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I. [NTRODUCTION

For |q| < 1,
(a; @)oo = [ J(1 = aq™) (1.1)
(a:q)o0 = H<1 _ aq(n—l)) (1.2)
(a1, a2, a3, s ax; @)oo = (015 @)oo (25 @)oo (@35 @)oo+ (Ak; @)oo (1.3)

Ramanujan has defined general theta function, as

fla,b) = Zan(njl)bn(n;l) ;o Jabl < 1, (1.4)

Jacobi’s triple product identity [9,p.35] is given, as
fla,b) = (—a; ab)oo(—b; ab) oo (ab; ab) (1.5)

Special cases of Jacobi’s triple products identity are given, as

)= Y 0" = (40200 ) (1.6)

n=—oo
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pard (q;’q )
=Y (0T = (g0)w (1.8)

Equation (1.8) is known as Euler’s pentagonal number theorem. FEuler’s another well
known identity is as

(@:¢°)% = (¢ ) (1.9)

Roger-Ramanujan identities [6, p.578] are given as

o0 2
n 1 2 ®) oo (P ) oo (67 ) s
0 P A (% 2)= (@1 0%) (4% ") (1.10)
(D (66°)0(0%6%) o0 (¢ @)oo
o n(n+1) 1 .5 4. .5 5.5
Hig) =3 S B (43 ") (4% 4°) 0 (475 4°) oo (1.11)
(00 (6%6°)o(6*¢°)oo (¢ @)oo
Roger-Ramanujan function is given by
H .} o 4. 5 ~
G(q) (4% @°) oo (01 6°) o
Throughout this paper we use the following representations
(4% 400 (0% 40 (0% 000 - (45000 = (4%, 0", ¢+ €55 4" (1.13)
(4%4")o0 (0" 0o (0% 4 oo -+ (05400 = (4%, 0%, 6° - 054" )ow (1.14)
Now we can have following g-products identities, as
(0% ") = [J(1 = ¢>72)
n=0
H 4n)+2 >< H 2(4n+1) +2 >< H 2(4n+2) +2 >< H 2(4n+3) +2)
_ H 8n+2 X H 8n+4 >< H 8n+6 X H 8n+8
n=0
= (0% 0")oo (0" 0°) oo (0% 0°) oo (0% 0o = (6%, 4", 0%, %5 0°) o (1.15)
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o0

(¢¢") = [J(L =g

n=0
— H(1 _ q4(3n)+4) % H<1 __A(3n+1) +4 ) x H ¢ 10n+2) )
H 12n+4 H 12n+8 H 12n+12
>< ><
Notes
= (¢"6")00(6% 40 (0% 4" = (6", 6%, 4% ¢%) (1.16)
(g% )0 = H(l _ ity = H<1 205m)+4) 5 H 2(5n+1)+4) o
n=0 n=0

H 12(5n+2 +4 >< H 12(5n+3 +4 >< H
_ H 60n+4 x H 60n+16 x H 60n+28 x H

40 60)

= (0% ¢") oo ("% ¢™) e (0™ 4 (4" ¢ *2:4%)

o(”% ) = (¢*, ¢'

Similarly we can compute following as
(q4;q12)OO — (q4; q60)oo(q16; qGO)oo(q28;q60)oo(q40;q60)

= (¢*, 4", ¢®, 0", 6" ¢°)

12(5n+4 +4)

60n+40 % H 60n+52

7', 4%, 4", "% ™)
(1.17)

o (7°% %)

[e.e]

(1.18)

(4% 6%)00 = (6% 0" oo (@' 6o (0% *) oo (@*; 6o = (¢°, 0%, 0", ¢ *)oe (1.19)
(4% 000 = (6% 4%)00 (0" 4%)00 (6™ ™) 00 (4™ ™) 00 (67 %)
= (%", ¢”,4", 6" ¢*)s (1.20)
(0% @%)o0 = (6% 0™) o0 (0"% ¢**) o (6°% 0" 00 (%% )00 (0% 4™ (4" 4™ )0
— (q87q16’q247q327q40’q48,q48)00 (121)
(0% 4)o0 = (0% 600 (@ 650 (0% 450 (0" 450 (0% 4™
= (¢%,4”, 4" ¢", 4" 4% (1.22)
(0% )00 = (0% 6™) oo (@ 6" (6"; 4™ oo = (6%, 4™, 4™ 4™ o (1.23)
(€% ¢ o0 = (0" 600 (@ 6™ (0™ 6o = (¢, 6%, 47 ¢7) 0 (1.24)
(4"%0)00 = (4% ¢°) oo (g™ ) (q 1000 (0" 600 (0% 4% o
(q”,q 10,4, 6% ¢ (1.25)
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(C]lG; qlﬁ)oo — ((]16; q48)oo(q32; q48)oo(q48; q48)oo — (qu7 (]32, (]48; q48)oo (1.26)
<q2(); qZO)OO — (q20;q60>oo<q40; qGO)OO(qGO;q(SO)OO — <q207q40’q60;q60>oo (1'27)
The outline of this paper is as follows. In sections 2, we have recorded some well known

results, those are useful to the rest of the paper. In section 3, we state and prove seven
new g-product identities, which are not available in the literature of special functions.

