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Abstract - A priori estimates of the differences of solutions of non-local and local problems for heat equations are 
established. Using them prove continuous dependence of solutions of nonlocal problems as nonlocal boundary 
conditions pass into local ones.
Keywords : a priori estimates, continuous dependence, nonlocal boundary conditions pass into local 
conditions.

I. Introduction

Let a rod of length l is placed to a continuum with ( )h t temperature (Fig. 1) and 

it enters into a continuum in α point. The temperature ( , )u x tα into the rod is satisfied 

the following equation

( ) ( )
2

2, , ,
u u

a x t f x t
t x
α α∂ ∂
− =

∂ ∂
          (1)

an initial condition 

( ),0 ( ),u x xα αϕ=       (2)

one of the boundary condition in the point 0x =

( )0, 0u tα =            or            
( )0,

0
u t

x
α∂

=
∂

  (3)

and one of the non-local condition on the segment ( , )lα

1 ( , ) ( )
l

u t d h t
l α

α

ξ ξ
α

=
− ∫     or    

( , ) ( , )
( ).

u l t u t
h t

l
α α α

α
−

=
−

(4)

Each problem (1) – (4) for each 0 lα≤ < is well-posed according to Hadamard, i.e. 

it has a solution for each 0 lα≤ < , the solution is unique, the solution depends 
continuously on ,   f αϕ and h . Such problems were investigated in works of Kamynin [7], 

Fig 1
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Ionkin-Moiseyev [6], Kartynnik [8], Benouar-Yurchuk [1], Benouar-Bouziani [2], Gasimov 
[4], Yurchuk [11] ect. (see [12] and referred to the literature). 

When a rod has been removing from the continuum, i. e. when lα → , 

problems (1) – (4) take the form of

( )
2

2( , ) , ,     l lu u
a x t f x t

t x
∂ ∂

− =
∂ ∂

(5)

( ),0 ( ),  l lu x x= ϕ (6)

( )0, 0lu t = or 
( )0,

0lu t
x

∂
=

∂
, (7)

( ), ( )lu l t h t= or 
( ),

( ).lu l t
h t

x
∂

=
∂

(8)

These problems are also well-posed according to Hadamard. They are easier than 

problems (1) – (4) and they have been researched by the number of authors. The 
solutions of such problems describe a temperature into a rod when the end of the rod 
contacts a continuum with ( )h t temperature. The importance of the investigation of 

problems (1) – (4) has been pointed out by Samarskii [9] since these problems are 

encountered in plasma physic. In fact, the solutions ( ),lu x t of problems (1) – (4) may be 

described by the temperature in graphite rod which is placed in continuum of atomic 
reactor. When atomic reactor has been stopping, graphite rod is removed from continuum 

of the reactor. To know a behavior of a temperature ( ),u x tα when lα → is important for 

fire safety.

In this paper a priori estimates for the difference ( ) ( ), ,lu x t u x tα − are established. 

Using these estimates prove that 
if lα → , lαϕ → ϕ then .lu uα → Therefore, there  establish a new important property 

that a solution of mixed problems (1)-(4) with non-local conditions continuously change as 
non-local conditions pass into local ones. As mention, this property has an applied 
importance.

II. Problems with Integral Boundary Conditions

In this section we give a priori estimates and show that lu uα → when uα is satisfied 

integral condition from (4) and ( ), ( ).lu l t h t=

Theorem 1. Let the coefficient ( , )a x t in (1) and (5) is a continuous differentiable function 

on [ ] [ ]0, 0,G l T= ×   ( )0 10 , ,a a x t a< ≤ ≤

1 1
2 2 2( ),   (0, ),    , (0, ),     (0) (0) 0l lf L G h W T W lα α∈ ∈ ϕ ϕ ∈ ϕ = ϕ =   o r  (0) (0)lα′ ′ϕ = ϕ depending on

conditions from (3),   (0) (0),l hϕ =
1 ( ) (0).

l

x dx h
l α

α

ϕ =
−α ∫

Then there exist constant 0c > independent of , lu uα and such l that 
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( )
22 2 2

2 2
0 0

1
l T

l lu u u u
x dxdt

t t x x
α α

 ∂ ∂ ∂ ∂
 − − + − +
∂ ∂ ∂ ∂  

∫ ∫

6.
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k
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2
2

