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. [NTRODUCTION

A function g (¢) is said to be a mother wavelet (or simply, a wavelet)
if it satisfies the following conditions:

(i)/Rg(t)dtzo; (z‘z‘)/R]g(t)th:o; (iii)/R@dKoo.

The continuous wavelet transform of f (t) with respect to a mother
wavelet g (t) is defined by [2, 8]

W, f (b, a) :/Rf(t) Jl\ﬂy(t;b> dt.

Let S(R) denote the space of rapid descent and &' (R) its strong
dual of tempered distributions over R, the set of real numbers [5].
Due to [6], S; (R) is the set of all those functions in S (R) whose
Fourier transform is supported by the positive frequencies and Sy (R)
is the space of all those functions from S (R) for which all moments

vanish. That is, g € S (R) if g € S(R) and |2°¢"? (z)| < oo and
/ z"g (z)dx = 0. Further, if g is a wavelet in Sy (R) and A =
R
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{(b,a) : b€ R,a > 0}, then the wavelet transform for f € S(R) is
defined by [6]

ng(b,a)z<f(t),gb,a(t)>,(b,a)eA,teR. 0
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where,

1 t—>
gb,a(t)Z%Dag(t)zag( ),t,beR,a>O,

a

T, and D, stands for the translation and dilation of the wavelet g .
The Fourier cosine transform of a complex-valued absolutely inte-
grable function f (¢) over (—oo,00) is the function of the variable &

given by [9, p.42] R ;
el.
Fon (F (1)) (6) = /R £ (#) cos tedt.

Fourier sine transform Fg, has similar representation.

Fourier sine and cosine transforms being the imaginary and real
parts of the complex Fourier transform, their properties for sine and
cosine transform can be obtained from the known properties of the
Fourier transform. Furthermore, the product of different combinations
of even and odd functions is an odd function and the product of similar
combinations of even and odd functions is an even function, establishes
that the Fourier transform of an even function is, indeed, a Fourier
cosine transform and similarly, the Fourier transform of an odd function
in is a Fourier sine transform.

Our approach in this work is infact a motivation of [8] which
describe a relationship between the cited trigonometric transforms,
Fourier sine and Fourier cosine transforms, and the wavelet transform
in the sense of generalized functions. However, the approach in this
paper seems different and interesting.

‘FL6T ‘TP MON ‘PIT Aueduwo))

SUOTYeIT[N J [[TH-MBIDOIN BIR], ‘Susiofsuny], jpibojur fo asp) oy "N'T ‘uoppaug [g]

1.  WAVELET TRANSFORM OF ULTRADIFFERENTIABLE FUNCTIONS

By an ultradifferentiable function we mean a C'*° function whose
derivatives satisfy certain growth conditions as the order of the deriv-
atives increase [1,2, 3,4].

Denote by U, (n;,n, R) and U, (n;,n, R) the spaces of all odd (resp.
even) C* functions ¢ (z) on R such that |2'Di¢ (x)| < Nn'n;, j =
1,2, 3, ... for some positive constant V.

Functions in U, (n;,n, R) and U, (n;,n, R) are , indeed, ultradiffer-
entiable functions and decrease to zero faster than every power of 1/z .
Denoting by U, (n;,n, R) and U, (n;,n, R) the duals of the correspond-
ing spaces. The resulting space is called the odd (resp. even) tempered
ultradistribution spaces which contain the space &’ (R) properly [5].

In view of definitions, U, (n;,n,R) C S(R) and U, (n;,n,R) C
S(R), we write S’ (R) C U, (n;,n,R) and S’ (R) C U, (n;,n, R), see
[9, Theorem 2.1] .

Denote by U, (n;,n, R, +) and U, (n;,n, R, +) the subsets of U, (n;,n, R)
and U, (n;,n, R) whose Fourier transforms are supported by the posi-
tive frequencies. Whereas, U, (n;,n, R, +) and U, (n;,n, R, +) are the
respective duals of U, (n;,n, R, +) and U, (n;,n, R, +). In notations

U, (ni,n, R, +) = {¢ . ¢ €Uy, (ni,n,R), supp ¢ C R+}
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and

U, (njn, R, +) = {qb cp €U, (ni,n, R), suppac R+}.

