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l. INTRODUCTION

For |q| < 1,
(a; @)oo = [ J (1 — ag™) (1.1)
(@:9)oo = [ [(1 = ag™™") (1.2)
(a1, 02,03, ;15 @)oo = (015 Q)00 (025 €)oo (35 @)oo+ (A3 @)oo (1.3)

Ramanujan [2, p.1(1.2)]has defined general theta function, as
flab) =™ ™5 Jab| < 1, (1.4)

Jacobi’s triple product identity [3, p.35] is given, as
fla,b) = (—a;ab) oo (—b; ab) o (ab; ab) (1.5)

2. B.C. Berndt; What is a g-series?, preprint.

Special cases of Jacobi’s triple products identity are given, as

3(q) = fla.a)= Y 0" = (6% ) (1.6)
_ 3\ _ S ninbl) (q2;q2)oo

(9) = fla.4") = ;q = G (1.7)

f=q)=f—q,—*) = > (~1)"¢" 5 = (¢:0) (1.8)
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Equation (1.8) is known as Euler’s pentagonal number theorem. Euler’s another well

known identity is as
1

(@0 = (-6
Throughout this paper we use the following representations
(0%4")oo (0”00 (0% 4 oo - (010" = (4%, 0", 4% 454" )

(40" 0 (@%0") 0 (05000 - (055000 = (¢*, 4" ¢+ - - 4" 4" oo

(=" 0" oo (=0 0" 0 (050" 0 - (650" 00 = (=%, =", 4 ¢"; 0" )0

Computation of ¢g-product identities:
Now we can have following g-products identities, as

(50 = [J(1 = *2)
n=0
_ H(l 2(4n) +2 X H 47’L-i—1)—|—2)><
n=0
« H(l 2(4n+2) +2 >< H 2(4n+3 +2)
n=0
o [e.e]

_ H(l _ q8n+2) « H 8n+4 ) X H 8n+6 ) X H 8n+8

or
(0% D)oo = (6% 6% o0 (0"; 6*) 0 (0% ¢%) oo (65 ) oo
=(*,¢", % ¢*; )

also we can compute

(0% 6%)0 = (0" so(q" 1 ¢") o
=(*,¢" ¢ )
(0% q"ee = [J(1 = ™)
n=0
ﬁ 3n)+4 % H 4(3n+1)+4 « H 4(3n+2) +4)

o

H 12n+4 >< H 12n+8 >< H 12n+12

or
(6" 00 = (%0 oo(d® 0) (0% ") oo
= (¢*,¢% ¢"%; ¢
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Ref.

6. S. Ramanujan; Notebooks (Volume I), Tata Institute of Fundamental Research,

Bombay, 1957.

[e o]

(0%¢%)e = [J(1 ="

n=0
oo
_ H(l 2(5n) +4 X H 2(5n+1) +4)X
n=0
H 12(5n+2)+4 % H 12(5n+3 +4 % H 12(5n+4 +4)

(e 9]

H 60n+4 X H 60n+16 X H 60n+28

oo

% H 60n+40 ) H(l — 00 +52)

n=0

or
60)Oo(q52; (]60)

[e.9]

<q4;q12>oo — <q4; qGO)OO(qlﬁ;qﬁo)oo(q28;q60)oo(q40; q
- (q47 q167 q287 q407 q52. q60)00

Similarly we can compute following g-product identities

(q5;q5>oo — (q5; q15)oo(q10;q15)oo(q15;q15>

o0

54" 4" ¢")

= (q
(0% 4%)o0 = (0% 0*oo (@' * oo (@' *) oo (61 7)o
( 6 12 7q ’q24)oo
(q6;q12)oo ( )00((]18 ) ( )00<q42aq )00((154§q60)00

=(¢%q"%,¢*, ¢ ¢ ,q60)

o0

(1.16)

(1.17)

(1.18)

(1.19)

The outline of this paper is as follows. In sections 2, some recent results obtained by the
author [1], and also some well known results in [6;7] are recorded, those are useful to the
rest of the paper. In section 3, we state and prove four ¢-product identities, which are

new and not recorded in the literature of special functions.
[I.  PRELIMINARIES
Recently author has established following identities [1],
(0%, 0", 6" ")l (=01 *) + (6 0°)2) = 2(=a"5 )%

16 32 ,48. .48
2 4 6 8. 8 . 2)2 L2207 (@°,0°%,4"% 4" )
(074", 0 070 )l (=007 ) 5% — (4:07)5) = 4q (7 g )

(—¢ A%+ (%)% (—a )23, @ a4 %)
(—q;¢2)% — (6:0%)% 2q
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()% (@ )25 D% = (% % a5 Y e (2.4)

