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Generalized Gaussian Hypergeometric function of one variable :

AFB





a1, a2, · · · , aA ;

z

b1, b2, · · · , bB ;



 =
∞

∑

k=0

(a1)k(a2)k · · · (aA)kz
k

(b1)k(b2)k · · · (bB)kk!
(1)

where the parameters b1, b2, · · · , bB are neither zero nor negative integers
and A, B are non-negative integers.

Contiguous Relations :

[ Andrews p.367(8)]

c (1−z) 2F1

[

a, b ;
c ;

z

]

= c 2F1

[

a − 1, b ;
c ;

z

]

−(c−b) z 2F1

[

a, b ;
c + 1 ;

z

]

(2)

[ Abramowitz p.558(15.2.19)]

(a−b) (1−z) 2F1

[

a, b ;
c ;

z

]

= (c−b) 2F1

[

a, b − 1 ;
c ;

z

]

+(a−c) 2F1

[

a − 1, b ;
c ;

z

]

(3)

Recurrence relation :

Γ(z + 1) = z Γ(z) (4)

Gauss second summation theorem [Prud.,p. 491(7.3.7.8)]

2F1

[

a, b ;
a+b+1

2
;

1

2

]

=
Γ(a+b+1

2
) Γ(1

2
)

Γ(a+1
2

) Γ( b+1
2

)
(5)

=
2(b−1) Γ( b

2
) Γ(a+b+1

2
)

Γ(b) Γ(a+1
2

)
(6)
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Invention of a Summation Formula  Accumulated with Hypergeometric Function

A new summation formula [Ref.[3], p.337(10)]

2F1

[

a, b ;
a+b−1

2
;

1

2

]

=
2(b−1) Γ(a+b−1

2
)

Γ(b)

[

Γ( b
2
)

Γ(a−1
2

)

{

(b + a − 1)

(a − 1)

}

+
2 Γ( b+1

2
)

Γ(a
2
)

]

(7)

II. Main Summation Formula

For the main formula a 6= b

For a < 1 and a > 35

2F1

[

a, b ;
a+b−35

2
;

1

2

]

=
2(b−1) Γ(a+b−35

2
)

(a − b)Γ(b)

[

Γ( b
2
)

Γ(a−35
2

)

{

(221643095476699771875a)
18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−537928935889764226500a2 + 517596339235489288425a3 − 277705505168550027360a4)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(95853765344939263692a5 − 23003823190786749936a6 + 4025053173951400564a7)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−529465109186351520a8 + 53416477786629594a9 − 4184718381424152a10)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(256190750871198a11 − 12267387269280a12 + 457279214236a13 − 13119887088a14)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(283927812a15 − 4479840a16 + 48603a17 − 324a18 + a19 − 221643095476699771875b)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(794460568958575915725a2b − 954106896831586263360a3b + 583473807108908300484a4b)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−200209016127040580160a5b + 52111887197927490740a6b− 8592784683577819200a7b)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(1229578887992586390a8b − 112651380427012416a9b + 9758821555276134a10b)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−521382728433600a11b + 28326660226388a12b − 873242129088a13b + 29555243172a14b)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

3.
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Invention of a Summation Formula  Accumulated with Hypergeometric Function

+
(−483675840a15b + 9621813a16b − 63936a17b + 629a18b + 537928935889764226500b2)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−794460568958575915725ab2 + 539930822961781218744a3b2 − 386145326367083741616a4b2)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(167890730348008826916a5b2 − 38716437757273456320a6b2 + 7935347639494594536a7b2)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−908895245233633416a8b2 + 108166740015493698a9b2 − 6820153444748160a10b2)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(508087027139016a11b2 − 17810342469360a12b2 + 849592365636a13b2 − 15388862400a14b2)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(461771544a15b2 − 3328668a16b2 + 58275a17b2 − 517596339235489288425b3)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(954106896831586263360ab3 − 539930822961781218744a2b3 + 123336195405232240356a4b3)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−56552210538568153920a5b3 + 18623361536764442808a6b3 − 2926284502864922496a7b3)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(486797755152510186a8b3 − 38116127387131200a9b3 + 3830565140713080a10b3)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−158626558911744a11b3 + 10223320539684a12b3 − 212083704000a13b3 + 8868220680a14b3)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−71736192a15b3 + 1888887a16b3 + 277705505168550027360b4 − 583473807108908300484ab4)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(386145326367083741616a2b4 − 123336195405232240356a3b4 + 11976026816214506892a5b4)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−3621627756895390704a6b4 + 942055925530878444a7b4 − 99657364322023200a8b4)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+
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Invention of a Summation Formula  Accumulated with Hypergeometric Function

