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I.  INTRODUCTION

Let a rod of length | is placed to a continuum with h(t) temperature (Fig. 1) and
it enters into a continuum in « point. The temperature u,(xt) into the rod is satisfied
the following equation

o, —a(x,t)%: f(xt), (1)

an initial condition
U, (%,0) = @, (%), (2)
one of the boundary condition in the point x=0

u, (0,t)=0 or wzo (3)

A boundary value problem in the theory of the heat condition with

nonclassical boundary condition, Th., Vychisl., Mat., Fiz., 4:6, (1964), p. 1006 — 1024.

and one of the non-local condition on the segment (a,l)

ua(l,tl):ua(a,t) _ h(t) (4)

|
L uEnde=ho o
l-a
Each problem (1) — (4) for each 0<a<I is well-posed according to Hadamard, i.e.
it has a solution for each 0<a<I|, the solution is unique, the solution depends
continuously on f, ¢, and h. Such problems were investigated in works of Kamynin [7],

7. N. I. Kamynin;
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Tonkin-Moiseyev [6], Kartynnik [8], Benouar-Yurchuk [1], Benouar-Bouziani [2|, Gasimov
[4], Yurchuk [11] ect. (see [12] and referred to the literature).
When a rod has been removing from the continuum, i. e. whena —1,

problems (1) — (4) take the form of

%—a(x,t) Ej;j = f(x1), ()
u (x,0) =g, (x), (6)

4 (0,t)=0 or%=0, (7)
u (1,t)=ht) or w = h(t). (8)

These problems are also well-posed according to Hadamard. They are easier than
problems (1) — (4) and they have been researched by the number of authors. The
solutions of such problems describe a temperature into a rod when the end of the rod
contacts a continuum with h(t) temperature. The importance of the investigation of
problems (1) — (4) has been pointed out by Samarskii [9] since these problems are
encountered in plasma physic. In fact, the solutions u (xt) of problems (1) — (4) may be

described by the temperature in graphite rod which is placed in continuum of atomic
reactor. When atomic reactor has been stopping, graphite rod is removed from continuum

of the reactor. To know a behavior of a temperature u, (x,t) when o —1| is important for
fire safety.
In this paper a priori estimates for the difference u,(xt)-u (xt) are established.

Using these estimates prove that
if a—>1, ¢, >0 then u, »u. Therefore, there establish a new important property

that a solution of mixed problems (1)-(4) with non-local conditions continuously change as
non-local conditions pass into local ones. As mention, this property has an applied
importance.

[I.  PROBLEMS WITH INTEGRAL BOUNDARY CONDITIONS
In this section we give a priori estimates and show that u, -»u when u, is satisfied
integral condition from (4) and u (I,t) =h(t).
Theorem 1. Let the coefficient a(x,t) in (1) and (5) is a continuous differentiable function
on G=[0I]x[0,T] O<a <a(xt)<a,
feL,(G), heW;(0.T), o,.¢ eW,(0l), ¢,(0)=¢ (0)=0 or  ¢,(0=¢/(0) depending on

|
conditions from (3), ¢, (0) = h(0), li_[(pa(x)dx= h(0).
—_ a %
Then there exist constant ¢>0 independent of u,,u and such | that

-

ou, oy

ot ot

du, %y
ot ox?

2
] dxdt +
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ou, ou
oX  OX

0<t<T

+sup.[{ —u (X2

2
:ldx <

h(0) - & II U, (x,0)dx

2 (9)

2
ol (=0 (] dx+ +

SC“;

2
Ret 1 fauxn), ) 1!
+j[h(t)——j + h(t)—miul(x,t)dx dt
. . . . . ou_(0,t)
The proof of inequality (9) is given in [1] when u, (0,t)=0 and in [2] when “a—xzo.
From inequality (9) follows
Theorem 2. Let the conditions of theorem 1 be satisfied. If
|
limflof (-0, (9| dx=0, (10)
0
then
LT 2 2 2 2
Iim{”(l— )l%—ai oY, o4 ]dxdt+
at |39 a ot ok ok

(11)
u, oy

+&Jpj|:(l

0<t<T

2
+|u, —u, @dx} =0.

