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I. [NTRODUCTION

Let N,IR and ' be the sets of all natural,real and complex numbers respectively.

We write
w=A{r = (z) :zx € R or Y},

the space of all real or complex sequences. Let l,c and ¢y denote the

of bounded,convergent and null sequences respectively.

Banach spaces

The following subspaces of w were first introduced and discussed by Maddox [13-15].

l(p) = {x € w: ) |wp|P < oo},

loo(p) == {z € w :ksup | [P+ < oo},

clp) ={rew: lilgnk\xk — [P =0, for somel € (Y},
olp) = {o € w : lim [ = 0},

where p = (py) is a sequence of striclty positive real numbers.

The idea of Difference sequence sets

Xp={x=(ap) €w: Ax = (2 — xp41) € X},

where X = [, ¢ or ¢y was introduced by Kizmaz [9)].

In 1981 Kizmaz [9] defined the following sequence spaces,
lo(DN) ={x = (2p) Ew: (Axy) € 1},
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(D) ={x = (x) e w: (Axy) € ¢},

co(D) ={z = (z1) € w: (Axy) € o},
where Az = (2, — xx11). These are Banach spaces with the norm

|zlla = |21] + [[A2]]o0,

0

After then Et[3] defined the sequence spaces
lo(A?) = {2z = (z1) Ew: (A1) €1}

c(A?) ={z = (zp) € w: (A1) € ¢}
co(A?) ={z = (z1) € w: (A1) € co}

Ve

-QT(€66T) LTI Y0\ [ 4 —Dibo(]‘sooeds aduanbas aduaisyIp auios uQ " NIq [g]

Where (A%r) = (A?zy,) = (Axy, — Axpyq).

The sequence spaces lo(A?), c(A?) and ¢o(A?) are Banach spaces with the norm
lzlla = lai] + || + | A% |o.
After then R. Colak and M. Et [4] defined the sequence spaces
lo(A™) ={x = () €w: (ATaxy) € I},
c(A™) ={x = (2x) €w: (A™zy) € ¢},

co(A™) = {x = (zx) € w: (A™a) € co},

where m € N,
Az = (z,),
Az = (T — Tpi1),
A"x = (A" oy, — A" ),
and so that

A"z, = zm:(—w‘ m Thii.

i=0
and showed that these are Banach spaces with the norm
m
lella =D il + | A7
i=1

Let U be the set of all sequences u = (uy) such that uy # 0(k =1,2,3....).
Malkowsky[16] defined the following sequence spaces
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loo(u, N) ={z = (z1) € w: (uplDxy) € lo}s

c(u, N) ={z = (z}) € w: (wAxy) € ¢},
co(u, A) ={x = (x) € w: (wAxy) € ¢},

where u € U.

The concept of paranorm(See[15]) is closely related to linear metric spaces.It is a
generalization of that of absolute value.

Let X be a linear space. A function g : X — R is called paranorm, if for all
x,y e X,

(PT) g(x) =0 if =0,

(P2) g(—2) = g(2),

(P3) g(x +y) < g(x) +9(y),

(P4) If (\,) is a sequence of scalars with A, — A (n — o0) and z,,a € X with

) g
) g

z, = a (n — 00) , in the sense that g(z, —a) - 0 (n — o0) , in the sense that
g Anzn — Aa) = 0 (n — 00).

A paranorm g for which g(z) = 0 implies x = 6 is called a total paranorm on X,
and the pair (X, g) is called a totally paranormed space.
The idea of modulus was structured in 1953 by Nakano.(See[17]).

A function f : [0,00)—[0,00) is called a modulus if
(P1)f(t) = 0 if and only if t = 0,

(P2) f(t+u)< f(t)+ f(u) for all t,u>0,

(P3) f is increasing, and

(P4) f is continuous from the right at zero.

Ruckle [18-20] used the idea of a modulus function f to construct the sequence space
X(f) ={z = (2x) : Y f(lael) < 00}
k=1

This space is an FK space ,and Ruckle[18-20] proved that the intersection of all such
X(f) spaces is ¢, the space of all finite sequences.