(=4 0*)oo(=0% 0% o0 — (5 20(@% ¢%)
(=45 6%)o0 X (=6%6%) 00 X (€540 X (4% ¢%)oo
2q(_q2.q4)2 ( 4 q8 q16 q20 q24.q24)
_ ) 00 ) ) ) ) ) 0 25
(@%, 4% ¢ 4% 6*) o (¢°, 4"%, "% ) oo (25)
(=% 0% oo (=% ") o0 = (2% 4%) 50 (¢% ¢")
(=% ¢%) o0 X (0% ") X (6% 6%)0 X (¢°¢"") 0
(", 6% 4% 4"
(45,4, 4%, ¢ ?V) e
2¢°
@ 65 0% 07) (0, 42, 4%, %, 470, g7 ¢) (2:6)
459" )oo\qd" ;4 )0 459" )oo\—q 5G9 )oo
[(¢54*) 0 (" ¢™) o] + (=43 6*) oo (0" 6™°) ]
[(434%)50(a"%; ¢*) o] [(— 43 4%) oo (—4"%; ¢*°) o]
(@, %%, 0", 4", 0%,¢%% %)
a (@', 6%, ¢, ¢, ¢5%; ) *
2
A 05 ) 05 0 0 5 ) 27
In Ramanujan’s notebook [6, p.240], the following entries are recorded as
1
¢(—q)]°
f=a,—¢") =¥(q’) {W (2.8)
¢'(q) — ¢"(—q) = 161" (¢%) (2.9)
In Ramanujan’s notebook [6, p.245], the following entry is recorded as
() (—q) = ¥(¢*)d(—¢°) (2.10)
In Ramanujan’s notebook [7, p.209], the following entry [8(xii)] is recorded as
f(=a9) _ o(=q" 511
A (2.11)
f(=¢*) (9

[1I.  MAIN RESULTS

In this section, we generalized four results recorded in Ramanujan’s note books [6;7], and
established following four new results with help of Jacobi’s triple product identity or in
more general language we can say that with the help of ¥(.) and ¢(.) functions as these
are special cases of Jacobi;s triple identity, using elementary method. These results are
not recorded in the literature of special functions

© 2012 Global Journals Inc. (US)

0

"LG6T ‘Arquiog

‘UDIeISOY [RUSUIRPUN] JO 9INYIISUT ®IR], ‘(J] 2wnjo)) sy00gagoN ‘uelnueurey g °),



Notes

(4000 = (0. 6%, ¢°; %) oo

(=4 )5 — (Ga»)5 17 2
- 2
q (4% ¢%) o]
(% ¢*)o L
(q4, q4)oo - (Q’ _Q7 q )OO

(0% %) o = (6% 0" oo (0" 0" s

For the first time, we are establishing (3.4) with the help of ¥(.) and ¢(.

lier this result is derived by using g-product methods as given in (1.14).
Proof of (3.1): By substituting a = —q and b = —¢° in (1.5), we have
(=0, -0") = (:6°)oo (0% 4°) oo (0 €*) o

also, by substituting ¢ = ¢ in (1.7), we get

again, by substituting ¢ = —¢ in (1.6), we get

o(—q) = (¢: 6% (% )

(3.3)
(3.4)

) functions. Ear-

now on substituting the values of f(—q,—¢°), ¥(¢*), #(—q), and employing (1.7) in (2.8),

after simplification, we get
(45600 = (4:4°)o0(0°; )0 (4% 4o
or,
(4:6%)00 = (0:¢°, 6% ¢°) oo
which established (3.1)
Proof of (3.2): By substituting ¢ = —¢ in (1.6), we get

(—q) = (¢:°)2% (0% ¢*) oo

also, by substituting ¢ = ¢? in (1.7), we get

4. 4
lp(qQ) — (q2a q4)00
(% q*) o
now on substituting the values of ¢(—q), ¥(¢*), and employing (1.6) in
4. 4\4
9549 )
(0% ")l )% — (@:6°)%] = 16CJW

(2.9), we get
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after little algebra, we get

1
e e CH i K 2

q [(¢% ¢%)o)

which established (3.2)

Proof of (3.3): By substituting ¢ = —¢ and g = ¢° respectively in (1.7), we get

Notes

(3w
V(g = (—¢; %)
and (4 4)
o (0% 0Y)
Y )

again, by substituting ¢ = —¢? in (1.6), we get
o(=") = (4"¢")% (0% ¢")

now on substituting the values of ¥(—q), P (¢*), #(—¢*) and employing (1.7) in (2.10),
then after simplification, we get

(% a2
(4% ¢4)2 = (q25q4)oo(q; q2)oo<_Q§q2)oo
) 0o

now employing (1.14), and after simplification, we get
= (0 ~4¢")e

which established (3.3)
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