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[ INTRODUCTION

An n -dimensional Lorentzian manifold M is smooth connected para contact Hausdorff
manifold with Lorentzian metricg, i.e., M admits a smooth symmetric tensor field g of type

(0,2) such that for each point peM, the tensor gp :TpMxTpM —R is a non degenerate inner
product of signature (—+,...4+) where TyM denotes the tangent space of M at p and R is the
real number space. A non-zero vector v € (TpM) is said to be time like (res., non-space like, null,

space like) if it satisfies gp(v,0) <0 (resp.,<0,=0,>0) (see [2]).

Definitionl1.1. In a Lorentzian manifold (M, g) a vector field P defined by
g (X, P)=A(X)
for any vector field X ey (M) issaid to be concircular vector field if
(VX AY) =a[g(X.Y)+a(X)AY) ]
where « is a non zero scalar function, A is a I-form and o is a closed 1-form.

Let M" be a Lorentzian manifold admitting a unit time like concircular vector field &, called

the characteristic vector field of the manifold. Then we have

(1.1 9(5:¢)=-1
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Since & is the unit concircular vector field, there exist a non zero 1-form 7 such that
(1.2) g(X,8)=n(X)

the equation(1.2) of the following form holds

(1.3) (VX IY) = alg(X.Y)+n(X)n(Y)] (% 0)

for all vector field X,Y, where v denotes the operator of covariant differentiation with respect
to Lorentzian metric g and « is a non zero scalar function satisfying

(1.4) (Vx a)=(Xa)=pn(X),
where p being a scalar function. If we put

1

(24
then from (1.3) and (1.5), we have

(1.6) #2X = X +n(X)E,

from which it follows that ¢ is a symmetric (1,1) -tensor. Thus the Lorentzian manifold M "
together with unit time like concircular vector field &£, its associate 1-form 7 and (1,1) —tensor
field ¢ is said to be (LCS)n -manifold. Especially, if we take o =1, then the manifold becomes
LP-Sasakian structure of Matsumoto (see [3]).

The D -conformal curvature tensor B (see [4]), projective curvature tensor P , concircular

curvature tensor C (see [5]) on a Riemannian manifold (M N 9), (n>4) are defined as

B(X.Y)Z =R(X Y)Z+L {S(X,Z)Y—S(Y,Z)X +0(X,2)QY —-g(Y,Z2)QX —S(X,Z)?]W)é}

n=3) [+3(Y,Z)n(X)&-n(X)n(Z)QY +n(Y )n(Z)QX
47 D g £ (I a2
(n-3) ’ ’ (n=3) (+n(Xn(2)Y —n(Y)n(Z)X
(1.8) P(X,Y)Z =R(X,Y)Z —1_1 {S(Y,Z)X-S(X,Z)Y }
(1.9) C(X,Y)Z =R(X,Y)Z -—" {9(Y,2)X -g(X,2)Y}

n(n-1)

: . . . (r+2)(n-1)
respectively, where T is the scalar curvature, Q is the Ricci tensor and K = T_z) .
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[1. PRELIMINARIES

A differentiable manifold M of dimension n is called (LCS)n -manifold if it admits a (1,1) —
tensor ¢, a contravarient vector field &, a covariant vector field  and a Lorentzian metric g
which satisfy the following.

(2.1) n()=-1

(2.2) #2 =1 +7n®¢

(2.3) g(#X,4Y) =9(X,Y)+n(X)n(Y)
(2.4) 9(X, &) =n(X)

(2.5) =0, n@)=0

for all X,Y e TM. Also in a(LCS)n —manifold the following relations are satisfied (see[4]).

