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I. [NTRODUCTION

Simplicial algebras play an important role in homological algebras homotopy
theory and algebraic K —theory. In each theory the internal structures has
been studied relatively. The present article intends to study the 4—types of
a simplicial algebra.

Crossed module was initially defined by J.H.C. Whitehead in [10] as a
model for 2—types (homotopy) and used it in various contexts, especially
in his investigation into the algebraic structure of second relative homotopy
groups. We use the definition and elementary theory of crossed module of a
commutative algebra given by [9].

Higher dimensional analogues of crossed modules of groups and commu-
tative algebras have been defined respectively: [4] has defined a 2—crossed
module of groups as model for 2—types. A 2—crossed module of algebras
was given by [5].

In this paper, we extend the crossed module to 4—types by using sim-
plicial method. We also give the description of semi 3—crossed module of
commutative algebras and present some applications of Peiffer elements on
Moore complex of a simplicial algebra. In particular we investigate Moore
complex sequence for i > k € {0,1,...,n + 2}. Let A be a simplicial alge-

n—1
bra and NA; = 0 where NA; = Kerd; is a Moore complex of A. We
i=0
examine the simplicial long sequence and the Moore long sequence as follows
respectively.
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and
i 0—>0—>NA, s NAy— > NA, —> NA, .

Also we iterate relation between the Moore long exact sequence consists
of crossed complex, 2—crossed module, square complex, 2—crossed complex
which is defined in [6]. We describe semi 3—crossed module of a commutative
algebra, using by C, 3 Peiffer elements are defined in [2]. Our aim is given
relation between algebraic topology constructions in this article. Observe
that Moore complex is the relation between structure of algebraic topology
and a simplicial algebra.

[I. CONSTRUCTION OF SEMI 3-CROSSED MODULE

Before giving definition of semi 3—crossed module it will be helpful to have
notion of a pre-crossed module and introduce description of pre 2—crossed
module.

Throughout this article we denote an action of ¢y € Cy on ¢; € Cy by ¢ - ¢;.

Definition 2.1 Let Cy be a k—algebra with identity. A pre-crossed mod-
ule of commutative algebras is a Cy—algebra, C together with a Cy—algebra
morphism.

0: CI — CO,
such that for all ¢; € Cy, ¢o € Cy I(co - ¢1) = co0(cq).

Now we may describe the definition of a pre 2—crossed module and semi
3—crossed module of commutative algebras.

Definition 2.2 A pre—2—crossed module of k—algebras consists of complex
of Co—algebra

0: 0
Cy —=C1 —=Cy

with Oy, Oy morphisms of Co—algebra, where the algebra Cy acts on itself by
multiplication such that

Cy -y
is pre-crossed module in which Cy acts on Cy, (we require that for all x €

Cy, y € Cyand z € Cy (xy)z = x(yz)) further, there is a Cy-bilinear
function giving

{®}101®01—)02

© 2012 Global Journals Inc. (US)
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called Peiffer lifting, which satisfies the following axioms:

20M1,  O{yo @y} = yoy1 — Yoo (y1)
20M2,  {wo @y} = {vorr @y} +01(y2) {vo @ y1}
2CM3, {w@wu}l-z = {Ywuy -2}

fO’l" all €T, T1,T2 S 027 Y, Yo, Y1, Y2 S Cl and, zZ € CO'

Let A be a simplicial algebra with the Moore complex NA. Then the complex
of algebras

NAQ&NA1i>NAO

is a pre 2—crossed module of algebras, where the Peiffer map is defined as
follows:

{® }2 NA1®NA1 — NA2
(.170@1'1) — 81(5130)(81([['1) —SQ([L’l)).

