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l. [NTRODUCTION

In recent years, fractional calculus has been given considerable popularity, due
mainly to its various applications in fluid mechanics, viscoelasticity, biology, electrical
network, optics and signal processing, electrochemistry and so on. A review of some
applications in continuum and statistical mechanics is given by Mainardi [2].One of the
most recent works on the subject of fractional calculus i.e. the theory of derivatives and
integrals of fractional order, is the book of Podlubny [7], which deals principally with
fractional differential equations and today there are many works on fractional calculus
[11,12,20,32].The importance of obtaining the exact and approximate solutions of
fractional linear or nonlinear differential equations is still significant problem that needs
new methods to discover the exact and approximate solutions. But these nonlinear
differential equations are difficult to get their exact solutions so numerical methods have
been used to handle these equations, some numerical methods have been developed, such
as Laplace transform method [7,12], differential transform method [1,4,10], Adomian
decomposition method [5,6,25,26,28], variational iteration method [3,15,34], homotopy
perturbation method [9,17,18,27,35], homotopy perturbation transform method [29,31].
Another analytical approach that can be applied to solve linear or nonlinear equations is
homotopy analysis method [21-24]. A systematic and clear exposition on HAM is given in
[24]. This method has been successfully applied to solve many types of nonlinear
problems, such as nonlinear Riccati differential equation with fractional order [8],
nonlinear Vakhnenko equation [33], the Gluert-jet problem [30], fractional KdV-Bergers-
Kurumoto equation [13], and so on.

The objective of present paper is to apply the modified homotopy analysis method
namely Laplace homotopy analysis method [16], to provide symbolic approximate
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solutions for heat-like and wave-like fractional differential equations with variable
coefficients. The Laplace homotopy analysis method is a combination of HAM and
Laplace transform. This method is characterized by choosing the identity auxiliary linear
operator. The proposed method work efficiently and the result so far are very encouraging
and reliable. We would like to emphasize that the LHAM may be considered as an
important and significant refinement of the previously developed techniques and can be
viewed as an alternative to the recently developed methods such as Adomian
decomposition method , variational iteration method , homotopy perturbation method ,
homotopy perturbation transform method. In this paper we have considered the
effectiveness of LHAM for solving various heat-like and wave-like fractional differential
equation variable coefficients. The organization of this paper is as follows: Basic
definitions of fractional calculus is given in next section, the LHAM is presented in section
3. In section 4, heat-like and wave-like equations are solved to illustrate the applicability
of considered method.

[1. BAsIC DEFINITIONS

For the concept of fractional derivatives, we will adopt Caputo’s definition which is
a modification of the Riemann-Liouville definition and has the advantage of dealing
properly with initial value problems in which the initial conditions are given in terms of
the field variable and their integral order which is the case in most physical processes.
Some basic definitions and properties of fractional calculus theory which we have used in
this paper are given in this section.

Definition 2.1 : A real function f(x), x > 0 is said to be in the space C,, p € R, if there
exist a real number p (>n) such that f(x) = x"f,(x), where f;(x) € C [0,0), and it is said to

be in the space C iff £ (M eC_.meN {0},

Definition 2.2 : The Riemann-Liouville fractional integral operator of order a > 0 of a
function f € C,,, p > — 1 is defined as

J“f(x):%j: (X—1)* (@R dt, o>0,x >0 e

3% £(x) = f(x) (2)
Properties of the operator J* can be found in [14, 19], we mention only the following:
i) 3% 3P f(x)=J*"P f(x)
(i) 3% JPf(x) =P J* f(x)

wy 30x7= LD
INa+y+1)

For f eCILl ,u>-La,p>0andy > —1.

Definition 2.3 : The fractional derivative of f(x) in the Caputo sense is defined as [14]

D 169 =9 D 160 = o[ =)™ M o )

(m
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For m—1<a<m, m e N, x > 0, feCTl.
Also, we need here three basic properties

(i) D2 J* f(x)=f(x)

m-1
(i) J* D) =f(x)-> F®0")
k=0

(i) Dy x” BEAVAC
* C(y—a+1)

X—, x>0
k!

X" x>0,y>0.

