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Notes

The Pochhammer’s symbol or Appell’s symbol or shifted factorial or rising factorial or general-

ized factorial function is defined by

(b, k) = (b)k =
Γ(b + k)

Γ(b)
=







b(b + 1)(b + 2) · · · (b + k − 1); if k = 1, 2, 3, · · ·
1 ; if k = 0

k! ; if b = 1, k = 1, 2, 3, · · ·

where b is neither zero nor negative integer and the notation Γ stands for Gamma function.

Generalized Gaussian Hypergeometric Function

Generalized ordinary hypergeometric function of one variable is defined by

AFB





a1, a2, · · · , aA ;

z

b1, b2, · · · , bB ;



 =

∞
∑

k=0

(a1)k(a2)k · · · (aA)kz
k

(b1)k(b2)k · · · (bB)kk!

or

AFB





(aA) ;

z

(bB) ;



 ≡ AFB





(aj)
A
j=1 ;

z

(bj)
B
j=1 ;



 =

∞
∑

k=0

((aA))kz
k

((bB))kk!
(1.1)

where denominator parameters b1, b2, · · · , bB are neither zero nor negative integers and A, B

are non-negative integers.

Kampé de Fériet’s General Double Hypergeometric Function

In 1921, Appell’s four double hypergeometric functions F1, F2, F3, F4 and their confluent forms

Φ1, Φ2, Φ3, Ψ1, Ψ2, Ξ1, Ξ2 were unified and generalized by Kampé de Fériet.

We recall the definition of general double hypergeometric function of Kampé de Fériet in slightly
modified notation of H.M.Srivastava and R.Panda:

FA:B;D
E:G;H





(aA) : (bB) ; (dD) ;

x, y

(eE) : (gG) ; (hH) ;



 =

∞
∑

m,n=0

((aA))m+n ((bB))m ((dD))n xm yn

((eE))m+n ((gG))m ((hH))n m! n!
(1.2)
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where for convergence

(i) A + B < E + G + 1, A + D < E + H + 1 ;|x| < ∞, |y| < ∞, or

(ii) A + B = E + G + 1, A + D = E + H + 1, and










|x|
1

(A−E) + |y|
1

(A−E) < 1 , if E < A

max {|x|, |y|}< 1 , if E ≥ A

Srivastava’s General Triple Hypergeometric Function

In 1967, H. M. Srivastava defined a general triple hypergeometric function F (3) in the following
form

F (3)





(aA) :: (bB); (dD); (eE) : (gG); (hH); (lL);
x, y, z

(mM) :: (nN ); (pP ); (qQ) : (rR); (sS); (tT );





=

∞
∑

i,j,k=0

((aA))i+j+k ((bB))i+j ((dD))j+k ((eE))k+i ((gG))i ((hH))j ((lL))k xi yj zk

((mM))i+j+k ((nN))i+j ((pP ))j+k ((qQ))
k+i

((rR))i ((sS))j ((tT ))k i! j! k!
(1.3)

Wright’s Generalized Hypergeometric Function

pΨq





(α1, A1), · · · , (αp, Ap) ;

x

(λ1, B1), · · · , (λq, Bq) ;



 =

∞
∑

m=0

Γ(α1 + mA1)Γ(α2 + mA2) · · ·Γ(αp + mAp)x
m

Γ(λ1 + mB1)Γ(λ2 + mB2) · · ·Γ(λq + mAq)m!
(1.4)

pΨ
∗

q





(α1, A1), · · · , (αp, Ap) ;

x

(λ1, B1), · · · , (λq, Bq) ;



 =

∞
∑

m=0

(α1)mA1(α2)mA2 · · · (αp)mApxm

(λ1)mB1(λ2)mB2 · · · (λq)mBqm!
(1.5)

∫

dx
√

(1 − x sinh4 x)
=

= coshx sinh4m−1 x (− sinh2 x)
1−4m

2 F
1;2
0;1





1
2 ;12 , 1−4m

2 ;

x, cosh2 x

; −3
2 ;



 + Constant (2.1)

∫

dx
√

(1− x cosh4 x)
=

=

√

− sinh2 x cosech x cosh4m+1 x

4m + 1
F

1;2
0;1





1
2 ; 1

2 , 4m+1
2 ;

x, cosh2 x

; 4m+3
2 ;



 + Constant (2.2)

∫

dx
√

(1− x tanh4 x)
=

tanh4m+1 x

(4m + 1)
F

1;2
0;1





1
2 ;1, 4m+1

2 ;

x, tanh2 x

; 4m+3
2 ;



 + Constant (2.3)
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∫

dx
√

(1 − x coth4 x)
=

coth4m+1 x

(4m + 1)
F

1;2
0;1





1
2 ;1, 4m+1

2 ;

x, coth2 x

; 4m+3
2 ;



 + Constant (2.4)

∫

dx
√

(1− x sech4 x)
=

= sinh x cosh2(x)
4m+1

2 sech4m+1x F
1;2
0;1





1
2 ; 1

2 , 1+4m
2 ;

x, − sinh2 x

; 3
2 ;



 + Constant (2.5)

∫

dx
√

(1 − x cosech4 x)
=

= cosh x(− sinh2(x))
4m+1

2 cosech4m+1x F
1;2
0;1





1
2 ; 1

2 , 1+4m
2 ;

x, cosh2 x

; 3
2 ;



 + Constant (2.6)

Derivation of integral (2.1)

∫

dx
√

(1 − x sinh4 x)
=

∫

(1− x sinh4 x)−
1
2 dx

∫ ∞
∑

m=0

( 1
2)m(x)m

m!
sinh4m x dx =

∞
∑

m=0

( 1
2)m(x)m

m!