(2.6) n(RX.Y)Z) = (@* - pa(Y.Z)n(X)-g(X.Z)n(Y)]
2.7) ROX.Y)E = (@ - o)) X -7(X)Y]

(2.8) R X)Y =(@? ~ plg(X.Y)é-n(V)X]

(2.9) R(E.X)E = (@ — pln(X)&+X]

(2.10) (VXY = g Y)E+27(Xn(Y )é+n(Y)X]
(2.11) S(X.&)=(-D(a? - p)7(X)

(2.12) S(@X.,¢Y) = S(X, V) +(n=1)(@® — p)n(X)(Y)
(2.13) (Xp) =dp(X) = Bn(X)

Definition.2.1.A Lorentzian concircular structure manifold is said to be 7—Einstein if the Ricci
operator Q satisfies

Q=ald +by®¢,

where a and b are smooth functions on the manifolds, In particular if b=0, then M is an
Einstein manifold.

[11. MAIN RESULTS

Theorem 3.1.There is no (LC S)p - manifold that satisfying B(X,Y)Z =0.
Proof. Assume that in a (LC S),-manifold

(3.1 B(X.Y)Z =0.
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Then it is follows from (1.7) and (3.1) that

S(X,Z)Y -S(Y,Z)X +g(X,Z)QY —g(Y,Z)QX

R(X,Y)Z = T3 =S(X,Z2)n(Y)§+S(Y,Z)n(X)&=n(X)n(Z)QY
(3.2) 0 N(Z)QX
(-2 2 a0V )X }- k {g(X,Z)nW)é—g(Y,Z)n(X)é}
(n-3) (n=3) [ +n(XmZ)Y =n(Y)n(Z)X

Notes

It can also written as

S(X,2)g(Y,U)=S(Y,Z)g(X,U)+g(X,Z)S(Y.U)

: =9(Y,2)S(X,U)=S(X,2)n(Y)nWU)+S(Y,Z)n(X)nU)

g(R(X,Y)Z,U)=-

(n-3)
—n(X)n(Z)S(Y,U)+n(Y)n(Z)S(X,U)
(k=2)
(3.3) * ) {9(X,2)9(Y,U)-g(Y,2)g(X,U)}

_k {g(X,Z)U(Y)H(U)—Q(Y,Z)U(X)U(U)}
(n=3) [ +n(X)n(2)g(Y,U)-n(¥)n(Z)g(X.U)

Taking X =U =¢ in (3.3) and using (2.1) (2.4) and (2.11), it becomes

_2 _
(3.4) { (o )bl ] {o (¢ 2yntr @) }=0
Then (3.4) implies that
(3.5) g(Y,2)+n(¥)n(Z)=0.

From (3.5) and (2.3) it is seen that g (#Y,$Z) =0, however, as this is not possible.

This proves the theorem3.1.

Theorem3.2. A Ricci D -conformal semi-symmetric (LC S)pn-manifold is an Einstein manifold

with scalar curvature r=2n2 ( a? - o).

Proof. From (1.7) by virtue of (2.6) and (2.11), we obtain

k—
(3.6) n(B(X,Y)Z ={(a2—p)+in_§;} {9(Y,2) n(X)-9(X,2) n(Y) }
From (3.6), it follows that
(3.7) 17 (R(X,Y)&) =0.

© 2012 Global Journals Inc. (US)
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Assume that M" is a Lorentzian concircular manifold satisfies the condition
(3.9) B(X,Y)S(Z,W)=0.

From (3.9), it is obtained that

(3.10) S(B(X,Y)Z,W) +S(Z,B(X,YW)=0

Taking X =W =¢ in (3.10) and using (3.6) (3.7) (3.8) and (2.11), we get

3.11) S(Y,2)=2n(a® - p) (Y, 2)

This proves the theorem3.2.

Definition 3.1.A Riemannian manifold (M",g) is termed as Ricci D -conformal semi-symmetric

if B(X,Y)S =0.
Theorem3.3. There is no (LCS), -manifold that satisfying R(X,Y)B =0.