For m—1<a<m,meN,u>-landf EC;T'

Lemma 2.1.If m-l<a<m,meN, then the Laplace transform of the fractional
m-1

derivative DY f(t) is L (DY f(t))=s* f(s)- >, fR0")s** 1 t>0 .. (4)
k=0

Where f(s) is the Laplace transform of f (t).

I11.  LAPLACE HOMOTOPY ANALYSIS METHOD

The homotopy analysis method which provides an analytical approximate solution
has been applied to various linear or nonlinear problems by many workers. In this section,
we apply the modified homotopy analysis method [16].This modification is based on the
Laplace transform of the fractional differential equations. To illustrate the basic idea of
this method, let us consider the following fractional differential equation

D7u(t) = f(uu,u,) ,1<a<2,t>0 ...(B)
Subject to the initial conditions
U 0) =g, U(X0)=g,(X) .(6)
Where f a linear or nonlinear function and D/ is a fractional differential operator.

The operator form of nonlinear fPDE (5) can be written as follows:
Dfu(xt) = A(u,u,u )+ B(u,u,u )+C(xt) ,l<a<2,t>0 . (7)

Where A and B are linear and nonlinear operators respectively which might
include other fractional derivatives of order less than o« and C is the known analytic
function.

Now Taking the Laplace transform of both sides of eq. (5) and using (6), we have
L( Dtau(x,t)) =L (AU, U, Uy) + B(u,u,,u,) + C(x,t)) .(8)

s“U(x,8) - s, (X) — 520, (X) = L(A(u,u,,uy,) + B(u,u,,u,) +C(xt))

U =920 800 L4 (A, u,)+BLU, ) + CxD) )

Where L(u(x,t))=u(x,s)
The so-called zero-order deformation equation of the Laplace equation (9) has the form
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(1—Q)[5(X,S;C1)—ﬁo(x, S)J:q . s
- L(A(¢(X,t),¢x(X,t),¢xx(x,t)) +B(g(X 1), 4, (X, 1), 8, (X, 1) + C(x,1)) w0

Where g€[0,1] is an embedding parameter, when q=0 and q=1, we have
Eﬁ(x,s;O ¥ Uo (X,S)and &(x, s1) :G(X, S) respectively. Thus, as q increasing from 0 to 1,

#(X,S;0) varies from Uo(X,S) to U(X,S) . Expanding #(%,S,0) in Taylor series with respect to

q, one has

$(%5.0) = Uo(x 9+ Y un(x,9 " (1)
Where "
— 1 0" -
u,(x,s) = o #(X,S, Q) |q=0 ...(12)
Define the vectors
Uo(X,9) ={Go(x, S), (X, S), U2 (X, S),. .Um(X, s)} ...(13)

Differentiating Equation (10) m times with respect to the embedding parameter ¢, and
then

Setting q=0, h= -1 and finally dividing them by m!, we have the so-called m"-order
deformation

Un(%S) = £, Um1(% S) —R._(Un1(X ) .. (14)
Where
iRm(a(nH)(X,S))=U(m1)(X,S)—Sl{ i LA 060D 6, (0L )+ BG4, (1, (1 q)))J
_[gl(x) gz(x)+L(C(xt)))(1 Za) ...(15)
S
B 0 ,m<1
And  In =10y ...(16)

Applying the inverse Laplace transform of both sides of (14), then we have a power series

solution u(x,t) = 3 u,(xt) 0 f(5)

i=0
IV.  NUMERICAL RESULTS

In this section we shall illustrate the Laplace homotopy analysis method
(LHAM) to fractional heat- and wave-like equations.

Example 4.1 : Consider the one dimensional fractional Heat-like equation with variable
coefficient.

D u(xt) = —xu o (X 1) ;0<x<1,0<a<1,t>0 ..(17)
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Subject to the initial conditions u(x,0) = X*
Taking the Laplace transform of both sides of eq. (17) and using (18) , we have

u(x, s)—éx2 —%S%L(xzuxx) ~0

Now in view of eq. (14) and (15), we have

Un(%,9) = Znl s (X, s)—[ﬁml(x, s)—% L(xzu(ml)xx(x,t))—éxz (1—zm)}

N

= X
Uo(X,S) =—
S
2
— X
we9= 2
2
= X
Uz (X, S) = W

Now
U(X, S) = Uo (X, S) + U1 (X, S) + U2 (X, S) +.