The space X(f) is closely related to the space l; which is an X(f) space with
f(z) =z for all real z > 0.Thus Ruckle[18-20] proved that, for any modulus f.

X(f) C Iy and X(f)* = I

The space X(f) is a Banach space with respect to the norm

[]] = > f(lzxl) < oo.(See[18-20]).

k=1
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Spaces of the type X (f) are a special case of the spaces structured by B.Gramsch
in[8].From the point of view of local convexity, spaces of the type X(f) are quite
pathological. Symmetric sequence spaces, which are locally convex have been fre-
quently studied by D.J.H Garling[6-7],G.Ké6the[12]and W.H.Ruckle[18-20)].

After then E.Kolk [10-11] gave an extension of X (f) by considering a sequence of
moduli ' = (f;) and defined the sequence space

X(F) = {z = (i) : (fe(|zs])) € X}.(See[10-11])).
After then Vakeel.A.Khan and Lohani[21] defined the following sequence spaces

loo(u, A F) = {z = (23) €w: ililgfk(mﬂm) < oo},

—00
co(u, A\ F) ={z = (x}) €Ew: kh_)ngo fr(lurDxy|) = 0},

where u € U.

If we take x; instead of Ax,then we have the following sequence spaces
lo(u, F) ={2x = (zp) Ew: il;%)fkﬂuk:zkb < 00},
clu, F)={x = (x}) € w: khjEO fr(ugzy —1]) = 0,1 € @,
co(u, ) = {z = (zx) € w: lim fi(Jupa]) = 0},

where u € U.
After then C.Asma and R.Colak[1] defined the following sequence spaces

loo(u, N, p) = {x = () € w: (|uplxg]) € l(p)}s
c(u, 5, p) ={z = (z;) € w: (lupla|) € c(p)},

cou, A, p) = {x = (zx) € w: (JuxDar]) € co(p)},

where u € U,p = (py) be any sequence of positive reals.

After then again Vakeel.A.Khan and Lohani[21] defined the following sequence
spaces

boo(t, &, Fp) = {z = (k) € w: sup(fi([urDay]))™ < o),
c(u, N, Fyp) ={x = (1p) Ew: Ji%o(fk(]ukﬂxk =) =0,l€ @,

co(u, &, Fp) = {x = (w) € w: lim (fi(lupDag]))? = 0},
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which are paranormed spaces paranormed with

Q(z) = igg(fmukmm)pk)% <a

where H = max(1,sup px) and a = fi(1),l = sup(JurDxyg|).
k>0 k>0

Esi and Isik[2] defined the sequence spaces

(AT 5.0) = {z = (32) € w  suplim k- ATy < 00,5 > 0}
(AT s, p) ={x = (zx) Ew: k°|ATx) — LIP* — 0(k — 00), s > 0, forsome L},

co(AT, s,p) ={x = (x) € w: k™ °|AT x| — 0(k — 00),s > 0},

where v = (v) is any fixed sequence of non zero complex numbers, m € N is a fixed

number,
0,. _ _
Apry = (vpzy), Dy = (VkTk — Vk41Th41)
and
m m—1 m—1
AU Tk = (Av Lk — Av xk+1>
and so that

Avma:k = Z(—l)l {?1 Vit+ilhti-

=0

When s=0, m=1, v=(1,1,1,....... ) and pr, = 1 for all k € N, they are just l.(A), c(A)
and ¢o(A) defined by Kizmaz[9].

When s=0 and py = 1 for all kK € N, they are the following sequence spaces defined
by Et and Esi[5]

lo(AT) ={x = (2p) Ew: (Al'xy) € I},
(AT ={x = (x) €Ew: (Al'xy) € ¢},
co(A)) ={x = (zx) € w: (Axy) € co}-

II.  MAIN RESULTS

In this article we introduce the following classes of sequence spaces.

ooty 81, o) = o = () € w 2 sup(fr(Jup S z]))™ < o0},

c(u, A" F.p) ={x = (2) Ew: klim (fe(lue Dz, — 1)) = 0,1 € @,
co(u, A" Fp) ={x = (1p) €Ew: klggo(fkﬂukA;nka)pk =0},
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Theorem 2.1. I (u, A", F') is a Banach space with norm

|zll(ag). = sup(fi(luey'ze])) < a,
k>0

where a = fi(1) and [ = sup(Jup AV xy|).
k>0

Proof. Let (z) be a cauchy sequence in I, (u, A™, F) for each i € N.