Proof. Assume that in a (LCS)p -manifold satisfies the conditions R(&,Y)B=0., then it is

expressed as

(3.12) R (X,Y) B(Z,V)W =B (R(X,Y)Z,VW —B (Z,R(X,Y)V)W =B (Z,V)R(X,Y)W =0

for all vector field X,Y,Z,Vand Won M" )

For X =¢& , it is follows from (2.8) and (3.12) that

B(ZVW.Y)=n(B(ZN)W)n(Y)-g(Y,2)n(B(SVIW)+n(Z)n (B(Y V)W)

2
1 - )
(3.13) @ -p) —g(Y V)(B(Z.E)W)+7(V) n(B(ZY)W)—g (Y W)n(B(ZV )E+(W )n(B(Z V)Y

In factY =Z in (3.13) and by use of (3.6) (3.7) and (3.8) we have

(3.14) (- p) [B@V W.Y)-g(Z.2)n( BEV)IW)-9@Z W) (BZN)EW)+n (W )(BZN)Z]=0

From (3.14), by contracting we get

g (Vv W)V )W) }=0

“2n-3)(p-a?)? -2(a*-p)(k-1) (
(n-3)

Thisimplies that g(V,\W) =-n (V)n (W) . Then from (2.3) we get g (¢ V.¢W) =0, however, asthis
is not possible. This proves the theorem3.3.
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Theorem3.4. A (LCS)p -manifold is projectively Ricci symmetric if and only if the manifold in

an Einstein manifold.

Proof. Assume that in (LCS)p -manifold the condition P(X,Y)-S(Z,W)=0 are satisfies, and then

it can be expressed as
(3.15) S(P(X,Y)Z,W)+S(Z,P(X,YW =0
From (1.8) and (2.11) we get

1

(3.16) PEY)Z=(a” - p) otr-2e-n @)

[S(Y.Z)é—(n—n(az —p)n(zw}
Taking X =¢ in (3.15) by virtue of (2.11) and (3.16) we obtain

(3.17) S(Y,2)=(n-(a* = p)g(¥.2)
This proves the theorem3.4.

Theorem3.5. A (LCS)y, -manifold is concircurly Ricci symmetric if and only if either scalar

curvature r =n(n—1)(@? - p) or the manifold in an Einstein manifold.

Proof. Assume that in (LC S), -manifold satisfies the condition C(X,Y)-S(Z,W)=0, and then it

can be expressed as
(3.18) S(C(X,Y)Z,W)+S(Z,C(X,YW =0
From (1.9) and (2.11), we have

r
n(n—1)

(3.19) CE.Y)Z {(rxz—p)— }{Q(Y,Z)é—ﬂ(Z)Y}

Taking X =¢ in (3.18) by virtue of (3.19) and (2.11), we get

2 r 2 _
(3.20) {(a —p)—n(n_l)}{S(Y,Z)—m(a -p9(Y,2)}=0

This implies that either r=n(n-1)«? - p) or S(Y,Z)=2n(a* - p)g(Y,Z)
This proves the theorem 3.5

Theorem3.6.A (LCS)p, -manifold satisfies the condition P(&, X)-S =0 if and only if the M" is an

Einstein manifold with scalar curvaturer =2n? (¢* —p).

© 2012 Global Journals Inc. (US)
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Proof. The condition P(&, X)-S =0 implies
(3.21) S(P(&X)Y,8)+S(Y,P(5,X)&=0

By virtue of (2.8) and (2.11) ,equation (1.8) reduces that

S(P(&, X)Y, &) =-2n(a” - p)* {g (X, Y)+1 (X)n(Y)}

(3.22) { ) )
+@2 na® -p) {S(X,Y)+2n(a —p)n(X)n(Y)}
and
S(P(&, X)E,9) = (a” - p)’ {S(x,Y)+2n<ac2 —p)n(xm(v)}
(3.23) .

o 2@ =) {S<><,Y)+2n(oe2 —p)n(xm(Y)}

Using (3.22)(3.23) in (3.21) , we get
S(X,Y)=2n(c? - p)g(X.Y)

This proves the theorem3.6

Corollaryl. In (LCS)p -manifold the D-conformal curvature tensor B satisfies
(3.24) B(X,Y)&=A{n (V) X-n(X)Y}

. (n+1) (p—a® )+ (k-1)
B (n-3)

where

Proof. Using (2.7) and (2.11) in (1.7) we get (3.24).

