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Abstract - The aim of this paper is to evaluate a summation formula based on half argument allied with Hypergeometric function
and involving recurrence relation and Gauss summation theorem.
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I.  INTRODUCTION

Generalized Gaussian Hypergeometric function
A generalized hypergeometric function ,Fy(aq, ...ap; by, ...by; 2) is a function which can be
defined in the form of a hypergeometric series, i.e., a series for which the ratio of successive
terms can be written

e P(k) (k+ a1)(k+ az)...(k + ap)

o Q) (k) +bo) (kb bg) (k1) (1)

Where k£ + 1 in the denominator is present for historical reasons of notation, and the
resulting generalized hypergeometric function is written

- a1, Qg Ay . :i (al)k(%)k”_(ap)kzk (2)
ptq bi,by, e by — (b)) (b2)g - - - (by) k!
or
(ap) ; (aj)é'):l ) 00 k
oIy z | =5, 5 | = ((((Zpigkzl (3)
(ba) 3 (0j)i=1 k=0 \\ 4/kR
where the parameters by, by, -+ ,b, are neither zero nor negative integers and p, ¢ are

non-negative integers.

The ,F, series[23, p.156(3)] converges for all finite z if p < ¢, converges for | z |< 1 if

p# q+1,diverges for all z , 240 if p > g+ 1.

The ,F, series [23, p.156(4)]absolutely converges for | z |= 1 if R({) < 0, conditionally

converges for | z |= 1,z # 0if 0 < R(¢) < 1, diverges for | z |= 1, if 1 < R(() ,
q

p
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The function oF(a,b;c; z) corresponding to p = 2,q = 1, is the first hypergeometric
function to be studied (and, in general, arises the most frequently in physical problems),
and so is frequently known as "the” hypergeometric equation or, more explicitly, Gauss’s
hypergeometric function (Gauss 1812, Barnes 1908). To confuse matters even more,
the term "hypergeometric function” is less commonly used to mean closed form, and
"hypergeometric series” is sometimes used to mean hypergeometric function.

The hypergeometric functions are solutions to the hypergeometric differential equation

(l=2)y" +[c—(a+b+1)zly’ —aby =0 (4)
~ The solution of this equation is
O
B ab  ala+1)bb+1) ,
= — A [1 ...... } 5
= y 0 +1!cz+ 2l e(c+1) o (5)

This is the so-called regular solution,denoted

oFi(a,byc;2) = [1 + Sbcz + a(aQ!Jr;le(rb;)r 1)z2 NI } _ Z M (6)

Which converges if ¢ is not a negative integer for all of | z |[< 1 and on the unit circle
| z|=1if R(c —a—b) > 0. Here (a)y is a Pochhhammer symbol and is defined by

ala+1)(a+2)---(a+k—1); if k=1,2,3,---
~{1 s if k=0 (7)
k! ; ifa=1k=1,2,3,--

['(a+k)
=TTy
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Contiguous Relation is defined by
[ Andrews p.363(9.16), E. D. p.51(10)]

, b +1, b ; ,b+1
(a—b)2F1|:ac . Z:|:CL2F1|:G Z:|—b2F1|: Z Z:| (8)
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Gauss second summation theorem is defined by [Prudnikov., 491(7.3.7.8)]

e
—
Ne)
N—

a, b 1] D(et) 7l
oF1 | agbi1 2| = T(e T(e

2 ’ P}

B 2(b—1) F(g) (a+127+1)

L) T(+5)

(10)
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In a monograph of Prudnikov et al., a summation theorem is given in the form [Prud.,
p.491(7.3.7.8)]

+

D=5 1(%) " T(a) T0)

F(a—i—b—i—l 9 F(a-i—b—l)
SR : (11)

;b1
2F1|:3+b—1, 5} :\/7_Tl
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Now using Legendre’s duplication formula and Recurrence relation for Gamma function,
the above theorem can be written in the form

cbo; 1] 207U (el Forg) 20t Te) r(ed)
o Fy [ Z+b—1 ) 51 = Fé 2 ) 532 + (2)2 (5 )—1- (ail) (12)
BEEE (0) I'(%5) {l(a)} NG
Recurrence relation is defined by
I'(z+1) =2TI(2) (13)

[1. DERIVATION OF MAIN RESULT

a, b ; 1} B 2b P(a+b2+36)

RS =2 2y

h |t 3| = g
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_|_
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On simplification the result (14) is derived.
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