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An n -dimensional Lorentzian manifold M is smooth connected para contact Hausdorff 
manifold with Lorentzian metric g , i.e., M admits a smooth symmetric tensor field g of type 

)2,0( such that for each point ,Mp the tensor  MpTMpTpg : is a non degenerate inner 

product of signature ),.....,(  where MpT denotes the tangent space of M at p and  is the 

real number space. A non-zero vector )( MpT is said to be time like (res., non-space like, null, 

space like) if it satisfies 0),( pg (resp., 0,0,0  ) (see [2]).

Definition1.1. In a Lorentzian manifold ),( gM a vector field P defined by

                                          )(),( XAPXg 

 )()(),()()( YAXYXgYAX  

where  is a non zero scalar function, A is a 1-form and  is a closed 1-form.

Let nM be a Lorentzian manifold admitting a unit time like concircular vector field  , called 
the characteristic vector field of the manifold. Then we have

(1.1)                                              1),( g

Notes

X ∈χ (M) for any vector field is said to be concircular vector field if
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Ref.

Since  is the unit concircular vector field, there exist a non zero 1-form  such that

(1.2)                                           )(),( XXg  

the equation(1.2) of the following form holds

(1.3)                                    )0()()(),())((   YXYXgYX

for all vector field  YX , , where  denotes the operator of covariant differentiation with respect 
to Lorentzian metric g and  is a non zero scalar function satisfying

(1.4)                                              )()()( XXX   ,

where  being a scalar function. If we put

(1.5)                                               


 XX 
1 ,

then from (1.3) and (1.5), we have 

(1.6)                                                  )(2 XXX  ,

from which it follows that  is a symmetric )1,1( -tensor. Thus the Lorentzian manifold nM

together with unit time like concircular vector field  , its associate 1-form  and )1,1( –tensor 
field  is said to be nLCS )( -manifold. Especially, if we take 1 , then the manifold becomes 
LP-Sasakian structure of Matsumoto (see [3]).

The D -conformal curvature tensor B (see [4]), projective curvature tensor P , concircular 

curvature tensor C (see [5]) on a Riemannian manifold )4(),,( ngnM are defined as

(1.7)          
 





































XZYYZX

XZYgYZXg

n

k
XZYgYZXg

n

k

QXZYQYZXXZYS

YZXSQXZYgQYZXgXZYSYZXS

n
ZYXRZYXB

)()()()(
)(),()(),(

)3(
),(),(

)3(
)2(

)()()()()(),(
)(),(),(),(),(),(

)3
1),(),(









(1.8)                       YZXSXZYS
n

ZYXRZYXP ),(),(
)1(

1),(),( 




(1.9)                      YZXgXZYg
nn

r
ZYXRZYXC ),(),(

)1(
),(),( 




respectively, where r is the scalar curvature, Q is the Ricci tensor and )2(
)1)(2(
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On (LC S)n -Manifolds Satisfying Certain Conditions on D-Conformal Curvature Tensor

A differentiable manifold M of dimension n is called nLCS )( -manifold if it admits a )1,1( –
tensor  , a contravarient vector field  , a covariant vector field  and a Lorentzian metric g

which satisfy the following.

(2.1)                                           1)( 

(2.2)                                             I2

(2.3)                                                )()(),(),( YXYXgYXg  

(2.4)                                                 )(),( XXg  

(2.5)                                                     0)(,0  X

for all ., TMYX  Also in a nLCS )( –manifold the following relations are satisfied (see[4]).

(2.6)                                            )(),()(),()2()),(( YZXgXZYgZYXR  

(2.7)                                            YXXYYXR )()()2(),(  

(2.8)                                                     XYYXgYXR )(),()2(),(  

(2.9)                                             XXXR   )()2(),(

(2.10)                                          XYYXYXgYX )()()(2),())((  

(2.11)                                          )()2()1(),( XnXS  

(2.12)                                         )()()2()1(),(),( YXnYXSYXS  

(2.13)                                           )()()( XXdX  

Definition.2.1.A Lorentzian concircular structure manifold is said to be  –Einstein if the Ricci 
operator Q satisfies  

                                                       baIdQ ,

where a and b are smooth functions on the manifolds, In particular if 0b , then M is an 
Einstein manifold. 