Definition3.2. The rotational motion (curl) of D-conformal curvature tensor B on a Riemannian
manifold is given by

(3.25) RotB =(VyB)(X,Y,2)+(VxB)U,Y,Z)+(VyB)U, X,2)-(VzB)(X,Y)U =0
By virtue of second Bianchi identity
(3.26) (VUB)(X,Y,Z)+(VxB)(Y,U,2)+(VyB)(U, X,Z2)=0
Equation (3.25) reduces to
RotB=—(VzB)(X,Y)U
If the D-conformal curvature tensor is irrotational then curl B =0 and by (3.26),we have

(VZB)(X,Y)U =0

© 2012 Global Journals Inc. (US)
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This implies that
(3.27) Vz{B(X,Y)U}=B(VzX,Y)U+B(X,VzY)U+B(X,Y)VzU
In view of (3.27) with U =¢ it is seen that

(3.28) V7 B(X,Y)E = B(VZX,Y)E+B(X,VZY)E+B(X,Y)VzE

Theorem .3.7. If the D- conformal curvature tensor in (LCS), -manifold is irrotationa then the Notes
D - conformal curvature tensor B is given by (3.30)

Proof. Using (3.24) and (1.5) in (3.28), we get

(3.29) B(X,)¢Z = A[( vz ()X~ (VZn)(X)Y]

Replacing Z by ¢Z in (3.29) by using (1.3) and (1.6) it is seen that

(3.30) B (X.Y)Z = 2{g($ZY) X-g(@ZX )N -n (V) n@)X+7(X)n(2)Y}

This proves the theorem3.7.

Theorem3.8. If the D -conformal curvature tensor in (LCS) -manifold is irrotational then the

manifold is an 7—Einstein manifold with scalar curvature

T{n(n—s)wn{(n—l)(az—p)—(k—z)}—(n—l)(az—m
(-1

Proof. Using (3.21) in (1.7) the curvature tensor of B i (LCS)p -manifold is given by

S(X,Z)Y -S(Y,Z)X +9(X,Z)QY
9(Z,Y)X=9(Z,X)Y } 1 |=9(Y,2)QX =S(X,Z)n(Y)S

—nN@)X+n(X@)Y | (n=3) | +S(Y.Zn(X)E-n(X)nZ)QY
(3.31) +1(Y)n(Z)QX

k {g(x,zmmﬁ—gw,zmxx}
+(X)n(Z2)Y =n(Y)n(Z)X

R(X,Y)Z =/1{

(k-2) i )
* o) 9GOV -0LDX)= T

Let Xj, i=123,..n be an orthonornal basis of the tangent space at any point .Then the sum for

1<i<n of the relation (3.31) withY =D =Xj, yields

1 [ SOGX) X =S(Xi, X)X +9(X, Xj)QX

R(X,Xi)Xi =A[g(Xi, X)X —=g(X, X )Xi|-——

ZROGX()Xj = 2[g(X), X)X -g(X, X{)X{] {—g(Xi,Xi)QX+S(Xi,Xi)77(X)§ }
(k-2)

(n-3)
" (o) GCXDXi—gXi XX T

(3.32)
{9(Xi, Xi)X)E}

© 2012 Global Journals Inc. (US)
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The Ricci tensor S is given by

(3.33) SX,Y)=>ag(R(X, Xj) Xj,Y)+ g (X,Y)

Taking inner product of (3.32) with Y and by virtue of (3.31) and (3.33), we get

(3.34) S(X,Y)=a g(X,Y)+bn(X)n(Y)

where

L _| (032200 (@®—p)-2(k-2)

(2
(n-) , and b=(a”-p)

This implies that the manifold is an 7—Einstein manifold.
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