Ii.l[ul (x,t)dx—u, (1,t)| =0,
—a?

Proof. Since

|imilju,(x,t)dx-h(t)
l—a

a—l

=lim
a—l

_ Iim| 1 .I[aUI (x,t))dx_au, (1,1

. (xt) ,
lim—— j x—h'(t) e -

asl|] —

:O,

)

=lim
a—l

a—l

lim i_Iful (x,0)dx—h(0)
l—a

ILJI'U, (x,0)dx—-u,(1,0)|=0
—a

then from (9) using (10) follows (11). To complete the proof show that for each
function ¢, eW;(0,1) satisfying the conditions ¢ (0)=0 or ¢/(0)=0 and ¢ (I)=h(0) there
exist the functions ¢, eW,;(0,1) such that there hold the relations

9,(0)=0 or ¢/,(0)=0 and li'jwa<x)dx= h(0). (12)
|

If ¢,(0)=0 that these functions should be the following

9.00=0 (x)+—(h(o y j 9 (x)dxj,

2. N. E. Benouar and A. Bouziani; Probléeme mixte avec conditions inteégrales pour une
classe d’equation parabolique, C. R. A. S, Paris, 321, Série I, (1995), p. 1177 — 1182

and if ¢ (0)=0 such functions should be

lzg%(mo o (x)dx].
+lo+a 4

0. (=0 () +
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I11. PROBLEMS WITH SECOND NONLOCAL CONDITION

In the rectangle G =(0,1)x(0,T) consider the set of mixed problems with nonlocal conditions:

1 ou, o%

k) & v =f(xt), O<ac<l, (13)
u, (x0)= 0, (x), u,(0t)=0, %ﬁ“(“'t):ha), (14)
and two mixed problems with local conditions:
1 vy %y,
a(x,t)E e Fx), (15)
Uy (X,0) =, (X), U, (0,t)=0, uy(l,t)=h(t), (16)
1 oy oy _
a(xt) ot ¢ fxt), (17)
u(x0)=p (), y(0t)=0, a“'a(x"t) =ht). (18)

Suppose that the coefficient a(xt) in equations (13), (15), (17) is a continuous and
continuous differentiable function and

aza(xt)2a>0, fel(G), heW,(0T), ¢, 0.0 W, (O1), ¢,(0)=0(0)=¢ (0)=0,

0,()=h(0). o (1)=h(O) %ﬁ““‘%h@.

It’s known that under these assumptions there exist unique solutions of local
equations to (15), (16) and (17), (18) and these solutions have almost everywhere onG
first-order derivative with respect to xand second-order derivative with respect to t. When
smoothness of data of the problem increases the smoothness of the solution will increase.

In works [3], [4] the solution existence and uniqueness of set of problems (13), (14)
are proved for each O<a<l|. It's obtained as follows. Initially in problems (13), (14)
replace the unknown functions by the formula

u, (x,t) =V, (x,t) + xh(t), (19)

For new functions v, (xt) there obtain for each 0<a <l the problem

1 ov, 0%, _ _ X
D) ot e = f(xt)= f(xt) ah(t), (20)

v, (L) = v, () _
| —o -

v, (%,0) = ¢, (X) = ¢, (X) - xn(0), V,(0,t) =0, 0. (21)

and there establish a priori estimate

sup ‘I[\ya OOV (%, t)dx + H‘Vu (x) (%j dxdt <
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Notes