+
(13764795916582260a9b4 − 703215442424880a10b4 + 60448094196756a11b4)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−1480020897600a12b4 + 83034151620a13b4 − 772160400a14b4 + 28312548a15b4)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−95853765344939263692b5 + 200209016127040580160ab5 − 167890730348008826916a2b5)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(56552210538568153920a3b5 − 11976026816214506892a4b5 + 555797963695121532a6b5)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−110524284078975360a7b5 + 23405963382833724a8b5 − 1596308168613312a9b5)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(186344810270388a10b5 − 5597348621760a11b5 + 415953681948a12b5 − 4559958144a13b5)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(223926516a14b5 + 23003823190786749936b6 − 52111887197927490740ab6)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(38716437757273456320a2b6 − 18623361536764442808a3b6 + 3621627756895390704a4b6)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−555797963695121532a5b6 + 13009040083811376a7b6 − 1638821697792048a8b6)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(289107691712532a9b6 − 11485059284160a10b6 + 1149394449672a11b6 − 15389858736a12b6)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(997490844a13b6 − 4025053173951400564b7 + 8592784683577819200ab7)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−7935347639494594536a2b7 + 2926284502864922496a3b7 − 942055925530878444a4b7)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(110524284078975360a5b7 − 13009040083811376a6b7 + 153898964562420a8b7)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+
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Invention of a Summation Formula  Accumulated with Hypergeometric Function

+
(−11143637208000a9b7 + 1667462215320a10b7 − 29314016640a11b7 + 2544619500a12b7)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(529465109186351520b8 − 1229578887992586390ab8 + 908895245233633416a2b8)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−486797755152510186a3b8 + 99657364322023200a4b8 − 23405963382833724a5b8)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(1638821697792048a6b8 − 153898964562420a7b8 + 859647308850a9b8 − 27266346360a10b8)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(3511574910a11b8 − 53416477786629594b9 + 112651380427012416ab9)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−108166740015493698a2b9 + 38116127387131200a3b9 − 13764795916582260a4b9)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(1596308168613312a5b9 − 289107691712532a6b9 + 11143637208000a7b9 − 859647308850a8b9)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(1767263190a10b9 + 4184718381424152b10 − 9758821555276134ab10 + 6820153444748160a2b10)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−3830565140713080a3b10 + 703215442424880a4b10 − 186344810270388a5b10)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(11485059284160a6b10 − 1667462215320a7b10 + 27266346360a8b10 − 1767263190a9b10)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−256190750871198b11 + 521382728433600ab11 − 508087027139016a2b11)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(158626558911744a3b11 − 60448094196756a4b11 + 5597348621760a5b11 − 1149394449672a6b11)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(29314016640a7b11 − 3511574910a8b11 + 12267387269280b12 − 28326660226388ab12)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+
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Invention of a Summation Formula  Accumulated with Hypergeometric Function

+
(17810342469360a2b12 − 10223320539684a3b12 + 1480020897600a4b12 − 415953681948a5b12)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(15389858736a6b12 − 2544619500a7b12 − 457279214236b13 + 873242129088ab13)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−849592365636a2b13 + 212083704000a3b13 − 83034151620a4b13 + 4559958144a5b13)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−997490844a6b13 + 13119887088b14 − 29555243172ab14 + 15388862400a2b14)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−8868220680a3b14 + 772160400a4b14 − 223926516a5b14 − 283927812b15 + 483675840ab15)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−461771544a2b15 + 71736192a3b15 − 28312548a4b15 + 4479840b16 − 9621813ab16)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(3328668a2b16 − 1888887a3b16 − 48603b17 + 63936ab17 − 58275a2b17 + 324b18)

18
∏

ζ=1

{

a − (2ζ − 1)
}

+

+
(−629ab18 − b19)
18
∏

ζ=1

{

a − (2ζ − 1)
}

}

+
Γ( b+1

2
)

Γ(a−34
2

)

{

(−342004140004602190500a + 618589042130777249700a2)
17
∏

σ=1

{

a − 2σ
}

+

+
(−439776869912495100000a3 + 207660990003844961376a4 − 55646018917045943664a5)

17
∏

σ=1

{

a − 2σ
}

+

+
(12692779497598637424a6 − 1727329171783934880a7 + 227673953705453472a8)