It is obvious that the pre-crossed module condition is obviously satisfied.
Indeed it is sufficient to show that d,, 0; are pre-crossed modules and pre
2—crossed module axioms are verified. That is N A, acts on NA; via sy and
NA; acts on NA, and also s; and NAg acts on N A, via s;5¢. Thus

O (xo - 1) = O (so(xo)z1) = 2001 (27)
62@1 : $2) = 82(31($1)$2) = $182($2)
Oo{wo @ a1} = Oa(s1(zo)(s1(z1) — s0(21))),

= Tox1 — .1'0(91(331).

2CM1,;:

Other two conditions are clear where 0;, 0, are restrictions of d;, dy respec-
tively.

Now we can give the definition of a semi 3—crossed module of commuta-
tive algebras.

Definition 2.3 A semi 3—crossed module of k—algebras consists of a com-
plex Cy—algebra

03 02 01

Cs Cy Ch Co

with 03,09,01 are morphisms of Cy—algebra, where the algebra Cy acts on
itself by multiplication, such that

5]
Cy —=Cy
1s a crossed module and
) )
02 — Cl — Co

is a pre 2—crossed module. Thus Cs acts on C3 and we require that for all
weCls, xely, yelandze Cy that
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(wa)(y2) = (w(w(y2))).

Furthermore there is also a Cy—equivalent function defined as
{® }:C00C,— Cs
Mutlu-Arvasi mapping may be defined as follows
{z2 @ 25} = H(w2 ® 73) = s1(22)80(75) — s1(x2)s1(x3) + s2(22)52(25)

if the following conditions are verified.

3CM1, 05,01 are pre-crossed modules, O3 1is a crossed module

SCM2, (s & o o Co is a pre 2—crossed module
3CM3s O3H (z9 ® xy) = s1da(w2)Seda(xh) — s1da(x2)s1de(xh) + o7
3CM4, (a) H(zy @ 05(ys)) = s2(w2)ys
(b) H(95(ys) @ w2) = s2(w2)y3
3CMb5s H(xe ® 03(ys3))H (03(y3) @ x2) =0
SCM6s H(03(ys) @ 95(y3)) = ysys

where x4, x5 € Cy and ys, y4 € Cs.

Theorem 2.4 (a) If NA; =0 for¥i > 1 in the Moore long sequence, then
the Moore long sequence become only an algebra i.e., Ao be an algebra.

(b) If NA; =0 for Vi > 2 in the Moore long sequence, then the Moore long
sequence be a crossed module i.e., ---0 — 0 — NA; — NAy is a crossed
module.

(c) If NA; =0 for Vi > 3 in the Moore long sequence, then the Moore long
sequence become a 2—crossed module i.e., ---0 — 0 — NAy — NA; — NA,
18 a 2—crossed module.

(d) If NA; = 0 for ¥Yi > 4 in the Moore long sequence, then the Moore
long sequence be semi 3—crossed module i.e., ---0 — 0 — NA3 — NA; —
NA; — NAj is a 3—semi crossed module.

(e) If NA; =0 for Vi >n-+1 in the Moore long sequence, then the Moore

long sequence become an n—crossed compler i.e., ---0 — 0 — NA, —
NA, 1 = -+ = NA3 — NAy — NA, — NAy is an n—crossed com-
plex.

(f) If NA; =0 for Vi > n+ 2 in the Moore long sequence, then the Moore
long sequence be a T—complez.

(g) If Cop(xa,ys) = 0 hypercrossed complex pairings are described in [2]
and [3], then the Moore long sequence be a crossed complex.

© 2012 Global Journals Inc. (US)
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Proof: (a) Suppose that NA; = 0 for ¥i > 1 and so the Moore long
sequence obtains as follows. --+-0 -0 —>0— -+ —>0—>0—>0— NAy =
Ap. Therefore NA; = Kerd}, is an ideal of A,.

On the other hand, if a € Kerd}, then NA; = 0 since dy(a) = 0.

(b) UNA; =0,forVi>2 (1<i<n+2),then---0-0—-0—- - —
0—0— NA; — NAy = Ag be a crossed module (see [2, 9]).

