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I.  INTRODUCTION AND PRELIMINARIES

Let w, £, co be the set of all sequences of complex numbers, the linear spaces of bounded, conver-
gent and null sequences x = (z)) with complex terms, respectively, normed by

|#loe = sup |z, whereK € N=1,2,3......
k

The idea of difference sequence spaces was introduced by H. Kizmaz [10]. In 1981 , Kizmaz defined
the sequence spaces as follow;

loo(A) = {2 = (2) €Ew: (Axy) € {x},
c(A) ={z = (a) € w: (Azxy) € c},

co(A) ={x = (z) € w: (Azyk) € ¢},
where
Az = (z}, — xp41) and Az = (x3),
These are Banach space with the norm
[zlla = lz1] + | Ao
Later Colak and Et [2] defined the sequence spaces:
loo(A") ={x = (z1) € w: (A™mp) € Lo},

c(A") ={x = (zx) € w: (A"zy) € ¢},
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co(A™) ={z = (zx) € w: (A"z) € o},

where n € N, A% = (z3), Az = (x), — Tpy1), Az = (A"zy) = (A" 1oy — A" Loy q)
and so that

and so that these are Banach space with the norm R f
&

n
lzlla =D il + | A" o.

=1

The idea of modulus was defined by Nakano [15] in 1953. A function f : [0,00) — [0, 00) is
called a modulus if

(4)
(i)
)

(iii

(t) =01if and only if ¢t = 0,

f
f+w) < f(t)+ f(u), for all t,u >0,

f is increasing and

(iv) f is continuous from the right at 0.

Let X be a sequence spaces.Then the sequence spaces X (f) is defined as
X(f) ={x = (zr) : (f(Jex]) € X3}
for a modulus f. Maddox and Ruckle[14,16]
Kolak[11,12] gave an extension of X (f) by considering a sequence of moduli F' = (fi),that is
X(F) = {z = (xx) : (fu(lzx]) € X}
After then Gaur and Mursaleen[9] defined the following sequence spaces
loo(F, A) = {z = (1) : (Azp) € Loo(F)},
co(F,A) ={x = (z) : (Azy) € co(F)},
for a sequence of moduli F' = (fy).
we defined the following sequence spaces:
(B, A = {o = (21)  (A"a) € loo(F)},
co(FyA™) = {z = (zx) : (A"zy) € co(F)},

6766 (€G6T)¢ “wede( *D0G [IRIN[ ‘SIRNPOUT SARIUO)) ‘OUENEN'H "GT

for a sequence of moduli F = (fi). We will give the necessary and sufficient conditions for the
inclusion relations between X (A™) and Y (F, A™), where X,Y = {, or c¢p. Sequence of moduli
have been studied by C.A.Bektas and R. Colak[l] and many other authours.

The notion of statical convergence was introduced by H.Fast[6]. Later on it was studied by
J.A Fridy [7,8] from the sequence space point view and linked with the summability theory.

The notion of I-convergence is a generalization of the statical convergence. It was studied at
initial stage by Kostyrko, Salat and Wilezynski [13]. Later on it was studied by Salat [19],Salat,
Tripathy and Ziman [20], Demric[3]
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Let N be a non empty set. Then a family of sets I C 2V (power set of N) is said to be an
ideal if T is additive i.e (A,B) € I = (AUB) €T andie A€ I,BC A= B € I. A nonempty
family of sets £(I) C 2% is said to be filter on N if and only if ® ¢ £(I) for A, B € £(I) we have
(AN B) € £(I) and for each A € £(I) and A C B implies B € £(I).

An ideal I C 2% is called non trivial if I # 2V. A non trivial ideal I C 2% is called admissible
if {(x) : ® € N} C I. A non trivial ideal is maximal if there cannot exist any non-trivial ideal
J # I containing I as a subset. For each ideal I, there exist a filter £(I) corresponding to I, i.e
£(I)={K CN:K°e I},where K=N — K.

Definition 1.1. A sequence (zj) € w is said to be I-convergent to a number L if for every
€>0. {k € N:|zy — L| > €} € I.In this case we write I — limxy, = L.

Definition 1.2. A sequence (zj) € w is said to be I-null if L=0. In this case we write
I —limz, =0.

Definition 1.3. A sequence (zj) € w is said to be I-cauchy if for every € > 0, there exist a
number m = m(e) such that {k € N: |z}, — x,,| > €} € I.

Definition 1.4. A sequence (zj) € w is said to be I-bounded if there exist M > 0 such that
{K e N:|zyx| > M}.

We need the following Lemmas.

Lemma 1.5. The condition sup,, fx(f) < co,t > 0 hold if and only if there is a point tg > 0
such that supy, fi(tg) < oo (see [1,9]).

Lemma 1.6. The condition infy fx(¢) > 0 hold if and only if there exist is a point tg > 0
such that infy fi(to) > 0 (see [1,9]).