Denoting by U, (n;, n, R, *) (U (n;,n, R, *)) the set of all g € U, (n;,n, R)
(ue (ni7 n, R)) Where,

|xag(5) (n)| < oo and / z"g (z)dzr =0,
R

the following propostion holds true:

Proposition 1: Let f € U, (n;n,R) (U (n;,n,R)) and g €
U, (ni,n, R, %) (Ue (niy,n, R, %)), then the wavelet transform of f is
given by

L) Wl (h,a) = (f (£),50 (1), (h,a) €At ER,
where A has the usual meaning.

Proof : We have U, (n;,n,R) C S(R) and U, (n;,n,R) C S (R).
Also, by the assumption that |2°¢” (z)| < oo and / z"g(xz)dx =0

R
we deduce that the wavelet g € U, (n;,n,R,*) and g € U, (n;,n, R, *)
which justifies the proposition.

Theorem 1: Let (b,a) € A and g € U, (n;,n, R, *) then
Fsn (gva (7)) (€) =0, for & R
Proof : Let g € U, (n;,n, R, *) then

fsn (gb,a (IL‘)) (5) = 9v,a (l‘) sin fl’dl‘

1 _
—q ($—b> sin xdx
a a

z—>b

a

g9 (y)sin¢ (ay + b) dy, =y

g (y) (sin€ay cos b€ + sin b cos Eay) dy.

A — AT 3 T— AY~—~r

In view of the fact that multiplication of different combinations of
even and odd functions yield odd functions, we have

Fen (Ga () (€) = cos b / g (y) sin Eaydy.

Hence, Fop (gha (7)) (§) =0, for £ € Ry .
Theorem 2 : Let (b,a) € A and g € U, (n;,n, R, *). Then
Fen (Goa () (§) =0, for § ¢ Ry.

Proof is similar to the proof employed above and, thus, avoided.
Theorem 3: Let (b,a) € A and g € U, (n;,n,R,*). Then

fsn (Wg¢) = Wgsn¢a
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forall ¢ €U, (n;,n,R), where §s, = ]‘_5;1 (g5t (z))
Proof : We have

an (ngb) (87 t) =

This proves the theorem.
Theorem 4: Let (b,a) € A and g € U, (n;,n, R,*) .Then

Fcn (Wg¢) = ng¢a

for all ¢ € U, (nj,n, R) ,where Jon = F..t (gse (2)) -

Proof being similar to that of Theorem 2 we avoid details.

Theorem 5: Let (b,a) € A, g € U, (n;,n, R,

then

Wg (fs;zlgbfs;zlq’b) = Wgsn (¢ * ":b) )

(/gb (%) Gba () dx) sin ((b,a) . (s,t))d (b x a)
A

)sin ((b,a) . (s,t))d (b x a)) dx

%) and ¢, ¥ € U, (n;,n, R)

where §g, = Fol! <gba (y)) () = /gbﬂ (y) sinyx dy, and * is the con-
volution product.

Proof : Let ¢, ¥ € U, (n;,n, R). Then, we have

Wy (65 9) (y) = / (&%) (4) Fom @)y

A

t/(/@ Y (y — n<M)%QWMy

Let y —n = & then dy = d¢ .Then ,

Wi @s8) @) = [ | [oww

Now, using

© 2012 Global Journals Inc.
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sin (€ + 1) x = sin&x cos Nz + sinnz cos Ex

) dnde.
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and rules of integration for even and odd functions, we have

Wi (0x%) (y) = /gba /1/’ Cosfx/(b ) sin nzdndé | dx

A
- [ ( [ ¥ ©cossade [ o) smnxdn) da
/

Notes = [ Goa @) (€) by (n) d

= Wy <1;)cn&5sn) 3

where Q/A;m = Fenyp and Go = Fsnap. This completes the proof of the
theorem.

Theorem 6: Let (b,a) € A and g € U, (n;,n, R,*). Let ¢, ¢ €
U, (n;,n, R) then

Wy (Gortben) = Wan (65%)

where *x is the convolution product and §., is the inverse Fourier cosine
function of g .

Analysis of the proof of above theorem being similar to that em-
ployed for Theorem 5, details are avoided.

Theorem 7: Given T1, T € U, (n;,n,R) ,we have
Fon (WgT) WyTh)) = Wsoo T) ¥ Ws,, T1) -
Proof: Let ¢ € U, (n;,n,R). Then in view of Theorem 3, we have
(W, T) W,Th),0) = Fop (Fon WyTh) Fen W, Th)), 6)
- Fs;Ll ((WgsnT) * (WgsnTI ) ¢> .

