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A function g (t) is said to be a mother wavelet (or simply, a wavelet)
if it satis�es the following conditions:

(i)

Z

R
g (t) dt = 0; (ii)

Z

R
jg (t)j2 dt = 0; (iii)

Z

R

jg (t)j2

t
dt <1:

The continuous wavelet transform of f (t) with respect to a mother
wavelet g (t) is de�ned by [2; 8]

Wgf (b; a) =

Z

R
f (t)

1p
jaj
g

�
t b

a

�
dt.

Let S (R) denote the space of rapid descent and S 0 (R) its strong
dual of tempered distributions over R, the set of real numbers [5].
Due to [6], S+ (R) is the set of all those functions in S (R) whose
Fourier transform is supported by the positive frequencies and S0 (R)
is the space of all those functions from S (R) for which all moments
vanish. That is, g 2 S0 (R) if g 2 S (R) and

��x�g(�) (x)�� < 1 andZ

R
xng (x) dx = 0: Further, if g is a wavelet in S0 (R) and � =

f(b; a) : b 2 R; a > 0g, then the wavelet transform for f 2 S (R) is
de�ned by [6]

Wgf (b; a) =
D
f (t) ; gb;a (t)

E
; (b; a) 2 �; t 2 R:

�

Keywords and phrases : distribution; tempered ultradistribution; wavelet transform; generalized functions; 
fourier sine transform.
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Trigonometric and Wavelet Transforms for Certain Class of Generalized Functions

where,

gb;a (t) = TbDag (t) =
1

a
g

�
t b

a

�
; t; b 2 R; a > 0;

Tb and Da stands for the translation and dilation of the wavelet g .
The Fourier cosine transform of a complex-valued absolutely inte-

grable function f (t) over ( 1;1) is the function of the variable �
given by [9, p.42]

Fcn (f (t)) (�) =
Z

R
f (t) cos t�dt:

Fourier sine transform Fsn has similar representation.
Fourier sine and cosine transforms being the imaginary and real

parts of the complex Fourier transform, their properties for sine and
cosine transform can be obtained from the known properties of the
Fourier transform. Furthermore, the product of di¤erent combinations
of even and odd functions is an odd function and the product of similar
combinations of even and odd functions is an even function, establishes
that the Fourier transform of an even function is, indeed, a Fourier
cosine transform and similarly, the Fourier transform of an odd function
in is a Fourier sine transform.

describe a relationship between the cited trigonometric transforms,
Fourier sine and Fourier cosine transforms, and the wavelet transform
in the sense of generalized functions. However, the approach in this
paper seems di¤erent and interesting.

II. Wavelet Transform of Ultradifferentiable Functions

By an ultradi¤erentiable function we mean a C1 function whose
derivatives satisfy certain growth conditions as the order of the deriv-
atives increase [1; 2; 3; 4].
Denote by Uo (ni; n;R) and Ue (ni; n;R) the spaces of all odd (resp.

even) C1 functions � (x) on R such that jxiDj
x� (x)j < Nninj; j =

1; 2; 3; ::: for some positive constant N .
Functions in Uo (ni; n;R) and Ue (ni; n;R) are , indeed, ultradi¤er-

entiable functions and decrease to zero faster than every power of 1=x .
Denoting by U�o (ni; n;R) and U�e (ni; n;R) the duals of the correspond-
ing spaces. The resulting space is called the odd (resp. even) tempered
ultradistribution spaces which contain the space S 0 (R) properly [5].
In view of de�nitions, Uo (ni; n;R) � S (R) and Ue (ni; n;R) �

S (R) ; we write S 0 (R) � U�o (ni; n;R) and S 0 (R) � U�e (ni; n;R) ; see
[9, Theorem 2.1] .
Denote by Uo (ni; n;R;+) and Ue (ni; n;R;+) the subsets of Uo (ni; n;R)

and Ue (ni; n;R) whose Fourier transforms are supported by the posi-
tive frequencies. Whereas, U�o (ni; n;R;+) and U�e (ni; n;R;+) are the
respective duals of Uo (ni; n;R;+) and Ue (ni; n;R;+). In notations

Uo (ni; n;R;+) =
�
� : � 2 Uo (ni; n;R) ; supp b� � R+

�

[9]
Sneddon,

I.N
.
T
he
U
se
of
Integral

T
ransform

s,
T
ata

M
cG
raw

-H
ill
P
ublications

C
om
pany

L
td,

N
ew
D
elhi,

1974.

Ref.

�

�

approach in this work is infact a motivation of [8] whichOur
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Trigonometric and Wavelet Transforms for Certain Class of Generalized Functions

and

Ue (ni; n;R;+) =
�
� : � 2 Ue (ni; n;R) ; supp b� � R+

�
:

Denoting by Uo (ni; n;R; �) (Ue (ni; n;R; �)) the set of all g 2 Uo (ni; n;R)
(Ue (ni; n;R)) where,��x�g(�) (n)�� <1 and

Z

R
xng (x) dx = 0;

the following propostion holds true:
Proposition 1: Let f 2 U�o (ni; n;R) (U�e (ni; n;R)) and g 2

Uo (ni; n;R; �) (Ue (ni; n;R; �)) ; then the wavelet transform of f is
given by

(1.1) Wgf (b; a) =
 
f (t) ; gb;a (t)

�
; (b; a) 2 �; t 2 R;

where � has the usual meaning.