< c“wu(x)@i(x)dmﬂwa(x) f 2(x,t)dxdtJ, (22)

where constant C is independent of v, and

1, 0<x<a
Y, =91-x

l—, a<x<l.
—a

Using a priori estimates (22) prove the existence and uniqueness of problem (20),
(21) and therefore of problems (13), (14) for eachO<o <I.
Then establish a priori estimates of the differences u, —u, andu, -u,. Denote by

u(xt) one of the solutions u,of problems (15), (16) or by u of problems (17), (18). A new
function w(x,t) is introduced as follows

W, =u—ua+x[h(t)—w] (23)

l—a
This function is the solution of the problem

ou(l,t) adu(a,t)

1ow, oW, X[y ot ot
aa ox ah(t) |- ' (24)
W, (%,0) = 0—0, — x[w— h(O)] (25)
-a
w, (0,t) =0, M:Q (26)

| —a

where ¢(x) — one of the functiong,(x) or ¢ (x) depending on designation of the

function u. Therefore there holds a similar (22) a priori estimate for w,
! X ow (x,t) Y
sup .[wa(x)wj (x,t)dx+”\pa (x)(“—’j dxdt <
0<t<T § 0% OX

M_h(o ) dx+ (27)
-

< 20[ [, 00000 -0, (0] dx+ [y, (0%
i ou(l,t) au(a,t)|’

TI

i N at
+ h'(t) -
M‘”“ 2" —a

dxdt |.

This inequality should be valid if the inequality v (x)>1-x is applied for left-hand side
and for the inequality v, (x)<1 is applied for right-hand side. One of the solution u, or u,

of problems (15), (16) or (17), (18) accordingly is substituted in resulting inequality after
those estimates instead of u(xt). As a result there obtain a priori estimates
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au0 _

supj(l x)|u d dt <

0<t<T

)=

—C{I 0000~ 0, (0 tx+ [ w

o ouy (ot
oh “"‘ oh(0) — ¢ (o)

ot
dt )
| —o ‘ N | Notes

8u| 3

sup I(I X)|u, —u dxdt <

0<t<T

< C{”(pl (X —(pa(x)|2dx+][

oy (Lt) oy (a,t)

ot A _he)l |dt+
| —a

-X)|—=-

2

ult-u(at) ht) + (29)
l-—a

2

+

o ()-9 (a)_
-

From these priori estimates follows the next continuous dependence of the solutions of
problem (13), (14) on parametera.

Theorem 3. If
|
lim j |9, (%) — @ (X)[* dx =0, (30)
then

auo

01

u|dx+“(l—)

nm[supja - dx dt]_ (31)
00| ost<T
Proof. Since for the solutions of problem (15), (16) there hold the relations

T T 2
lim [ uy (e )t =0, |iij
a»OO a»OO at

dx=0 and lime,(a)=0, then from (30) using (28) follows

(31). To complete the proof show that for any function ¢,eW;(0,T) satisfying the
conditions ¢,(0)=0 and ¢,()=h(0) there exist the functions ¢, eW;(0,T) such that

9,(0)=0, Mzh@) and (30) is wvalid. TIt's clear that it's wvalid for
-

ah(0) — ¢, (@)

9, (X) :(Po(x)_X[ |
-

Theorem 4. If

j. Thus theorem 3 is proved.

lim {lo, () -, (x| dx=0, (32)
then

|dx+”(l—x)

i zdxdt}:o. (33)

lim
a—l 0<t<T

© 2012 Global Journals Inc. (US)



Notes

Proof. Since for solutions of problems (17), (18) there hold the relations

2

. , |ow (1Y) oy (a,t)
lim| YWED-U @8 ol | ot | A _h) =0

aﬁlo —Q —Q

and Iimwzh(mthat from (32) wusing (29) follows (33). To complete the

o—l -

investigation show that for any function¢, eW,(0,T) satisfying the conditionse (0)=0,

¢.(1) = h(0) there exist the functions ¢, eW2(0,T) such that ¢,(0)=0, M=h(0) and
-

(32) is valid. These functions can be the following

0.(9) =0, (x) - X(M‘ h(0 j
-

Theorem4 is proved.
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