On other word, recall that C,, g(x,®ys) = 0 in [2], then for o = (1), 5 = (0)

Coy@i®y) = NA xNA — NA,
Cono(@ ®@y) = si(z1)(s1(y1) — so(y1)) =0

since NA; — NAj be crossed module i.e, NAj acts on NA; together with
x1 - y1 = s1(x1)s0(y1) and so crossed axioms are verified indeed,

51(351)91 = 37181(91)

and

O1(x1)y1 = z180d1(y1) = x1di(y1) = z1y1 (01 is defined by restriction dy).
(see [2]) Also 1—truncated hypercrossed complex, 1—hypercrossed complex
and 1—crossed complex (see [3]).

(c) If NA; = 0 for Vi > 3, then the Moore long sequence ---0 — 0 —

NAy; — NA; — NAp is a 2—crossed module and C’S’%(xa ® yz) = 0 for
a, B € P(3). (see [2]) So the Peiffer lifting is defined as follows.

{®}NA1®NA1 —>NA2

{z @y} = si(z1)(s1(y1) — so(y1)) =0

and 2—crossed module conditions are also satisfied. On the other hand,
2CM2, 2CM4 (a) and (b) of 2—crossed module axioms give us szg(xa®y5) =
0, which implies NAs = 0. (see [2])

(d) Let A be a simplicial algebra with the Moore complex NA. Then the
complex of algebras

NAs/0i(NA; N I) 2= NAy —Z- NA, -2~ N 4,

is a semi 3—crossed module of algebras, where and also I, is the ideal gen-
erated by the degenerate elements. Now we can define Mutlu-Arvasi map as
follows:

{ @ }: NA, @ NA, — NA3/0,(NAN L)
(T2 ®@y2)  +—— s1(x2)s0(y2) — 51(22)81(y2) + S2(w2)52(y2)

here the right hand side denotes an ideal in NA3/04(N Ay N I4) represented
by the corresponding element in N As.

3CM1g (a) 0, O are pre-crossed modules that is NA; acts on N A, via
s1 and NAg acts on NA; via so. Thus 01(xg - 1) = 01(s0(x0)y1) = 2001 (y1)
and 92(y1 - y2) = Oz(s1(y1)y2) = 1102(y2) = y102(12).
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(b) It is readily checked that the morphism 05 : NA3/04(NAsNDy) — N A
is a crossed module i.e., N Ay acts on NA3z/0s(NAyN Dy) via sy and we have
01C3)(2) (23 @ y3) = da(s323(S2y3 — S3y3) = 0 via mod 0s(N A4 N Dy) from
[2] Thus 640(3)(2)(ZE3 X yg) = x3(3282(y3) - yg) mod 64(NA4 N D4) SO

33(5103 : y3) = 83(33(x3))y3 = $3a3(y3) and (83(x3))y3 = 5E332a3(y3) = T3y3 1S
obtained

3CM2, NA, - NA; — NAjis a pre 2—crossed module, where Peiffer map
is defined as follows:

{l‘o X ZL’l} — Sl(IL'())(Sl(ZL‘l) — 80(1‘1)).
3CM3,

84H(:1:2 & y2) = 31d2(1’2)30d2(y2> - 51d2($2)51d2(y2) + Toyo
= s1da(12)(S0d2(y2) — s1d2(72)) + T2yo

3CM4, (a) Using the hypercrossed complex parings are defined in [2] and
then

0= 340((;)1)(0)(%2 ®ys) = si(za)sods(ys) — s1(xa)sads(ys) + sa(z2)sads(ys) — sa(2)ys
mod 84(NA4 N I4>

is calculated. Thus, we have
H(zs ® 03(ys)) = s1(x2)s0ds(ys) — s1(x2)s2d3(ys) + sa(x2)s2d3(ys) mod Ou(NAs N Iy)
and therefore we obtain

H(zo® 05(ys)) = so(x2)ys mod 04(NA,N Iy).

