mathematica Module

 
called

 
“HomoInvFunPol". 

  
In what follows, the

 

module will be described through its basic points, propose, 

input, output and computational steps.

 

Applications

 

of the module are also given

 

 

●

 

Propose

 
To determine if

 

a

 

function

 

is homology invariant

 

or not.

  ●  Input

  
F:

 

A function

 

of

 

ξ ,

 

which we required to known if it is homology invariant

 

or not

  n:

 

The polytropic index,

 

such that ∞±−≠

 

,

 

1n

  4k  ,3k  ,2k  ,1k

 

: Nonnegative integers which represent the order of the

 

derivatives that 

may exist in the function

 

)(F ξ

 
●  Output

  
1 -

 

Message

 

informing that, the

 

function is homology invariant

 

or not

 

homology invariant

 
2 - Full proof of the result

  
●  Module List
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Appendix A :  ِ◌Mathematica Module HomoInvFunPol

 

 

HomoInvFunPolF_, n_, k1_, k2_, k3_, k4_ :Module,
P1 s; 

2

n 1
;

P2 , k1 s
k1, , k2 s

k2,
, k3 s

k3, , k4 s
k4;

W1 sA A


;
W2 , k1s

A
A

k1
 A

k1


k1,
, k2s

A
A

k2
 A

k2


k2,
, k3s

A
A

k3
 A

k3


k3,
, k4s

A
A

k4
 A

k4


k4;
T  z_

r_
^ m_  z^ m r^ m, h_ g_m_

 h
m

g
m
,

h_u_m_
 h

m u;
FsF . P1 . P2;

HFs.  A; GH. W1 . W2 
FullSimplify; SG. T FullSimplify;

TF F S;
Print"The Given function F", F ; WhichTF  True,Print" is Homology invariant function " ,

Print" The proof " ,
Print" F

", Fs,
Print" F

A", H,
Print" Appling the general rules for homology

invariant functions we get ",
Print" F

A", S,
Print" So we find that F

A equal to F ,

this is the required to be proved. " ,

TF  False , Print"The function F is not

Homology invariant function" , Print" The proof " ,
Print" F

", Fs,
Print" F

A", H,
Print" Appling the general rules for homology

invariant functions we get ",
Print" F

A", SFullSimplify,
Print" So we find that F

A not equal to F ,

this is the required to be proved. " ;
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The above function )(/()(F1 ξψξψ′ξ−=ξ was introduced by Milne(1930) ,it plays an 

important role in fitting up solutions at the surface of the composite stellar models
(Menzel et al 1963).

=ξ)(F1 3
rradius within (r)densiy mean 

(r)densiy   local
ρ

ρ
×

2-Is the function )(/)()(F2 ξψξψ′ξ−=ξ is homology invariant or not. 

Appling the module with 04k,3k2k,11k ==== , we get the following message, and 

the proof of the result

a) Applications

1-Is the function )(/)()(F n
1 ξψ′ξξψ−=ξ is homology invariant or not?.

Appling the module with 04k,3k2k,11k ==== , we get the following message, 

and the proof of the result

 

The Given function F  
  n

 

is Homology invariant function

 The proof

 F


sn

s
 F

A

s

A
n

A s

A


 Appling the general rules for homology

invariant functions we get

 F
A

n


 So we find that F

A equal to F ,

this is the required to be proved.

 

 

The Given function F  
 


is Homology invariant function

 The proof

 F


s
s

 F
A

s

A


A s

A


 Appling the general rules for homology

invariant functions we get

 F
A




 So we find that F
A equal to F ,

this is the required to be proved.
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Also, the function )(/)()(F2 ξψξψ′ξ−=ξ was introduced by Milne (1932), and plays 

the same important role as the function )(F1 ξ in fitting up solutions at the surface of the 

composite stellar models (Menzel et al 1963).

rat massunit per 
energy  internal

energy  onalgrav.itati
1γ

1

1n
1)(F2









−

+
=ξ

where vp C/C=γ , vp CandC are the specific heats at constant pressure and 

constant volume respectively.

Appendix B :  ِ◌Applications of the Mathematica Module HomoInvFunPol

 

F3  
2

n1   ;

F4
1n

1n ';
F5k '1

1

2
1k1n

;

F6k k n1n12 ';
F7k1 1

1

2
k 1n

';
F8k1 '1k

2 k

1n '';
F9k k

;

F10k 'k n1n1

The Given function F

2

1n 
is Homology invariant function

 The proof

 F


2

1n s
 F

A


A

2

1n
s

A


 Appling the general rules for homology

invariant functions we get

 F
A

2

1n 
 So we find that F

A equal to F ,

this is the required to be proved.

F3: k1=k2=k3=k4=0

The Given function F

1n

1n 


is Homology invariant function

 The proof

 F


1n

1n s


 F
A



A

1n

1n
s



A


 Appling the general rules for homology

invariant functions we get

 F
A

1n

1n 


 So we find that F
A equal to F ,

this is the required to be proved.

F4: k1=1,k2=k3=k4=0

 

 

We apply our module with appropriate values of   to the above new functions and 
we get homology
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F5: k1=1,k2=k3=k4=0

The Given function F
k

1
1

2
1k1n




is Homology invariant function

 The proof

 F


k
s1

1

2
1k1n

s


 F
A



A

k

s

A
1

1

2
1k1n

s


A


 Appling the general rules for homology

invariant functions we get

 F
A

k
1

1

2
1k1n




 So we find that F
A equal to F ,

this is the required to be proved.

F6 : k1=1,k2=k3=k4=0

The Given function F
k 1

2
1k 1nn


is Homology invariant function

 The proof

 F


k s1

2
1k 1nn

s
 F

A



A
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Homology Invariant Functions for Lane- Emden Equation of Finite Polytropic Index

In concluded the present paper, a general Mathematica module was established to 
determine if a function is homology invariant or not. The module is described through its 
basic points, propose, input, output and computational steps. Applications of the module 
are also given
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