Proof : We have Uo (ni; n;R) � S (R) and Ue (ni; n;R) � S (R).
Also, by the assumption that

��x�g� (x)�� < 1 and
Z

R
xng (x) dx = 0

we deduce that the wavelet g 2 Uo (ni; n;R; �) and g 2 Ue (ni; n;R; �)
which justi�es the proposition.

Theorem 1: Let (b; a) 2 � and g 2 Uo (ni; n;R; �) then
Fsn (gb;a (x)) (�) = 0; for � =2 R+:

�

Proof : Let g 2 Uo (ni; n;R; �) then

Fsn (gb;a (x)) (�) =

Z
R

gb;a (x) sin �xdx

=

Z
R

1

a
g

�
x� b

a

�
sin �xdx

=

Z
R

g (y) sin � (ay + b) dy;
x� b

a
= y

=

Z
R

g (y) (sin �ay cos b� + sin b� cos �ay) dy:

In view of the fact that multiplication of di¤erent combinations of
even and odd functions yield odd functions, we have

Fsn (gb;a (x)) (�) = cos b�
Z
R

g (y) sin �aydy:

Hence, Fsn (gb;a (x)) (�) = 0; for � =2 R+ .

Theorem 2 : Let (b; a) 2 � and g 2 Ue (ni; n;R; �).Then
Fcn (gb;a (x)) (�) = 0; for � =2 R+:

Proof is similar to the proof employed above and, thus, avoided.
Theorem 3: Let (b; a) 2 � and g 2 Uo (ni; n;R; �). Then

Fsn (Wg�) =W�gsn�;
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W�gsn (� � ) (y) =

Z

�

0

@
Z

R

� (y) (�)

1

A �gb;a (� + �)d�d�

=

Z

�

0

@
Z

R

� (y) (�)

1

A

0

@
Z

R

gb;a (x) sin (� + �)xdx

1

A d�d�:

Now, using
sin (� + �)x = sin �x cos �x+ sin �x cos �x

 



for all � 2 Ue (ni; n;R) ;where �gcn = F 1
cn (gs;t (x)) :

Proof being similar to that of Theorem 2 we avoid details.

Theorem 5: Let (b; a) 2 �; g 2 Uo (ni; n;R; �) and �;  2 Uo (ni; n;R)
then

where �gsn = F 1
sn

�
gb;a (y)

�
(x) =

Z
gb;a (y) sin yx dy, and � is the con-

volution product.

Proof : Let �;  2 Uo (ni; n;R) : Then, we have

W�gsn (� � ) (y) =

Z

�

(� � ) (y) �gb;a (y)dy

=

Z

�

0

@
Z

R

� (y) (y �) d�

1

A �gb;a (y)dy

Let y � = � then dy = d� .Then ,

�

Wg

�
F �1
sn �F �1

sn

�
=W�gsn (� � ) ;



�



 

 �

�

Fsn (Wg�) (s; t) =

Z
R

0@Z
�

� (x) gb;a (x) dx

1A sin ((b; a) : (s; t)) d (b� a)

=

Z
�

� (x)

0@Z
R

gb;a (x) sin ((b; a) : (s; t)) d (b� a)

1A dx

=

Z
�

� (x) �gsn (x)dx

= W�gsn�:

This proves the theorem.
Theorem 4: Let (b; a) 2 � and g 2 Ue (ni; n;R; �) .Then

Fcn (Wg�) =W�gcn�;

for all � 2 Uo (ni; n;R) ; where �gsn = F�1
sn (gs;t (x))

Proof : We have
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Trigonometric and Wavelet Transforms for Certain Class of Generalized Functions

Equivalently,

Fsn (WgT ) (WgT1) = (W�gT ) � (W�gT1) :

The proof of the theorem ,thus, completes. Following theorems
are natural consequence of the above theorem and proofs being almost
similar, we omit details.

Theorem 8: Given T1; T 2 U�e (ni; n;R), we have

Fcn ((WgT ) (WgT1)) = (W�gcnT ) � (W�gcnT1) :

Theorem 9: Let T1; T 2 U�o (ni; n;R) .Then

Fsn (WgT ) � (WgT1) = (W�gsnT ) (W�gsnT1) :

Theorem 10: Let T1; T 2 U�e (ni; n;R). Then

Fcn (WgT ) � (WgT1) = (W�gcnT ) (W�gcnT1) .

=

Z

�

gb;a (x)

�Z
R

(�) cos �xd�

Z

R
� (�) sin �xd�

�
dx

=

Z

�

gb;a (x)^c (�) �̂sn (�) dx

= Wg

�
^
cn�̂sn

�
;

where ^cn = Fcn and �̂sn = Fsn  : This completes the proof of the
theorem.