Theorem 3.1.There is no nSCL )( - manifold that satisfying .0),( ZYXB

Proof. Assume that in a nSCL )( -manifold 

(3.1)                                        .0),( ZYXB

Notes
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On (LC S)n -Manifolds Satisfying Certain Conditions on D-Conformal Curvature Tensor

Then it is follows from (1.7) and (3.1) that

(3.2)             
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)3(
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It can also written as  

(3.3)               















































),()()(),()()(
)()(),()()(),(

)3(

),(),(),(),(
)3(
)2(

),()()(),()()(
)()(),()()(),(),(),(
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)3(
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n

k

UXgZYgUYgZXg
n

k

UXSZYUYSZX

UXZYSUYZXSUXSZYg
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n
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Taking UX   in (3.3) and using (2.1) (2.4) and (2.11), it becomes

(3.4)                                      
  0)()(),(

)3(
1235)2(



















ZYZYg

n

kn




Then (3.4) implies that 

(3.5)                                      0)()(),(  ZYZYg  .

From (3.5) and (2.3) it is seen that 0),( ZYg  , however, as this is not possible. 

This proves the theorem3.1.

Theorem3.2. A Ricci D -conformal semi-symmetric nSCL )( -manifold is an Einstein manifold

with scalar curvature )2(22   nr .

Proof. From (1.7) by virtue of (2.6) and (2.11), we obtain

(3.6)                         )(),()(),(
)3(
)2()2(),(( YZXgXZYg

n

k
ZYXB  














From (3.6), it follows that

(3.7)                                 .0)),((  YXR

Notes



© 2012 Global Journals Inc.  (US)

71

  
G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
II

Is
su

e 
  
  
  
 e

rs
io
n

I
V

X
IV

  
 F
)

)

20
12

Y
ea

r

On (LC S)n -Manifolds Satisfying Certain Conditions on D-Conformal Curvature Tensor

and

(3.8)                                 )()(),(
)3(
)2()2(),(( ZYZYg

n

k
ZYB  














Assume that nM is a Lorentzian concircular manifold satisfies the condition 

(3.9)                                  .0),(),( WZSYXB

From (3.9), it is obtained that

(3.10)                                    0),(,,),(  WYXBZSWZYXBS

Taking WX in (3.10) and using (3.6) (3.7) (3.8) and (2.11), we get

(3.11)                               ),()2(2),( ZYgnZYS  

This proves the theorem3.2.

Definition 3.1.A Riemannian manifold ),( gnM is termed as Ricci D -conformal semi-symmetric 
if .0),( SYXB

Theorem3.3. There is no nSCL )( -manifold that satisfying .0),( BYXR

Proof. Assume that in a nSCL )( -manifold satisfies the conditions .0),( BYR  , then it is 
expressed as

(3.12)                0),(),()),(,(),),((),(),(  WYXRVZBWVYXRZBWVZYXRBWVZBYXR

for all vector field VZYX ,,, and W on nM .

For X , it is follows from (2.8) and (3.12) that

(3.13)            0
),(()()),((),()),(()()),((),(

)),(()()),((),()()),((),,,(
)2( 














YVZBWVZBWYgWYZBVWZBVYg

WVYBZWVBZYgYWVZBYWVZB






In fact ZY  in (3.13) and by use of (3.6) (3.7) and (3.8) we have 

(3.14)                     0),(()())),((),()),((),(),,,()2(  ZVZBWWVZBWZgWVBZZgYWVZB 

From (3.14), by contracting we get
                                      

                                                                      

 
  0)()(),(

)3(
1)2(22)2)(3(2



















WVWVg

n

kn




Notes

This implies that g(V,W) = −η (V)η (W) . Then from (2.3) we get g (φ V,φW) = 0, however, as this
is not possible. This proves the theorem3.3.
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Theorem3.4. A nSCL )( -manifold is projectively Ricci symmetric if and only if the manifold in 
an Einstein manifold.

Proof. Assume that in nSCL )( -manifold the condition 0),(),(  WZSYXP are satisfies, and then
it can be expressed as

(3.15)                          0),(,(),),((  WYXPZSWZYXPS

From (1.8) and (2.11) we get

(3.16)                            




 


 YZnZYS

n
YZZYgZYP )()2)(1().(

)1(
1)(),()2(),( 

Taking X in (3.15) by virtue of (2.11) and (3.16) we obtain 

(3.17)                            ),()2()1(),( ZYgnZYS   .

This proves the theorem3.4.

Theorem3.5. A nSCL )( -manifold is concircurly Ricci symmetric if and only if either scalar 

curvature )2)(1(   nnr or the manifold in an Einstein manifold.

Proof. Assume that in nSCL )( -manifold satisfies the condition 0),(),(  WZSYXC , and then it 
can be expressed as          

(3.18)                               0),(,(),),((  WYXCZSWZYXCS

From (1.9) and (2.11), we have

(3.19)                        YZZYg
nn

r
ZYC )(),(

)1(
)2(),(  












Taking X in (3.18) by virtue of (3.19) and (2.11), we get

  (3.20)                                     0)},()2(2),({
)1(

)2( 









 ZYgnZYS

nn

r


This implies that either )2)(1(   nnr or ),()2(2),( ZYgnZYS  

This proves the theorem 3.5

Theorem3.6.A nSCL )( -manifold satisfies the condition 0),( SXP  if and only if the nM is an 

Einstein manifold with scalar curvature )2(22   nr .