1

Sa+1 + 82a+l + )

u(x, s) = x2 (é +

Taking the inverse Laplace transform of both sides of (22), we have
ta t2a

L) =X Ty T T e T

For the special case x=1
u(xt) = x’e
Example 4.2 : Consider the two dimensional fractional Heat-like equation:
Diu(xt) =u,(xt) +u,(xt) ;0<xy<27,0<a<l,t>0
Subject to the initial conditions
u(x,y,0) =sinxsiny

Taking the Laplace transform of both sides of eq. (24) and using (25), we have
— 1. . 1
u(x,s)——sinxsiny——>L(u, +u, )=0
(x 9= Y=o LU ruy)

In view of equation (14) and (15), we have

- - - 1 1. .
Um(X, Y, S) = Zmumfl(xl Y, S) - |:Um1(x, Y, S) _S_a L(u(m—l)xx + u(m—l)yy)_gSIn Xsin y(l_ Zm):| (27)

- 1. .
Uo(X,y,S) = gsm Xsiny

Ui (XY, s) = —2sin xsin y il
s
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Uz (X, Y, S) = 4sin xsin y%
s

U(X, S) = Uo (X, S) + Us (X, S) + U2 (X, S) +. ...(28)

Taking the inverse Laplace transform of both side of eq. (28), we have

a 2a
u(x,t) =sinxsiny|1-2 t +4 t +... ...(29)
INa+1) T(2a+1)

If we take x=1
u(x,t) = e sinxsiny

Example 4.3 : Consider the three dimensional inhomogeneous fractional Heat-like equation
DAu(x y,zt) = x"y*z* +3—16(x2uXX +yu,, + zzuzz) ...(30)

0<xV,z<1 ,0<a<1,t>0
Subject to the initial conditions

u(x,y,z0)=0 ...(31)
Taking the Laplace transform of both sides of eq. (30) and using (31), we have

— _ 1 4. 4_4 1 2 2 2
u(x,y,z,s)_s—aL(xyz +£(x uxx+yuyy+zuzzj ...(32)
Now in view of eq. (14) and (15), we have

1 1 2 2 2
Ung (X! Y: Z, S) _S_a L _(X u(m—l)xx +y u(m—l)yy +Z u(m—l)zz)

am(X, y’ Z, S) = Zmumfl(x’ y! Z, S) - 36

XY 1)
- ...(33)
Uo(X Y,25) =0

(X y,z5) =— ! x*y*z'

Sa +1

o 4. ,4 4
uz (X, y,z,s)=@x y'z

Us(X, Y, z5) = g x*y*z*

Now
(X, ¥,2,5) = Uo(X, ¥, 2,9) + Us(X, ¥, Z,S) +Uz(X, ¥, Z,S) +. . .. (34)

Now taking the inverse Laplace transform of both sides of eq. (34), we have
ta t2a t3a
+ + +...) (35)
INa+l) T'QRa+l TI'(Ba+l)

u(x,y, zt) = x'y* z*(

If we take x=1
u(x,y,zt) = x'y*z* (¢ -1)
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Example 4.4 : Consider the one dimensional wave-like equation:

Dfu(x,t) =%x2uxx(x,t) l<a<2,t>0

Subject to the initial conditions
u(x,0) = x , U, (x,0) = x*
Taking the Laplace transform of both sides of eq. (36) and using (37), we have
2
= X X 1
u(x,s) ==+—+—L(xu
(x.9) s & 2 ( XX)

Now in view of equation (14) and (15), we have

Gﬂx9=%jwdx9—Gwmxg—i?L@Gmﬁuny4§+§xhlﬂ}

2
— X X
Uo(X,S) =—+—
S s
2
— X
ui(X,s) = s
_ 2
UZ(X,S):W

Now
U(X, S) = Uo (X, S) + U (X, S) + U2 (X, S) +.
Now taking the inverse Laplace transform of both sides of eq. (40), we have
ta tZa
+ +...)
INa+1l) TI'(QRa+1l)

u(x,t) = x+ X (t +

If we take x=1
u(x,t) = x+ x*(¢' 1)

Example 4.5 : Consider the two dimensional fractional Wave-like equation:

..(36)

..(37)

..(38)

...(39)

Dfu(x, y,t) :%(quxx(x, YD)+ YU, (xyt), 0<xy<lLl<a<2,t>0 ... (42)

Subject to the initial conditions
u(x y,0)=x", u(xy,0) = y*

.. (43)

Taking the inverse Laplace transform of both sides of eq. (42) and using (43), we have

- 1 4 1 4 1 2 2
ux,y,s) =(=x'+=vy")+——L(Xu, + yu
(X, Y,9) % SZy)lzsa( yu,)

Now in view of eq. (14) and (15), we have

X4

12s*

am(x, Y, S) = Zmam—l(x, Y, S) - |:an(X! Y, S) - s

© 2012 Global Journals Inc. (US)

...(44)

3 B 4
L(X2 Um-1yxx + y2 U(m-1)yy ) —(—+ ?5/_2)(1_ Zm):|

...(45)
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Uo (X, y,s):lx4 +i2y4
s s

al(X; yl S) = 3;1 X4 + ail:rZ y4
S S
_ 1 1
Uz (X, Y, S) = oan X4 + 2a+2 y4
S S
B ~ - B Notes
U(X’ y1 S) =Uo (X1 y, S) + Ul(X, y’ S) + Uz (X’ y’ S) +. e (46)

Taking the inverse Laplace transform of both sides of eq. (46), we have

a 2a 2a t3a

+ FL) Y+ + +
INa+l) T'(a+1l) I'2a+1) TI'(Bx+1)

u(x, y,t) = x*(1+ w) .l (47)

If we take x=1
u(x, y,t) = x*e" + y*(e' -1)

Example 4.6 : Consider the three dimensional fractional Wave-like equation of the form:
DIu(x, y, z,t) = (¢ + Y + 2°) +%(x2uxx + YU, + Z°U,,) ...(48)

0<x,y,z<1 ,1<a<2,1t>0
Subject to the initial conditions

u(x y,z0)=0 , u(xy,z0)=(xX+y* -7) (49)
Taking the Laplace transform of both sides of the eq. (48) and using (49), we have

u(x, s) =i2(x2 +y? -7 +%L[(x4 +y'+7%) +%(x2uXx +y’u,, + zzuZZ] ...(50)
S S
Now in view of eq. (14) and (15), we have

o 1 2 2 2
Uni——— L(x Umax T Y Uy +Z u(m_l)zz)—

Um (X, Y, z,s)=;(mam,1— 28 1 .(51)
[g(x2+y2—z2)+sm <x2+y2+z2>]<1—xm)
o 1 2 2 2 1 2 2 2
Uo(X,Y,2,8) == (X +y -27)+ Ml(x + Yy +2)
S S
U (XY, z5) = e (X +y -7°)+ e (X +y +2)
U2(X,Y,2,S) = e (X +y -2)+ per (X +y +2)
u(x,y,2,5) =Uo(X ¥, 2,5) + U (X VY, 25 + Uz(X, Y, Z,S) +. . ...(52)

Now taking the inverse Laplace transform of both sides of eq. (52), we have
t(Z t(Z+l tZa t2(2+1

+ + + +..
INa+l) T(a+2) T'(Ra+l) TI'(Ra+l)

u(x,y, zt) = (X + y*)(t + )

© 2012 Global Journals Inc. (US)
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tll t(l+l t2a t2(l+l

P R D) T d et TeaiD ++(53)

If we take x=2
ux,y,zt) = (x> +y?)e + ZZe' - (xX* + y* + Z°)

V. CONCLUSION

The main concern of this article is to apply the Laplace homotopy analysis method
to construct an analytical solution for heat- and wave-like partial differential equations of
fractional order with variable coefficients. The method was used in a direct way without
using linearization, perturbation, or restrictive assumptions. Also its small size of
computation in comparison with the computational size required in other numerical
methods and its rapid convergence shows that the LHAM is reliable and introduces a
significant improvement in solving partial differential equations over existing methods.
Finally, the appearance of fractional differential equations as models in some field of
applied mathematics makes it necessary to investigate the method (analytical or
numerical) for such equations and we hope the LHAM can be applied for some other
engineering system with less computational work.
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