Theorem 6: Let (b; a) 2 � and g 2 Ue (ni; n;R; �) : Let �;  2
Ue (ni; n;R) then

Wg

�
�̂cn
^
cn

�
=W�gcn (� � ) ,

where � is the convolution product and �gcn is the inverse Fourier cosine
function of g .
Analysis of the proof of above theorem being similar to that em-

ployed for Theorem 5, details are avoided.
Theorem 7: Given T1; T 2 U�o (ni; n;R) ,we have

Fsn ((WgT ) (WgT1)) = (W�gsnT ) � (W�gsnT1) :

Proof : Let � 2 Uo (ni; n;R) : Then in view of Theorem 3, we have

h(WgT ) (WgT1) ;�i =
 
F 1
sn (Fsn (WgT1)Fsn (WgT1)) ;�

�
=
 
F 1
sn ((W�gsnT ) � (W�gsnT1)) ;�

�
:

Hence,
(WgT ) (WgT1) = F 1

sn ((W�gT ) � (W�gT1)) :







  



 

�

�

�

and rules of integration for even and odd functions, we have

W�gsn (� � ) (y) =

Z

�

gb;a (x)

0

@
Z

R

(�) cos �x

Z

R

� (�) sin �xd�d�

1

A dx 
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for all � 2 Uo (ni; n;R) resp. Ue (ni; n;R) ; is said to have a quasi-
asymptotic expansion at 0+ related to (cm (t) ; um) : In notations, we
write

f �
X

ui=cm (t) ; at 0+:

Next, we state without proof the following theorems, namely, theorem
11,12 and 13. Detailed proof is analoguous to that of Theorem 3.1 and
Theorem 3.2 of [8] and hence avoided.
Theorem 11: Let am;m = 1; 2; :::; be a sequence of strictly in-

creasing real numbers and Lm;m = 1; 2; :::; be a sequence of slowly
varying functions at 0+: Let f 2 U�o (ni; n;R;+) has a quasiasymptotic
expansion at 0+ with respect to (tamLm (t) ; um) ; t > 0: Then

Limt!0+

Wgf (tb; ta)
mP
i=1

Wgui (tb; ta)

tamLm (t)
= 0;m = 1; 2; ::::

�

A function f 2 U�o (ni; n;R;+) and U�e (ni; n;R;+) ; respectively, is
said to have a quasiasymptotic behaviour(f � h) at 0+ related to c (t)
if there is a non-zero h 2 U�o (ni; n;R;+) and U�e (ni; n;R;+) such that

lim
t!0+

�
f (tx)

c (t)
;� (x)

�
= hh (x) ;� (x)i , � 2 Uo (ni; n;R) ;Ue (ni; n;R) :

A positive function L (x), which is continuous on (0;1) ; is said to
be slowly varying at 0+ if

lim
t!0+

L (tx)
L (t)

= 1; x 2 (0;1) :

By 
1 denote the subset of 
 of all (cm (t) ; um) 2 
 such that um �
vm at 0+related to cm (t) and vm 6= 0 when um 6= 0;m = 1; 2; :::;1 and
vm 2 U�o (ni; n;R;+) and U�e (ni; n;R;+). Let (cm (t) ; um) 2 
1:
An ultradistribution f 2 U�o (ni; n;R;+) (resp. U�e (ni; n;R;+))

satisfying

lim
t!0+

*
�
f (:)

mP
i=1

ui (:)

�
(tx)

cm (t)
;� (x)

+
= 0

�

III. Asymptote Properties of the Wavelet Transform

Let (cm)m=1 be a sequence of continuous positive functions de�ned

on (0; am) ; am > 0 and lim
t!0+

cm+1 (t)

cm (t)
= 0: Let (um)

1
m=1be a sequence in

U�o (ni; n;R;+) and U�e (ni;n;R;+), respectively, such that um 6= 0;m =
1; 2; :::; p < 1 and um = 0;m > p:The set of pairs (cm (t) ; um) is
denoted by 
:
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Theorem 12: Let am;m = 1; 2; :::; be a sequence of strictly increas-
ing real numbers and Lm;m = 1; 2; :::be a sequence of slowly varying
functions at 0+: Let f 2 U�e (ni; n;R;+) has a quasiasymptotic expan-
sion at 0+ with respect to (tamLm (t) ; um) ; t > 0: Then

Limt!0+

Wgf (tb; ta)
mP
i=1

Wgui (tb; ta)

tamLm (t)
= 0;m = 1; 2; ::::

Theorem 13: Let am;m = 1; 2::::;1 be a sequence of strictly real
numbers and (Lm)1m=1 be a sequence of slowly varying functions at
0+: Let f 2 U�b+0 (ni; n;R) has a quasiasymptotic expansion at b

+
0 with

respect to (tamLm (t) ; um). Then

Limt!0+

Wgf (b0; ta)
mP
i=1

Wgui (b0; ta)

tamLm (t)
= 0;m = 1; 2; ::::
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