∫

sinh4m x dx

=

∞
∑

m=0

( 1
2)m(x)m

m!
(coshx) sinh4m−1 x(− sinh2 x)

1−4m
2 2F1

[

1
2 , 1−4m

2 ;
−3
2 ;

cosh2 x

]

+ Constant

= coshx sinh4m−1 x (− sinh2 x)
1−4m

2 F
1;2
0;1





1
2 ;12 , 1−4m

2 ;

x, cosh2 x

; −3
2 ;



 + Constant (3.1)

Derivation of integral (2.2)
∫

dx
√

(1 − x cosh4 x)
=

∫

(1− x cosh4 x)−
1
2 dx

∫ ∞
∑

m=0

( 1
2 )m(x)m

m!
cosh4m x dx =

∞
∑

m=0

( 1
2)m(x)m

m!

∫

cosh4m x dx

=
∞
∑

m=0

( 1
2 )m(x)m

m!

√

− sinh2 x cosh4m+1 x cosech x

(4m + 1)
2F1

[

1
2 , 4m+1

2 ;
4m+3

2 ;
cosh2 x

]

+ Constant

=

√

− sinh2 x cosech x cosh4m+1 x

4m + 1
F

1;2
0;1





1
2 ; 1

2 , 4m+1
2 ;

x, cosh2 x

; 4m+3
2 ;



 + Constant (3.2)
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Derivation of integral (2.3)

∫

dx
√

(1 − x tanh4 x)
=

∫

(1− x tanh4 x)−
1
2 dx

∫ ∞
∑

m=0

( 1
2)m(x)m

m!
tanh4m x dx =

∞
∑

m=0

( 1
2)m(x)m

m!

∫

tanh4m x dx

=

∞
∑

m=0

( 1
2)m(x)m

m!

tanh4m+1 x

(4m + 1)
2F1

[

1, 4m+1
2 ;

4m+3
2 ;

tanh2 x

]

+ Constant

=
tanh4m+1 x

(4m + 1)
F

1;2
0;1





1
2 ;1, 4m+1

2 ;

x, tanh2 x

; 4m+3
2 ;



 + Constant (3.3)

Derivation of integral (2.4)
∫

dx
√

(1 − x coth4 x)
=

∫

(1− x coth4 x)−
1
2 dx

∫ ∞
∑

m=0

( 1
2)m(x)m

m!
coth4m x dx =

∞
∑

m=0

( 1
2)m(x)m

m!

∫

coth4m x dx

=

∞
∑

m=0

( 1
2)m(x)m

m!

coth4m+1 x

(4m + 1)
2F1

[

1, 4m+1
2 ;

4m+3
2 ;

coth2 x

]

+ Constant

=
coth4m+1 x

(4m + 1)
F

1;2
0;1





1
2 ;1, 4m+1

2 ;

x, coth2 x

; 4m+3
2 ;



 + Constant (3.4)

Derivation of integral (2.5)
∫

dx
√

(1− x sech4 x)
=

∫

(1− x sech4 x)−
1
2 dx

∫ ∞
∑

m=0

( 1
2)m(x)m

m!
sech4mx dx =

∞
∑

m=0

( 1
2)m(x)m

m!

∫

sech4mx dx

=

∞
∑

m=0

( 1
2)m(x)m

m!
sinh x cosh2(x)

4m+1
2 sech4m+1 x 2F1

[

1
2 , 4m+1

2 ;
3
2 ;

− sinh2 x

]

+ Constant

= sinh x cosh2(x)
4m+1

2 sech4m+1x F
1;2
0;1





1
2 ; 1

2 , 1+4m
2 ;

x, − sinh2 x

; 3
2 ;



 + Constant (3.5)

Derivation of integral (2.6)

∫

dx
√

(1− x cosech4 x)
=

∫

(1− x cosech4 x)−
1
2 dx

∫ ∞
∑

m=0

( 1
2)m(x)m

m!
cosech4mx dx =

∞
∑

m=0

( 1
2)m(x)m

m!

∫

cosech4mx dx
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=

∞
∑

m=0

( 1
2)m(−x)m

m!
cosh x (− sinh2(x))

4m+1
2 cosech4m+1 x 2F1

[

1
2 , 4m+1

2 ;
3
2 ;

cosh2 x

]

+Constant

= cosh x(− sinh2(x))
4m+1

2 cosech4m+1x F
1;2
0;1





1
2 ; 1

2 , 1+4m
2 ;

x, cosh2 x

; 3
2 ;



 + Constant (3.6)

In our work we have established hypergeometric form of some indefinite integrals . However, the

formulae presented herein may be further developed to extend the work .Thus we can only hope
that the development presented in this work will stimulate further interest and research in this
important area of classical special functions. Just as the mathematical properties of the Gauss

hypergeometric function are already of immense and significant utility in mathematical sciences
and numerous other areas of pure and applied mathematics, the elucidation and discovery of the

formula of hypergeometric functions considered herein should certainly eventually prove useful
to further developments in the broad areas alluded to above.
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