0 0

2
2

0

2 2

sup ( )

1( ) ( ) (0) ( ,0)

( , )1 1( ) ( ) ( , )

l
l

l
t T

l l

l l

l l
l

l

u u
u u l x dx

x x

C x x dx h u x dx
l

u x t
h t dx h t u x t dx dt

l t l

α
α

≤ ≤

α
α

α α

 ∂ ∂
+ − + − − ≤ 

∂ ∂  

 ′ ′≤ ϕ −ϕ + − +
−α

∂′+ − + −
−α ∂ −α

∫

∫ ∫

∫ ∫
0

T   
  
∫

(9)

The proof of inequality (9) is given in [1] when ( )0, 0u tα = and in [2] when 
(0, )

0.
u t

x
α∂

=
∂

From inequality (9) follows

Theorem 2. Let the conditions of theorem 1 be satisfied. If 

2

0

( ) ( ) 0,
l

ll
lim x x dxαα→

′ ′ϕ −ϕ =∫ (10)

then 

( )
22 2 2

2 2
0 0

2
2

0 0

sup ( ) 0.

l T
l l

l

l
l

l
t T

u u u u
lim l x dxdt

t t x x

u u
l x u u dx

x x

α α

α→

α
α

≤ ≤

  ∂ ∂ ∂ ∂  − − + − +
∂ ∂ ∂ ∂   

 ∂ ∂ + − − + − =  
∂ ∂    

∫ ∫

∫

(11) 

Proof. Since 

1 1( , ) ( ) ( , ) ( , ) 0,

( , ) ( , ) ( , )1 1( ) ) ) 0,

1 1( ,0) (0) ( ,0) ( ,0) 0

l l

l l ll l

l l
l l l

l l

l l

l l ll l

lim u x t dx h t lim u x t dx u l t
l l

u x t u x t u l t
lim dx h t lim dx

l x l t t

lim u x dx h lim u x dx u l
l l

α→ α→
α α

α→ α→
α α

α→ α→
α α

− = − =
−α −α

∂ ∂ ∂′− = − =
−α ∂ −α ∂ ∂

− = − =
−α −α

∫ ∫

∫ ∫

∫ ∫

then from (9) using (10) follows (11). To complete the proof show that for each 

function 1
2 (0, )l W lϕ ∈ satisfying the conditions (0) 0lϕ = or (0) 0l′ϕ = and ( ) (0)l l hϕ = there 

exist the functions 1
2 (0, )W lαϕ ∈ such that there hold the relations 

(0) 0α′ϕ = or (0) 0α′ϕ = and 1 ( ) (0).
l

x dx h
l α

α

ϕ =
−α ∫                                             (12)

If (0) 0αϕ = that these functions should be the following

2 1( ) ( ) (0 ) ( ) ,
l

l l
xx x h x dx

l lα
α

 
ϕ = ϕ + − ϕ 

+ α −α 
∫

and if (0) 0α′ϕ = such functions should be
2

2 2

3 1( ) ( ) (0 ) ( ) .
l

l l
xx x h x dx

ll lα
α

 
ϕ = ϕ + − ϕ 

−α+ α +α  
∫
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III. Problems with Second Nonlocal Condition

In the rectangle ( ) ( )0, 0,G l T= × consider the set of mixed problems with nonlocal conditions:

( ) ( )
2

2

1 , ,     0 ,
,

u u
f x t l

a x t t x
α α∂ ∂
− = < α <

∂ ∂
                                         (13)

( ) ( ) ( ) ( ) ( ), ,
,0 ,    0, 0,    ( ),

u l t u t
u x x u t h t

l
α α

α α α

− α
= ϕ = =

−α
                        (14)

and two mixed problems with local conditions:

( ) ( )
2

0 0
2

1 , ,
,

u u
f x t

a x t t x
∂ ∂

− =
∂ ∂

(15)

( ) ( ) ( )0 0 0 0,0 ( ),    0, 0,    , ( ),u x x u t u l t h t= ϕ = = (16)

( ) ( )
2

2

1 , ,
,

l lu u
f x t

a x t t x
∂ ∂

− =
∂ ∂

(17)