Lemma 1.7. Let K € £(I) and M C N . If M % I then M N K # I (see [20]).

Lemma 1.8. If I C2N and M C N . If M # I then M N K # I (see [13]).

II.  MAIN RESULTS

In this article we introduce the following classes of sequence spaces.
CL(F,A™) = {(ax) € w: T — lim fy(|A"2y]) = 0} € T,
CL(F,A™) = {(zg) €w: T — sgpfk(|A”xk|) <oo}el
Theorem 2.1. For a sequence F' = fj, of moduli, the following statements are equivalent:
(a) L.(A™) C LL(F,A"),
(b) cG(A") S cf(F,A"),
(¢) supy, fr(t) < oo, (t > 0).
Proof. (a) implies (b) is obvious .

(b) implies (c). Let ci(A™) C cl(F, A™). Suppose that (c) is not true. Then by Lemma (1.5)

sup fx(t) = oo, for all t >0,
k
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and therefore there is a sequence (k;) of positive integers such that

1
fk(;) >, foreach ¢=1,23.... (1)

Define x = (xx) as follow

{ Lif k=k;i=1,2,3....;
T =

6 otherwise. N
I T : . otes
Then x € cy(A™) but by (1), x ¢ lo, (F, A™) which contradicts (b). Hence (c¢) must hold.

(c) implies (a). Let (c) be satisfied and x € ¢L_(F, A™). If we suppose that = ¢ ¢/_(F, A™) then
sup fi(|A"zy|) = oo for A"z € L1
k

If we take t = |A™z| then sup, fx(t) = oo which contradicts (c).
Hence ¢Z_(A™) C (L (F,A"™).

Theorem 2.2. For a sequence F' = fj, is a sequence of moduli, the following statements are
equivalent:

(a) c§(F.A™) S cf(A"),
)

Proof. (a) implies (b) is obvious.
(b) implies (c). Let c(F,A™) C ¢ (A™). Suppose that (c) is not true. Then by Lemma (1.6)

inf fi(t) =0, (t>0)
and therefore there is a sequence (k;) of positive integers such that
2 ] - )
fr, (17) < H for each i=1,2,3......

Define z = () as follow

i k=k =123
=1 0 otherwise.

By (2) = € c}(F,A") but x ¢ ¢ (A™) which contradicts (b). Hence (c) must hold.
(c) implies (a). Let (c) be satisfied and x € c}(F, A") that is

I =lim fi.(|A"2]) = 0.

Suppose that © ¢ ¢ (A™). Then for some number ¢, > 0 and positive integer ky we have
PP 0 p g
|A™zy| < € for k > k. Therefore fi(eg) > fr(|A™xz|) for k > ko and hence liin fr(€0) > 0, which

contradicts our assumption that = ¢ cf (A™).
Thus ¢} (F, A") C cl(A™).
Theorem 2.3.The inclusion ¢ (F, A™) C ¢l (A™) holds if and only if

liin Jr(t) =00 for t>0. (3)

© 2012 Global Journals Inc. (US)



Proof. Let ¢I_(F,A™) C cl(A™) such that limy f(t) = co for ¢t > 0 doesn’t hold. Then
there is a number ¢; > 0 and a sequence (k;) of positive integer such that

fr, (to) < M < oc. (4)

define the sequence x = (z) by

oo [t i k=i = 1,230
=1 0 otherwise.

Notes

Thus x € (L (F,A™) by (4). But x ¢ c{(A"), so that (3) must hold.If ¢ (F,A™) C cl(A").
Conversely, let (3) hold. If x € ¢Z_(F, A™)then fiy(|A"z|) < M < oo, for k = 1,2,3.......Suppose
that © ¢ cJ(A™). Then for some number ¢, > 0 and positive integer ko we have |A"z;| < €y for

k > ko. Therefore fx(eo) > fr(|JA"zx|) < M for k > ko, which contradicts(3). Hence x € c(A™).

Theorem 2.4. The inclusion ¢ (A™) C ¢l (F, A") holds if and only if

lilgn fe(t) =0, fort>0. (5)

Proof. Suppose that ¢ (A™) C cf(F,A™) but (5) doesn’t hold,

Then
liin fr(to) =1+#0, for some tg > 0 (6).

Define the sequence x = (zy,) by
= n+k—-v-—1
St
v=0

for k=1,2,3,.... Then = ¢ c}(F, A™) by (6). Hence (5) must hold.
conversely, let x € ¢1_ (A™) and suppose that (5) holds.
Then|A"z,| < M < oo for K = 1,2,3.... There for fr(|A"zg]) < fru(M) for k = 1,2,3..... and
limy, fr.(JA"zg]) < limy fr.(M) = 0 by (5). Hence z € ¢} (F, A™)
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