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l. INTRODUCTION AND PRELIMINARIES

Gegenbauer polynomials

Gegenbauer polynomials or ultraspherical polynomials C&(x) are orthogonal polynomials on
the interval [-1,1] with respect to the weight function (1 — a:Q)D‘_%. They generalize Legendre
polynomials and Chebyshev polynomials, and are special cases of Jacobi polynomials. They are
named for Leopold Gegenbauer.

Gegenbauer polynomials are particular solutions of the Gegenbauer differential equation

(1—22)y" — 2a+ Dy’ + n(n + 2a)y =0 (1.1)
When o = %, the equation reduces to the Legendre equation, and the Gegenbauer polynomials

reduce to the Legendre polynomials.
They are given as Gaussian hypergeometric series in certain cases where the series is in fact

finite:
Ca()——(2a”11? —n, 2+ n); P (1.2)
n\%) = ol 211 n,(zdrn);x 2 9 .
They are special cases of the Jacobi polynomials
(20)n_ pla—ja—i)
Ci(z) =—F—P, * *(x 1.3
&=ort (@) (13)
One therefore also has the Rodrigues formula
(=2)"I(n+ a)l'(n + 2a) 2y —a+l 4" 2\n+a—31
“(z) = 1-— o 11—z 14
G2 = S TaT@n s 2a) %) zdx”[( ) 2] (1.4)

The Pochhammer’s symbol is defined by

b+ 1)(b+2)--(b+k—1); if k=123,

F b k; 9 9 9 )

(@k):wn:-%%%l: 1 . if k=0 (1.5)
(b) k! . i b=1, k=1,2,3,--
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where b is neither zero nor negative integer and the notation I' stands for Gamma function.

Polylogarithm function

The polylogarithm (also known as Jonquire’s function) is a special functionLis(z) that is defined
by the infinite sum, or power series:

Lig(z kz_: k— (1.6)

It is in general not an elementary function, unlike the related logarithm function. The above
definition is valid for all complex values of the order s and the argument z where| z |< 1.

Generalized Gaussian Hypergeometric Function

Generalized ordinary hypergeometric function of one variable is defined by

N ai, ag, - ,04 ;3 . _i(al)k((w)k“'(afl)kzk
- . |
biba, by o (Db (D)
or s
(aa) 3 (aj)jzl 5 0
AFB z | =alp 2 Z (1.7)
B kk'
(bB) 3 (bj)j=1 3 ’f=0
where denominator parameters by, bo,---,bp are neither zero nor negative integers and A, B
are non-negative integers.
[I.  MAIN INDEFINITE [INTEGRALS
coshz Cy(x) 1 [ . —z .
———— dx = — 2sinh — | — 8x Lio(—e™2 ) + 8x Lis(e™2 )—
v/ (1 — coshz) \/1—cosh:c 2( ) 2(e7)
—16 Lig(—e? ) 4 16 Liz(e 2 ) — 222 log(1 — e~ %) + 222 log(1 + e~ %) — 42° cosh %—F
+16x smh ——30 cosh + log (tanh >] + Constant (2.1)

coshz Cy(x) B

/(1 = cosz) T

x[(16 81)e? x3F2<

(“1=5)7 gin = x
2

\/1 —cosx<125 125>
1 1 1
3 —L,—§—L,1;§—L,§—L;em>+

1 1 3 3
+(16 — 8t)e"x 3F, (5 + ¢, 3 +,1; 3 + ¢, 3 + 1 e“”) -

1 1 1 1 1 1
—1662I4F3<—5—L,—E—L,———L,l;——L,——L,——L;em>—|—

1 1 1 3 3 3
+166Lx4F3<§+L,§+L,§+L,1;§+L,§+L,§+L;6w>—
1

—(6 — 81)e**x? 4 F) < —5 b 1; % — 1 e””) + (6 — 8u)e"z? o <% + ¢, 1;; + 1 e””)-i—
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1 1 1 3
+(B3 =4 oF | — = — 1, 1= — ;e ) — (3—40)e® oFy | = 41,155 4 ;e |+
2 2 2 2
+(6 — 81)e*"x? — (16 — 8u)e*x + (13 + 4L)62$] + Constant (2.2)
sinhz Ca(z) dx — — 1 22 4 NE PN
V(1 —cosx) V1—cosz \125 125 2
1 1 1 1
X [(16—&)62"’333 3F2<— — =, —= =, 1= =, = —L;em)—
Notes 2 2 2 2

1 1 3 3
—(16 — 8v)ex 3Fy (5 + ¢, 3 +,1; 3 + ¢, 3 + 1 e”) -

1 1 1 1 1 1
—1662x4F3(—§—L,—§—L,—§—L,1;§—L,§—L,——L;6Lx>—

111 3 3 3
—166“”4F3<§+L,§+L,§+L,1;§+L,§+L,§+L;e“>—

1 1 1 3
—(6 — 81)e**x? o Fy ( —57 b 1; 374 em) — (6 —8)ex? L Fy (5 +1¢,1; 3 + ¢ em>+
o 2x o 1 o . 1 PN o LT 1 § . LT
+(B—4r)e ™ o Fy 5 b 1; 5 e + (3—4uv)e” o Fy 5 + ¢, 1; 5 + ;e )+
+(6 — 8)e*®x? — (16 — 81)e* x + (13 + 4L)62$] + Constant (2.3)
coshz Cy(x) dx = — 1 16 12 1= T
/(1 —cosx) V1—cosz \25 25 2

1 1 1 1 1 1 3 3
X[262$ 3F2(—§—L,—§—L,1;§—L,§—L;e“‘”> +26L$3FQ(§+L,§+L,1;§+L,§+L;6Lx>—

1 1 1 3
—(2 = 1)e* 1 Fy ( 50 1; 5 b e“‘) + (2 — 1)y (— +u,1 =+ e“‘)—i—

2 2
+(2 —1)e*x — 262$] + Constant (2.4)
sinhz C1(z) 1 (16 12L> etyy . X
- v ddx= - | = - (-1 2)$ sin — X
V(1 —cosz) * V1—cosz\25 25 ‘ )

1 1 1 1 1 1 3 3
><|:262x 3F2(———L,———L,l;——L,g—L;em) —26”3F2<§+L,§+L,1;§+L,§+L;em)—

1 1 1
—(2 —1)e* 1Py ( 5 b 1; 5 e“’”> —(2—1)e" 2y (5 +1,1; ; + 1 e‘x>—|—

+(2 — 1)e* — 262"”} + Constant (2.5)
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I11. DERIVATION OF THE INTEGRALS

Involving the same parallel method of ref[3] , one can derive the integrals.

[V.  APPLICATIONS

The integrals which are presented here are very special integrals.These are applied in the field
of engineering and other allied sciences.

V. CONCLUSION

In our work we have established certain indefinite integrals involving Gegenbauer polynomials
and Hypergeometric function . However, one can establish such type of integrals which are very
useful for different field of engineering and sciences by involving these integrals. Thus we can only
hope that the development presented in this work will stimulate further interest and research in
this important area of classical special functions.
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