17
∏

σ=1

{

a − 2σ
}

+

+
(−17503765732175448a9 + 1437382773094488a10 − 64498668078240a11 + 3385607303328a12)

17
∏

σ=1

{

a − 2σ
}

+

+
(−86814694512a13 + 2872970352a14 − 38294880a15 + 745824a16 − 3876a17 + 36a18)

17
∏

σ=1

{

a − 2σ
}

+

+
(342004140004602190500b − 565735909026242999520a2b + 605915064265530229056a3b)

17
∏

σ=1

{

a − 2σ
}

+
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Invention of a Summation Formula  Accumulated with Hypergeometric Function

+
(−266131515526777387728a4b + 92005049057668566080a5b− 16857776376518415520a6b)

17
∏

σ=1

{

a − 2σ
}

+

+
(3063661048628106304a7b − 293176469928015080a8b + 32203327729514304a9b)

17
∏

σ=1

{

a − 2σ
}

+

+
(−1723576078229280a10b + 121070246033344a11b − 3609181157456a12b + 164273746112a13b)

17
∏

σ=1

{

a − 2σ
}

+

+
(−2510666080a14b + 72098496a15b − 430236a16b + 7104a17b − 618589042130777249700b2)

17
∏

σ=1

{

a − 2σ
}

+

+
(565735909026242999520ab2 − 222917145657651459168a3b2 + 162758440229415575344a4b2)

17
∏

σ=1

{

a − 2σ
}

+

+
(−46807570830991840800a5b2 + 12487467579332170432a6b2 − 1576581661708571232a7b2)

17
∏

σ=1

{

a − 2σ
}

+

+
(234550524075334984a8b2 − 15467084885720160a9b2 + 1437907007343488a10b2)

17
∏

σ=1

{

a − 2σ
}

+

+
(−50905841320992a11b2 + 3084537853040a12b2 − 54812066400a13b2 + 2168792000a14b2)

17
∏

σ=1

{

a − 2σ
}

+

+
(−14914848a15b2 + 369852a16b2 + 439776869912495100000b3 − 605915064265530229056ab3)

17
∏

σ=1

{

a − 2σ
}

+

+
(222917145657651459168a2b3 − 32188444417137401120a4b3 + 17333176390267879232a5b3)

17
∏

σ=1

{

a − 2σ
}

+

+
(−3333735232568168736a6b3 + 711712084009024384a7b3 − 60978459051109600a8b3)

17
∏

σ=1

{

a − 2σ
}

+

+
(7580367458452800a9b3 − 328001164876000a10b3 + 26128258084096a11b3)

17
∏

σ=1

{

a − 2σ
}

+

+
(−549526101600a12b3 + 28918904000a13b3 − 231371360a14b3 + 7970688a15b3)

17
∏

σ=1

{

a − 2σ
}

+
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Invention of a Summation Formula  Accumulated with Hypergeometric Function

+
(−207660990003844961376b4 + 266131515526777387728ab4 − 162758440229415575344a2b4)

17
∏

σ=1

{

a − 2σ
}

+

+
(32188444417137401120a3b4 − 2043265785712729424a5b4 + 853645273887046256a6b4)

17
∏

σ=1

{

a − 2σ
}

+

+
(−109039710797835840a7b4 + 19132449090893600a8b4 − 1063083728026320a9b4)

17
∏

σ=1

{

a − 2σ
}

+

+
(112220361169840a10b4 − 2866811616480a11b4 + 197641864000a12b4 − 1867224240a13b4)

17
∏

σ=1

{

a − 2σ
}

+

+
(85795600a14b4 + 55646018917045943664b5 − 92005049057668566080ab5)

17
∏

σ=1

{

a − 2σ
}

+

+
(46807570830991840800a2b5 − 17333176390267879232a3b5 + 2043265785712729424a4b5)

17
∏

σ=1

{

a − 2σ
}

+

+
(−61983240508777280a6b5 + 20817488019036544a7b5 − 1696964964093168a8b5)

17
∏

σ=1

{

a − 2σ
}

+

+
(249794015368128a9b5 − 8121009770720a10b5 + 737446564288a11b5 − 8423256016a12b5)

17
∏

σ=1

{

a − 2σ
}

+

+
(506662016a13b5 − 12692779497598637424b6 + 16857776376518415520ab6)

17
∏

σ=1

{

a − 2σ
}

+

+
(−12487467579332170432a2b6 + 3333735232568168736a3b6 − 853645273887046256a4b6)