(b) Again using the hypercrossed complex parings in [2] then

0= 010 05 (9s @ w2) = s1da(ys)so(w2) — s1ds(ys)si(w2)+
s1ds(y3)so(x2) — s1d3(y3)si(v2) + yzsz(z2)
mod 84<NA4 N I4)
is found. This equality also holds

H(03(y3) @ x2) = s1d3(ys)so(r2) — s1ds(ys)s1(x2) + sads(yz)s2(72)
mod 84(NA4 N I4)

and so we acquire
H(a?,(y?)) & IL‘Q) = —SQ(I’Q)yg mod (94(NA4 N 14)

is commutated. Thus, the result of is given (a) and (b) of 3C'M4; as above.
3CM5,

H(xy ® 03(y3)) + H(03(y3) ® x2) = s2(x2)ys — s2(x2)ys = 0.

© 2012 Global Journals Inc. (US)
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3CM6s By [2] we may also be written this equation as.

0= 840(%)(0)@3 ®ys) = sids(ys)sods(ys) — s1ds(ys)sids(ys)
+82d3(y3)82d3<yé) - yéyg mod 84(NA4 N ]4)

Using the equation is obtained as

H(05(y3) ® 0s(v5)) = s1ds(ys)sods(ys) — s1ds(ys)sids(ys)
+82d3(y3)82d3(yé) mod 84<NA4 N ]4)

Hence, we yield
H(03(ys) ® 03(y3)) = wysys mod Os(NAy N Iy)

(e) If NA; =0 for Vi > n+ 1 in the Moore long sequence, then the Moore
long sequence be an n—crossed complex with C((Z)Y;))(x ®y) = 0. Recall that
from [2] we have the trivial map as follows.

C((Z)Jz,g (LL‘ ® y) = NA(nJrl))f#a X NA(nJrl)),#g — NAn+1,

And so this N A, also be a commutative algebra for n > 2 since

0 = Oni Gl (@ @)
= Sn—ldn(x)y_xy
n+1
= (00" d,(2)y — xy
= yzx.

Here N A is a simplicial chain complex where N A,, is commutative for n > 2,
¢£{”‘f11> is an action of NAy on NA, for each n > 1 and 0,, is N Ay—algebra
morphism defined as

T NAn/an—i-lKn—i-l - NAn—l/anKn

NA2/83K3 NA1/82K2—>NAO

this is obviusly a crossed complex, where K; = NA; N ;.

To prove the opposite of it let NA,, /0, 11K, for n > 2, then
Thus C((Z)_(;))(x, y) = 0 implies that NA,,; = 0. This is also an n-truncated
complex. (see [3]).
(f) If NA; = 0 for Vi > n+2, then the Moore long sequence be a T'—complex.
To proof see [1] and [3].
(g) If C((Z)_(;))(xa, ys) = 0, then the Moore long sequence become a crossed
complex.
Therefore, we have the following results.
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Corollary 2.5 ]f NA3/(94(NA4 N [4) = 0, then NA2 — NA1 — NAO cor-
responds a 2—crossed module. (see [2])

Proof: Let A be a simplicial algebra with the Moore complex NA. Then
the complex of algebras

NA2 &' NAl & NA(]
is a 2—crossed module of algebras, where the Peiffer map is defined as follows:
{ ® }: NA1®NA1 — NAQ/ag(NAgmfg)
(1 ®y1) > siwi(siy1 — Soyn)-

Here the right hand side denotes a coset in NAy/05(N A3 N I3) represented
by an element in N Ay and d3(N Az N I3) = 0. a

Corollary 2.6 IfNAy=0, then NA,/0,(NA, N I,) —2~ NA, 2~ NA, is
a 2—crossed module with defined Peiffer map as
{ X }I NAQXNAQ — NA3/84(NA4QI4)
(T2 ® ya) = sa(T2)s2(y2) — s2(T2)82(Y2).
Proof: Indeed the function is satisfied 2—crossed module axioms.
2CM1: O3{x2 ® Yo} = 25102(y2) — Ta¥o.