[I.  PRELIMINARIES

Let us recall the definition of cubic theta functions A(q),B(q) and C(gq) due to Borwein
et al.[4], as

Alg)= Y gmtmm (2.1)
B(q) = Z W w—exp<?> (2.2)
O((]) _ Z qm2+mn+n2+m+n (23)

Borwein et al.[4] established the following relations

Alq) = A(¢’) +2¢C(¢%) (2.4)

B(q) = A(¢*) — ¢C(¢*) (2.5)
~3(g%4%)3,

clo)= (¢:9)oo (26

A(q)A(¢*) = B(q)B(¢*) + ¢C(9)C(¢%) (2.7)

Entry-2, in Ramanujan’s first note book [8, p.230], [10, p.356] is stated as

V() ¥(q*) — ¥(=q)¥(—q") = 20®(¢*) ¥ (q"*) (2.8)

Entry-4(iv), in the chapter 20 of Ramanujan’s second note book [8], [9, p.359] is stated as
D(q)(¢*") — (—q)P(—¢"") = 4qf(—=¢") F(—¢"*) + 44"V (¢*) ¥ (¢™) (2.9)
Entry-9(i), in the chapter 20 of Ramanujan’s second note book [8], [9, p.277] is stated as

U(*)(q®) — ¥(=¢*)¥(—¢") = 2¢°¥(¢*) ¥ (¢™) (2.10)

© 2012 Global Journals Inc. (US)
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Entry-9(iii), in the chapter 20 of Ramanujan’s second note book [8], [9, p.377] is stated
as

D(¢*)P(¢°) = (—¢*)P(—Q?) +2¢° ¥ (q)¥(Q); where Q = ¢'° (2.11)
Entry-9(iv), in the chapter 20 of Ramanujan’s second note book [8], [9, p.377] is stated as
W(q)¥(q") + W(=q)¥(=¢") = 2¥(¢") ¥ (") (2.12)

Notes Entry-25, in Ramanujan’s note book [9, p.39] is stated as

®(q) + D(—q) = 29(q¢") (2.13)
O(q) — D(—q) = 49¥(¢%) (2.14)
O(q)2(—q) = ®(—¢°) (2.15)

.  MAIN RESULTS

We have establish following

(@ ¢" % P)scl(—0: )2 + (0 )2] = 2(—q" ¢*)% (3.1)
16 32 4 48
2 4 6 8. 8 242 212 (QQ;Q;Q)oo
4,050,490 ) (=007 )5 — (4:07)a] = 4q 3.2
( )ool( )ao — (@4°)5)] (7 g0 ) (3.2)
(—¢ A%+ (672 (—a )2 (P @ i d™, 4% 4% (3.3)
(—;¢%)% — (%)% 2q
(—¢; )% (0 )2 (% )% = (6,67 0% ¢V (3.4)
(=4 0*)oo (=% 00 = (10 (@*1¢%)_ 20(=0*¢")2(a". 6%, 4", ¢*, ¢** ¢*)ex
(—=4:0%)o0 X (=¢%1¢%) 00 X (¢5¢%)00 X (%) (42, 0%, 0% @%; ¢®)oc(d®, *%, % **) o
(35)
(=¢% 4o (20" 000 = (% 0)o(@% 00 (d%,4%, 040
(=@ %) 00 X (=0 ") o0 X (¢*1¢%) 0 X (¢°:0" )0 (4% ¢'%, ¢"%, **; ¢**)
2 3
x d (3.6)

(42,45, ¢ ¢'%) oo (410, ¢%°, 3%, ¢*°, ¢*°, ¢°; ¢%9)

(43 6*) 0 (@3 ¢™) el + [(—=03 6*)oo(=0" ¢)s] _ (@*%,0,¢*, 0%, ¢™°, ¢*, 47, 6™ ¢%) o
(45 6%) 00 (0753 6%°) o) [(— 45 G%) 0o (=075 ¢3°) o] (49, ¢%, ¢*, ¢°°, ¢50; ¢0)
9

X 3.7
(2, ¢4, 45, 4%, 4% q®) e (05, 4%, 470, ¢*2, P%; ) o (3.7)

X

Proof of (3.1):Employing equation (1.6) in equation (2.13), we have

(=4 420" @)oo + (682 (0%: 6*) oo = 2(—¢" 6*) 2 (0% ¢%) s
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(01 "ol (=0 0*)% + (@3 4)3) = 2(—"; 8)io(qg;qg)oo
(4% 0%) o0 (0" 6%) oo (6% %) oo (6% €% ) oo (— 5 ¢
(0% 4%) oo (% 4%) oo (" :
(@,¢", 4% ) ool (0 4*)5 + (0:4%)%]) = 2(—q4;q8)§o

which establish the result (3.1).