Hence,

WeT) W Th) = Fol (WT) * (W Th)) .-
Equivalently,
Fan WoT) WyTh) = WyT) x WyTh) -

The proof of the theorem ,thus, completes. Following theorems
are natural consequence of the above theorem and proofs being almost
similar, we omit details.

Theorem 8: Given T1,T € U, (n;,n,R), we have
Fen (WoT) WyTh)) = WaenT) * (Wg.,, Tr) -
Theorem 9: Let T;,T € U, (n;,n,R) .Then
Fan WoT) ¥ WyTh) = Wy, T) W, Th) -
Theorem 10: Let T;,T € U, (n;,n,R). Then
Fen WoT) % WyTr) = Wy, T) We, Th) -
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[1I.  ASYMPTOTE PROPERTIES OF THE WAVELET TRANSFORM

Let (¢m),,—; be a sequence of continuous positive functions defined

on (0,a,,),a, >0 and lim emi1 ()
=0t Cpy (1)

U, (ni,n, R, +) and U, (n;n, R, +), respectively, such that u,, # 0,m =
1,2,..,p < oo and u,, = 0,m > p.The set of pairs (¢, (t),uy) is
denoted by 2.

A function f € U, (ni,n, R, +) and U, (n;,n, R, +), respectively, is
said to have a quasiasymptotic behaviour(f ~ h) at 07 related to ¢ (t)
if there is a non-zero h € U, (n;,n, R, +) and U, (n;,n, R, +) such that

= 0. Let (un,), . _,be a sequence in

lim <f (i) ¢<x>> —(h(@),6 (@), 6 €Uy (nmR) Us (nism, R)

t—0+ C (t) ’

A positive function £ (z), which is continuous on (0, 00) , is said to
be slowly varying at 0" if
L (tx)

tl_lf(grﬁ—(t) = 1,$ < (0, OO) .

By ©; denote the subset of 2 of all (¢, () , urm) € 2 such that wu,, ~
vm at 0T related to ¢, (t) and v, # 0 when u,, # 0,m = 1,2, ..., 00 and
U €U, (ny,n, R, +) and U, (n;,n, R, +). Let (¢, (t),um) € Q.

An ultradistribution f € U, (n;,n,R,+) (resp. U, (ni,n,R,+))
satisfying

lim
t—0+

<<f(-) £u0) <tm),¢<@> B

Cm (t)

for all ¢ € U, (n;,n,R) resp. U, (n;,n,R), is said to have a quasi-
asymptotic expansion at 07 related to (¢, (t),un,). In notations, we
write

f ~ Zui/cm (t); at O+'

Next, we state without proof the following theorems, namely, theorem
11,12 and 13. Detailed proof is analoguous to that of Theorem 3.1 and
Theorem 3.2 of [8] and hence avoided.

Theorem 11: Let a,,,m = 1,2,..., be a sequence of strictly in-
creasing real numbers and L,,,m = 1,2,...; be a sequence of slowly
varying functions at 0. Let f € U (n;,n, R, +) has a quasiasymptotic
expansion at 07 with respect to (t* Loy, (t) ,um),t > 0. Then

W, f (b, ta) — > Wyu, (tb, ta)
i=1

Limy_o+ fon Lo (8) =0m=1,2,...

© 2012 Global Journals Inc. (US)
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Theorem 12: Let a,,,m = 1,2, ..., be a sequence of strictly increas-
g real numbers and L,,,m = 1,2,...be a sequence of slowly varying
functions at 07, Let f € U, (n;,n, R, +) has a quasiasymptotic expan-
sion at 07 with respect to (t* Ly, (), um),t > 0. Then

W, f (th, ta) — 3 Wy (b, ta)
=1

Limy_o+ =0,m=1,2,..

tam L, (1)

Theorem 13: Let a,,,m = 1,2....,00 be a sequence of strictly real
numbers and (L,)._, be a sequence of slowly varying functions at
0F. Let f € Z/l'bg (ni,n, R) has a quasiasymptotic expansion at by with
respect to (t*" Ly, (t), Uy). Then

ng (bo, ta) — Z Wgui (bo, ta)
i=1

Limy_yo+ =0,m=1,2,....

tan L (2)
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