( ) ( ) ( ),
,0 ( ),    0, 0,    ( ).l

l l l

u l t
u x x u t h t

x
∂

= ϕ = =
∂

(18)

Suppose that the coefficient ( ),a x t in equations (13), (15), (17) is a continuous and 

continuous differentiable function and

( )1 0, 0,a a x t a≥ ≥ > 1 1
2 2 0 2 0( ),    (0, ),    ,  , (0, ),     (0) (0) (0) 0,l lf L G h W T W lα α∈ ∈ ϕ ϕ ϕ ∈ ϕ = ϕ = ϕ =

0
( ) ( )

( ) (0),    ( ) (0),    (0).l
l

l h l h h
l

α αϕ −ϕ α′ϕ = ϕ = =
−α

It’s known that under these assumptions there exist unique solutions of local 
equations to (15), (16) and (17), (18) and these solutions have almost everywhere on G
first-order derivative with respect to x and second-order derivative with respect to t . When 
smoothness of data of the problem increases the smoothness of the solution will increase. 

In works [3], [4] the solution existence and uniqueness of set of problems (13), (14) 
are proved for each 0 l< α < . It’s obtained as follows. Initially in problems (13), (14) 
replace the unknown functions by the formula

( , ) ( , ) ( ),u x t v x t xh tα α= + (19)

For new functions ( , )v x tα there obtain for each 0 l< α < the problem 

( ) ( )
2

2

1 , ( , ) ( ),
,

v v xf x t f x t h t
a x t t ax

α α∂ ∂ ′− = ≡ −
∂ ∂

(20)

    ( , )  ( , )
( ,0) ( ) ( ) (0),    (0, ) 0,    0.

v l t v t
v x x x xh v t

l
α α

αα α α

− α
= ϕ ≡ ϕ − = =

−α
(21)

and there establish a priori estimate 
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x v x t dx x dxdt

x


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  
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(22)

where constant C is independent of vα and

1,   0

,   .

x
l x x l
l

α

≤ ≤ α
ψ = −

α ≤ ≤ −α

Using a priori estimates (22) prove the existence and uniqueness of problem (20), 
(21) and therefore of problems (13), (14) for each 0 .l< α <

Then establish a priori estimates of the differences 0u uα − and lu uα − . Denote by 
( , )u x t one of the solutions 0u of problems (15), (16) or by lu of problems (17), (18). A new 

function ( , )w x t is introduced as follows

( , ) ( , )( ) .u l t u tw u u x h t
lα α

− α = − + − −α 
(23)

This function is the solution of the problem

2

2

( , ) ( , )
1 ( ) ,

u l t u t
w w x t th t

a t a lx
α α

∂ ∂ α − ∂ ∂ ∂ ∂′− = − ∂ −α∂  
 

(24)

( ,0) ( ,0)( ,0) (0) ,u l uw x x h
lα α

− α = ϕ−ϕ − − −α 
(25)

( , ) ( , )
(0, ) 0,     0,

w l t w t
w t

l
α α

α

− α
= =

−α
               (26)

where ( )xϕ – one of the function 0 ( )xϕ or ( )l xϕ depending on designation of the 

function u . Therefore there holds a similar (22) a priori estimate for wα

2
2 2

0 0

2

2

2
0 0

( ,0) ( ,0)2 ( ) ( ) ( ) ( ) (0 )

( , ) ( , )

( ) .
( , )

l l

T l

u l uC x x x dx x x h dx
l

u l t u t
x t th t dxdt

la x t

α α α

α

 − α≤ ψ ϕ −ϕ + ψ − +
 −α

∂ ∂ α
− 

∂ ∂ ′+ ψ −
−α 




∫ ∫

∫ ∫

(27)

This inequality should be valid if the inequality ( )x l xαψ ≥ − is applied for left-hand side 

and for the inequality ( ) 1xαψ ≤ is applied for right-hand side. One of the solution 0u or lu
of problems (15), (16) or (17), (18) accordingly is substituted in resulting inequality after 
those estimates instead of ( , )u x t . As a result there obtain a priori estimates
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Notes

22

0 0 0

( ) ( ) ( ) ( , ) ,
l T l

C x x dx x f x t dxdtα α α

 
≤ ψ ϕ + ψ 

 
∫ ∫ ∫

2

2

0
0 0 0

( , )
sup ( ) ( , ) ( )

l T l

t T

w x t
x w x t dx x dxdt

x



  
 