2CM2: {83(1‘2)(883(’3/2)} = T2Y2 since 840((;1))(1)(1E2 ®y2) = Sng({lfg)(Sldg(yg)—
Sod3(ys)) + x3ys = 0 mod Oy(NA,y N Iy). (see [2])

2CM3: {22 @ 25} = {w212 @ Y5} + Doyp{w2 @ Y2}

2CM4 (a) Let @40((;17)2)(1) ([)52 X y3) = 82($2)<81d3(y3) — Sng(y3) —+ y3) SO
840((;)2)(1)(372 ®y3) =0 mod O4(NAy N I). (see [2]) Then {xs @ O3(y3)} =
So(2)ys is obtained by the definition of action.

(b) Let 0sCly) s 1) (Us®2) = (s2ds(ys) —ys) (51 (2) — (). S0 AuCy) 51, (5@
.TQ) =0 mod 84(NA4 N I4) (see [2]) Then {83(y3) & ZEQ} = Y3l — 82(y3)x2
mod 0,(N A4 N 1) is found.

2CM5
{2 @y} -2z = sa(w2)(52(y2) — s0(y2)) - 2
5280(2)s2(22)(52(y2) — s0(y2))
sa(s0(272))(s2(y2) — so(v2))
s9(m22)(s2(y2) — s0(y2))
= {22 2@y}

Now we can consider the following diagram of morphism

NAy, ® NA,
{®} jp
NA3/84(NA4 N D4) s NAQ s NAl

© 2012 Global Journals Inc. (US)
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The algebra N A, acts, in two way on the algebra NAz/04(NAy N 1) by
multiplication via s; and via sy both within Az. The action via s; will also
be denoted by z - y = s;(x)y and the action via s, will be denoted by zy =
So(z)y. The action of NA; on N Aj is given as follows: from equality (s;(x)—
s9s1de(z))y =0 mod NA;3/04(NAsN Iy), there is a commutative diagram

NA3/84(NA4 N ]4) X NA2—>NA3/84(NA4 N 14)

| |

NA3/84<NA4 N [4) ® NAl —>NA3/84(NA4 N [4)

given by
(y@z)——z -y = si1(x)y

] 1
(z ® Oa(y)) —— Oa(zy) = s2s1d2(2)y

which gives an equality

O2(zy) = sas1da(2)y = s1(x)y.

Let us define the map p by p(x ® 2') = 0y(z)2’ — xa’ for z, 2" € N A,, that is
the Peiffer element in N Ay which corresponds to {x ® 2’}. Thus if the map
p is the trivial map 0y : NAy — N A; is a crossed module.

Now if the the Moore long sequence is iterated as follows, so then two
results are obtained where K; = NA; N ;.

c -O—>O—>NAn/8n+1Kn+1 —>NAn_1/8nKn

NA1/82K2—>NAO
Corollary 2.7

o 0——=0—>NAy/Ok1Kisa 8—k>NAk71 gNAkq

0 0

15 a 2—crossed module with defined Peiffer element
{21 ® Y1} = Cly0)(Tr—1 ® Y—1)-

So the 2—crossed module conditions are clearly verified.

Corollary 2.8

00— NA/Ok1 Kita iNAkq kNAkaE)NAka

Ok—3

0 0
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is a semi 3—crossed module, where the Mutlu-Arvasi map is defined as fol-
lows:

T 1 ® Yy} = C((é“))(l)(xk_l ® Yr-1)
It is clear that semi 3—crossed module conditions are satisfied.
Corollary 2.9 A 3—truncated complex is a semi 3—crossed module.

We may follow the same procure as we did in Corolarly 2.8 in order to get
to results.

Corollary 2.10 The category of semi 3—crossed modules is equivalent to the
category of simplicial algebras with Moore complex of length 3.
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