Proof of (3.2):Employing equations (1.6) and (1.7) in equation (2.14), we have Notes
_ 49(0"% 0"

(4% ¢"%)o0

16 ,32  48. 48
2. 2 L 2\2 Co2N2 1 (q 47,4754 )oo

(=4 6*)2(0% ¢*)oo — (4672 (0% ¢*) oo

(q q2)2 ] — q(q167q32?q48;q48)oo
(¢%,¢**, "% ¢"®)

(%, 4", d% ¢% @)ool (—; )2 —

which establish the result (3.2).
Proof of (3.3):Dividing equation (3.1) by (3.2), we get equation (3.3).
Proof of (3.4):Employing equation (1.6) in equation (2.15), we have
(=5 6)3 (% 6*)oo (0 °)5 (0% 0°) oo = (0% 012 (05 0*)
(=05 0°)2 (@ )2 (0% %)% = (0% 020" 6"
(=0 0°)3(@: 020 4%)2 = (0%0 ) (071 6" ) oo (0% 0*)
(—:0")5(0:4°)5 (%1 0")5 = (@*, 0" 05 ')

which establish the result (3.4).
Proof of (3.5):Employing equations (1.6) and (1.7) in equation (2.8), we get.

(@%0%)(0% %) (€% 6%)a(0% %) 2q(—q*q")% (g

(4:0%)(0% ) (—0:0*)o(—0*¢%)o0 (4" ,c’z 4)00
(=4 0*)oo(=0% ") = (4070 (0% %) oo _ 20(=* ¢*)3(¢"1 0 ) o (0*; ¢*) o0
)

0 D)o 0 )o@ P O ) é)
(=% 0o (0% 0°)o0 = (4:6))o0(0% 0" _ 20(=0* ¢)2(¢" ¢ 0" ¢, ¢ ™)
(= 4*) 0o (=% 6%) 00 (@5 4*) 0o (2% ¢°) oo (4% 6%)oo(d5, 4"2, ¢'%; q24)
(=% oo (0% 0°)o0 = (440 (% 0" _ 20(=a* 02 (0" ¢ 0" ¢, ¢ ™)
(=4 4*) 0o (=% %) 0005 4*) 0o (4% ¢%) oo (4% % % ¢% ¢%)(¢% ¢*%, ¢*%; ¢**)

which establish the result (3.5).
Proof of (3.6):Employing equation (1.7) in equation (2.10), we get.

(0% 0%)oc(@: )0 (0%4%)(@"% 0 26°(¢% ¢")oc(0™;4%) e

(%6%)00(@® 00 (=% %) 00 (—a% ¢"9) o (4% ¢") 50 (@5 ¢%°)
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(=% 0o (=0 0" 0 = (61670 (@°: 4"")o0 _ 2¢°(4"; ") (4™ 4™) oo
(=% 0%)oo(—0% ") (0% %) 0o (@® ") e (4% 0*)o0(d5; Q) (qlo,qo)oo(q30;q6°)oo

(=% 0%) 0o (=000 — (% 0%)oo(¢® ¢ (¢, q % 0") 00
(=% 4%) oo (0% ") 0 (6% 4%) 0 (6% ') e (5, 4"%, ¢, ¢*%; ¢*Y) o
2q3
X

(¢% 4% 4" 4")eo (¢, 4%, 6%, 6%, 4%, 4% %)
which establish the result (3.6).
Proof of (3.7):Employing equation (1.7) in equation (2.12), we get.

(% 0)o0(@: 0o | (%07)0(0™: 0o 2a™%07)0(0™ 0o

(:0%)0(07:63) 0 (=:¢%)o0(—0"%: 600 (0% ¢'?) e (¢'%; ¢*°) o

(=43 0%)o0(=0"% 0% oo + (¢36*)0(0"5 4% _ 2(¢"% ") (¢ ¢*)x

(=460 (—0"% ) 0o (0 1?) 0 (0% 6300 (%5 62)00(05; 12) 00 (0% 42°) 00 (6%%; ¢30) o
(43 0*)oc (=" 0*) oo + (13 6) (0" 6™ _ 2(¢**,6”,¢*, 6%, 4", 4", 4%, 4% ¢%)x
(=4 @)oo ("5 ¢3°) 00 (¢ %) 50 (¢"%; ¢%°) o (425 6%) 50 (4% 4'%) 00 (1% 4%°) 5 (¢%%5 ¢%°) o

e 2 _ 15, .30 .2 15. .30 12 20 ,24 .36 .40 48 60 ,.60. .60
(0 0)oo(=0" 4" oo + (4:07) (074 7)o0 _ (47,47, ¢7% 07,4, 4", 47,4747 )0
(=5 4%) 0 (— "5 *°) 00 (45 ¢*) 00 (¢ ¢3°) o (q'9,¢%, ¢, ¢°°, ¢%9; ¢°0)
2
(qQ7 q47 q67 q87 q8; q8)oo(q67 ql87 q30’ q427 q54; q60>oo

which establish the result (3.7).
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