 
    

 
  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2
2 0

0
0 0

2
' 0 2

0

( ) ( , )
( ) ( )

( , )( ) (0) ( )
 ,

l T h t u t
C x x dx

l

u th t ht dt
l l

α

  α − α≤ ϕ −ϕ + +
−α 

∂ α α − α −ϕ α ∂ + + −α −α   

∫ ∫                                      (28)

2
2

0 0

2

2
'

( , ) ( , )
( ) ( ) ( )

(1, ) ( , )
( ) ( )

 ( ) (0) .

l T
l l

l

l l

l l

u l t u t
C x x dx h t

l

u t u t
lt t h t dt h

l l

α

  − α≤ ϕ −ϕ + − +
−α 

∂ ∂ α − ϕ −ϕ α ∂ ∂ + − + − −α −α   

∫ ∫ (29)

From these priori estimates follows the next continuous dependence of the solutions of 
problem (13), (14) on parameterα .

Theorem 3. If
2

00
0

lim ( ) ( ) 0,
l

x x dxαα→
ϕ −ϕ =∫ (30)

then
2

2 0
00 0 0 0 0

lim sup ( ) ( ) 0.
l T l

t T

u u
l x u u dx l x dxdt

x x
α

αα→ ≤ ≤

 ∂ ∂
 − − + − − =

∂ ∂  
∫ ∫ ∫ (31)

Proof. Since for the solutions of problem (15), (16) there hold the relations 
2

0
0 00 0 0

0 0

( , )
lim ( , ) 0,     lim 0 and lim ( ) 0,

T T u t
u t dt dx

tα→ α→ α→

∂ α
α = = ϕ α =

∂∫ ∫ then from (30) using (28) follows 

(31). To complete the proof show that for any function 1
0 2 (0, )W Tϕ ∈ satisfying the 

conditions 0 (0) 0ϕ = and 0 ( ) (0)l hϕ = there exist the functions 1
2 (0, )W Tαϕ ∈ such that 

( ) ( )
(0) 0,    (0)

l
h

l
α α

α

ϕ −ϕ α
ϕ = =

−α
and (30) is valid. It’s clear that it’s valid for

0
0

(0) ( )
( ) ( ) .

h
x x x

lα

α −ϕ α ϕ = ϕ −  −α 
Thus theorem 3 is proved.

Theorem 4. If 
2

0

lim ( ) ( ) 0,
l

ll
x x dxαα→

ϕ −ϕ =∫ (32)

then
2

2

0 0 0 0

lim sup (1 ) ( ) 0.
l T l

l
ll t T

u u
x u u dx l x dxdt

x x
α

αα→ ≤ ≤

 ∂ ∂
 − − + − − =

∂ ∂  
∫ ∫ ∫ (33)
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2

2
0

0
0

0 0 0

sup ( ) ( )

l T l

t T

u u
l x u u dx l x dxdt

x x




 

 
     

   

2

2

0
0 0 0

sup ( ) ( )

l T l

l

l
t T

u u
l x u u dx l x dxdt

x x




 

 
     

   
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2

2
'

0

( , ) ( , )
( , ) ( , )

lim ( ) ( ) 0
l l

T
l l

l

u l t u t
u l t u t t th t h t dt

l lα→

 ∂ ∂ α
 −− α ∂ ∂ − + − =
 −α −α
 
 

∫

and 
( ) ( )

lim (0)l l

l

x
h

lα→

ϕ −ϕ α
=

−α
that from (32) using (29) follows (33). To complete the 

investigation show that for any function 1
2 (0, )l W Tϕ ∈ satisfying the conditions (0) 0lϕ = , 

' ( ) (0)l l hϕ = there exist the functions 1
2 (0, )W Tαϕ ∈ such that 

( ) ( )
(0) 0,    (0)

l
h

l
α α

α

ϕ −ϕ α
ϕ = =

−α
and 

(32) is valid. These functions can be the following

( ) ( )
( ) ( ) (0 ).l l

l
l

x x x h
lα

ϕ −ϕ α ϕ = ϕ − − −α 

Theorem4 is proved.
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Since for solutions of problems (17), (18) there hold the relationsProof.
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