Notes
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On (LC S)n -Manifolds Satisfying Certain Conditions on D-Conformal Curvature Tensor

Proof. The condition 0),( SXP  implies 

(3.21)                           0),(,(),),((   XPYSYXPS

By virtue of (2.8) and (2.11) ,equation (1.8) reduces that

(3.22)                     
 

 )()()2(2),()2(2
)1(

1

)()(),(2)2(2),),((

YXnYXSn
n

YXYXgnYXPS












and 

(3.23)                      
 

 )()()2(2),()2(2
)1(

1

)()()2(2),(2)2(),),((

YXnYXSn
n

YXnYXSXPS












Using (3.22)(3.23) in (3.21) , we get

                                              ),()2(2),( YXgnYXS  

This proves the theorem3.6

Corollary1. In nSCL )( -manifold the D - conformal curvature tensor B satisfies

(3.24)                                YXXYYXB )()(),(  

where                                       
)3(

)1()2()1(





n

kn 


Proof. Using (2.7) and (2.11) in (1.7) we get (3.24).

Definition3.2. The rotational motion (curl) of D-conformal curvature tensor B on a Riemannian 
manifold is given by

(3.25)                          0),(),,(),,(),,(  UYXBZZXUBYZYUBXZYXBUBRot

By virtue of second Bianchi identity 

(3.26)                            0),,(),,(),,(  ZXUBYZUYBXZYXBU

Equation (3.25) reduces to

                                               UYXBZBRot ),(

If the D-conformal curvature tensor is irrotational then curl B =0 and by (3.26),we have

                                             0),(  UYXBZ

Notes
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On (LC S)n -Manifolds Satisfying Certain Conditions on D-Conformal Curvature Tensor

This implies that

(3.27)                   UZYXBUYZXBUYXZBUYXBZ  ),(),(),(}),({

In view of (3.27) with U it is seen that

(3.28)                        ZYXBYZXBYXZBYXBZ  ),(),(),(}),({

Proof. Using (3.24) and (1.5) in (3.28), we get

(3.29)                    YXZXYZZYXB ))(()()(),(  

Replacing Z by Z in (3.29) by using (1.3) and (1.6) it is seen that

(3.30)                        YZXXZYYXZgXYZgZYXB )()()()(),(),(),(  

This proves the theorem3.7.

Theorem3.8. If the D -conformal curvature tensor in nSCL )( -manifold is irrotational then the
manifold is an  –Einstein manifold with scalar curvature                                




















)1(
)2)(1()}2()2)(1{(2)3(

n

nknnnn 


Proof. Using (3.21) in (1.7) the curvature tensor of B in nSCL )( -manifold is given by

(3.31)            

 






























































XZYYZX

XZYgYZXg

n

k
XZYgYZXg

n

k

QXZY

QYZXXZYS

YZXSQXZYg

QYZXgXZYSYZXS

nYZXXZY

YXZgXYZg
ZYXR

)()()()(
)(),()(),(

)3(
),(),(

)3(
)2(

)()(
)()()(),(
)(),(),(

),(),(),(

)3(
1

)()()()(
),(),(

),(














Let niiX ,...,3,2,1,  be an orthonornal basis of the tangent space at any point .Then the sum for
ni 1 of the relation (3.31) with iXDY  , yields

(3.32)       
 

   




))(,(
)3(

),(),(
)3(
)2(

)(),(),(
),(),(),(

)3(
1),(),(),(

XiXiXg
n

k
XiXiXgiXiXXg

n

k

XiXiXSQXiXiXg

iQXiXXgXiXiXSiXiXXS

n
iXiXXgXiXiXgiXiXXR

























NotesTheorem.3.7. If the D- conformal curvature tensor in (LCS)n -manifold is irrotational then the 
D - conformal curvature tensor B is given by (3.30)
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On (LC S)n -Manifolds Satisfying Certain Conditions on D-Conformal Curvature Tensor

The Ricci tensor S is given by 

(3.33)                           ),(),),((), YXgYiXiXXRgYSX

Taking inner product of (3.32) with Y and by virtue of (3.31) and (3.33), we get

(3.34)                         )()(),(),( YXbYXgaYXS 

where                      



















)1(
)2(2)2()1(2)3(

n

knn
a

 ,               and    )2(  b

This implies that the manifold is an  –Einstein manifold.

Notes
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