17
∏

σ=1

{

a − 2σ
}

+

+
(61983240508777280a5b6 − 915171126674112a7b6 + 253701418913712a8b6)

17
∏

σ=1

{

a − 2σ
}

+

+
(−11953460867040a9b6 + 1500360345792a10b6 − 21659801184a11b6 + 1709984304a12b6)

17
∏

σ=1

{

a − 2σ
}

+

+
(1727329171783934880b7 − 3063661048628106304ab7 + 1576581661708571232a2b7)

17
∏

σ=1

{

a − 2σ
}

+
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Invention of a Summation Formula  Accumulated with Hypergeometric Function

+
(−711712084009024384a3b7 + 109039710797835840a4b7 − 20817488019036544a5b7)

17
∏

σ=1

{

a − 2σ
}

+

+
(915171126674112a6b7 − 6204081708000a8b7 + 1448936280000a9b7 − 30032497440a10b7)

17
∏

σ=1

{

a − 2σ
}

+

+
(3257112960a11b7 − 227673953705453472b8 + 293176469928015080ab8)

17
∏

σ=1

{

a − 2σ
}

+

+
(−234550524075334984a2b8 + 60978459051109600a3b8 − 19132449090893600a4b8)

17
∏

σ=1

{

a − 2σ
}

+

+
(1696964964093168a5b8 − 253701418913712a6b8 + 6204081708000a7b8 − 15147970200a9b8)

17
∏

σ=1

{

a − 2σ
}

+

+
(3029594040a10b8 + 17503765732175448b9 − 32203327729514304ab9)

17
∏

σ=1

{

a − 2σ
}

+

+
(15467084885720160a2b9 − 7580367458452800a3b9 + 1063083728026320a4b9)

17
∏

σ=1

{

a − 2σ
}

+

+
(−249794015368128a5b9 + 11953460867040a6b9 − 1448936280000a7b9 + 15147970200a8b9)

17
∏

σ=1

{

a − 2σ
}

+

+
(−1437382773094488b10 + 1723576078229280ab10 − 1437907007343488a2b10)

17
∏

σ=1

{

a − 2σ
}

+

+
(328001164876000a3b10 − 112220361169840a4b10 + 8121009770720a5b10)

17
∏

σ=1

{

a − 2σ
}

+

+
(−1500360345792a6b10 + 30032497440a7b10 − 3029594040a8b10 + 64498668078240b11)

17
∏

σ=1

{

a − 2σ
}

+

+
(−121070246033344ab11 + 50905841320992a2b11 − 26128258084096a3b11)

17
∏

σ=1

{

a − 2σ
}

+

+
(2866811616480a4b11 − 737446564288a5b11 + 21659801184a6b11 − 3257112960a7b11)

17
∏

σ=1

{

a − 2σ
}

+
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Derivation of Main Summation Formula
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Invention of a Summation Formula  Accumulated with Hypergeometric Function

+
(−3385607303328b12 + 3609181157456ab12 − 3084537853040a2b12 + 549526101600a3b12)

17
∏

σ=1

{

a − 2σ
}

+

+
(−197641864000a4b12 + 8423256016a5b12 − 1709984304a6b12 + 86814694512b13)

17
∏

σ=1

{

a − 2σ
}

+

+
(−164273746112ab13 + 54812066400a2b13 − 28918904000a3b13 + 1867224240a4b13)

17
∏

σ=1

{

a − 2σ
}

+

+
(−506662016a5b13 − 2872970352b14 + 2510666080ab14 − 2168792000a2b14 + 231371360a3b14)

17
∏

σ=1

{

a − 2σ
}

+

+
(−85795600a4b14 + 38294880b15 − 72098496ab15 + 14914848a2b15 − 7970688a3b15)

17
∏

σ=1

{

a − 2σ
}

+

+
(−745824b16 + 430236ab16 − 369852a2b16 + 3876b17 − 7104ab17 − 36b18)

17
∏

σ=1

{

a − 2σ
}

}

]

(9)

Substituting c = a+b−35
2

and z = 1
2

in equation (3), we get

(a−b) 2F1

[

a, b ;
a+b−35

2
;

1

2

]

= (a−b−35) 2F1

[

a, b− 1 ;
a+b−35

2
;

1

2

]

+(a−b+35) 2F1

[

a − 1, b ;
a+b−35

2
;

1

2

]

Now using the same method of Ref[9] the main result is derived.

6. Salahuddin. ; Evaluation of a Summation Formula Involving Recurrence Relation , 
Gen. Math. Notes., 2(2010), 42-59.
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