Let r, o be fixed. Then for each % > () there exists a positive integer N such that
2" — 27| (am), < - for all ij>N
Trxo
Using the definition of norm, we get

A™m ) — ™ J
Supfk(luk( v Lk vxk)l

. . )<«a, forallij>N
k>0 ||zt — 27| am),

ie, '
|uk (AT zy, — A'y))|

|2t — x| (am),

i

)<a, forallij>N

Hence we can find 7 > 0 with fx(%52) > a such that

|up (AT, — Arad)|

|2t — 2| am),

i

(AT, — ATad)|  rag

|2t — 2| apy, T 2

This implies that

. . rTlo € €
lup (A x), — Ayay)| < 5 rr 2

Since uy # 0 for all £, we have

ATzt — AMpl| < for all i,j> N

DN | ™

Hence (A™z}) is a cauchy sequence in '

For each € > 0 there exists a positive integer N such that |A™z} — AMxy| < € for
all i > N.

Using the continuity of F' = (fx) we can show that

sup fi(Jup(Alz) — lim Ax)|) < a,
kZN J—00

Thus

sup fi(luk(AJ ), — ATay)]) < o
k>IN

© 2012 Global Journals Inc. (US)
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since (2) € lo(u, A™, F) and F' = (fy,) is continuous it follows that = € I, (u, A™, F)

Thus lo(u, AT, F') is complete.

Theorem 2.2. I (u, A", F,p) is a complete paranormed space with

Qu(x) = iﬂ%(ﬁ(lukka\)pk)% <a

where H = max(1,suppi) and a = fi (1), | = sup(|up Al zy]).
k>0 k>0

Proof. Let (z) be a cauchy sequence in I, (u, A™, F, p) for each i € N.

Let r > 0, xg be fixed.Then for each o= > 0 there exists a positive integer N such

that

Qu(r’ — ) (apy, < — for all ij> N
TXo

Using the definition of paranorm, we get

up (A — AT
o (L0851 = )
k>0 Qu(@* — 7)(ap).,

ie, '
|un (D' x), — Ay

Qu(r® — 27)(Ap),

S

e <a, forallij>N

Hence we can find r > 0 with fi(%52) > a such that

TXo
2

up (Al — Al )|

fk( Qu(l.z _ xj)(AL")u

) < fiu(—=-)

un(Ayay, — Ayag)| _ rao
Qu(xi_ajj)(ﬂﬁl)u -2

This implies that
rTy € €

Jug, (A} ), — Aay)| < TT—% =35
Since uy # 0 for all k, we have
€

A7k — ATad| < S

for all i,j> N

Hence (A™z}) is a cauchy sequence in @

For each € > 0 there exists a positive integer N such that |A™z} —

alli > N.
Using the continuity of F' = (f;) we can show that

sup fi(jun(ATah — lim ATa]))# < o,
kZN J—00

)%k <a, forallij>N

Ay < e for
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Thus

sup fi(lur(Amzh — ATz ))HE < a,
>IN

since (2%) € loo(u, A™, F,p) and F' = (f3) is continuous it follows that z € I (u, A™, F, p)

Thus loo(u, AJ', F, p) is complete.

Theorem 2.3. Let 0 < pp < qx < oo for each k. Then we have
co(u, AV Fyp) € co(u, A Fq)
Proof. Let x € ¢o(u, A", F,p) that is
Tim (fy(fun(A7 ) ) = 0

This implies that
Se(Jur(Azy)]) <1

for sufficiently large k, since modulus function is non decreasing.

Hence we get

T (il (A7) )% < T (il (A7) ) =0

Therefore z € co(u, A", F, q).

Theorem 2.4.(a) Let 0 < infp; < pr < 1. Then we have
CO<U7 A:;na F7p) - C()(U, AT? F)
(b) Let 1 < pg < suppy < co. Then we have
k
co(u, A, F) C co(u, A, F,p).
Proof.(a) Let x € ¢o(u, A", F, p), that is
lim (fr(Jur (D5 2x)]))P =0
k—o0
Since 0 < infp, < pp. <1,

i (e (A7) < fim (fulus(AZ0) ) =0

Hence x € co(u, A, F).

(b)Let pr. > 1 for each k and sup py < o0.
k

Suppose that x € ¢y(u, A", F).

Then for each € > 0 there exists a positive integer N such that

fe(|ur(ATz)]) < e forallk >N

© 2012 Global Journals Inc. (US)

Notes



I\Iotes

(8]

[9]

[10]

[11]

[12]
[13]
[14]

[15]

Since 1 < pp < sup pr < 00, we have
k
Hm (fi(Jue(A7z)]))? < lim (fi(Jue(A7z)]) <€ <1
k—o0 k—o0

Therefore = € co(u, AT, F, p).

REFERENCES REFERENCES REFERENCIAS
Asma,C.,Colak,R.On the Kothe-Toeplitz duals of generalised sets of
difference sequences. Demonstratio Math;33(4),(2000)797-803.

Esi.A. Isik,M. Some generalized difference sequence spaces, T hai.J.Math.
,3(2),(2005)241-247.

Et,M..On some difference sequence spaces,Dogra—T1"r.J.Math.,17,(1993)18-
24.

Et,M.and Colak,R.On some generalized difference sequence spaces.
Soochow.J.of Math.21(4)(1995)377-386.

Et,M.,Esi,A.On Kothe-Toeplitz duals of generalised difference se-
quence spaces.Bull Malaysian Math Sci Soc,23,(2000),25-32.

Garling,D.J.H.On Symmetric Sequence Spaces,Proc.London. Math.Soc.16(1966),
85-106.

Garling,D.J.H.Symmetric bases of locally convez spaces,Studia Math.Soc.30(1968),
163-181.

Gramsch,B.:Die Klasse metrisher linearer Raume L(¢),Math.Ann.171(1967),
61-78.

Kizmaz,H. On Certain sequence spaces,Canad. Math. Bull.24(1981) 169-

176.

Kolk,E.On strong boundedness and summability with respect to a sequence of

modulii,Acta Comment.Univ.Tartu,960(1993),41-50.

Kolk,E.Inclusion theorems for some sequence spaces defined by a sequence of
modulii,Acta Comment.Univ.Tartu,970(1994),65-72.

Kothe,G. Topological Vector spaces.1.(Springer,Berlin,1970.)
Maddox,I.J.Elements of Functional Analysis,Cambridge University Press.(1970)

Maddox,I.J.Sequence spaces defined by a modulus.,Math. Camb. Phil.Soc
.100(1986),161-166.

Maddox,I.J.Some properties of paranormed sequence spaces.,.J. London.
Math.Soc.1(1969),316-322.

© 2012 Global Journals Inc. (US)

Global Journal of Science Frontier Research (F ) Volume XII Issue XI Version I E Year 2012



Global Journal of Science Frontier Research (F ) Volume XII Issue XI Version I E Year 2012

[16]

[17]

18]

[19]

[20]

21]

Malkowsky,E.A. Note on the Kothe-Toeplitz duals of generalised
sets of bounded and convergent difference sequences,J. Analysis.4,(1996)81-
91.

Nakano,H. Concave modulars.J. Math Soc. Japan,5(1953)29-49.

Ruckle,W.H. On perfect Symmetric BK-spaces.,Math.Ann.175(1968)121-

126.
Notes

Ruckle, W.H. Symmetric coordinate spaces and symmetric bases,Canad.J.Math.19
(1967)828-838.

Ruckle,W.H.FK-spaces in which the sequence of coordinate vectors
is bounded,Canad.J.Math.25(5)(1973)973-975.

Vakeel,A.K.,Danish Lohani,Q.M. Difference sequence spaces defined
by a sequence of moduli.Southeast Asian Bulletin of Mathematics.30:,(2006),1061-
1067.

© 2012 Global Journals Inc. (US)



	On Certain Class of Difference Sequence Spaces
	Author

	Keywords and phrases
	I. Introduction
	II. Main Results
	References Références Referencias

