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gﬂ [ INTRODUCTION

= = L : . :

@ The H-function introduced by Inayat-Hussain ([9], see also [1]) in terms of Mellin-Barnes

= type contour integral is defined as follows

[l

_MN| | @ADL N-@ Ny P
z
P,Q (bJ’BJ )1,M ’(b]’BJ’BJ)N+1|Q

_ 1" 3
= j_iw d(&)z°dg, (1.1)
where
M N N
[Tk, -poI] Ta-a +a8)"
o(g)=—2 = (12)
[ ra-b +pey ' I] ra,-ab)
j=M+1 j=N+1

which contains fractional powers of some of the '-functions. Here and throughout
the paper a, (j=1,...,P) and b(j = 1,...,Q) are complex parameters,ocj >0(j=1,..., P,

Bj >0(j=1,..,Q), (not all zero simultaneously) and throughout A; (j = 1,...,N) and B;
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(j=M+1,...,Q) can take on non-integer values.
The contour in (1.2) is imaginary and Re(§) = 0. It is suitably idented in
I'—function and to keep these singularities on appropriate side. Again, for A; (j=1,...,N) |

Application to Convolution Theory, World Scientific

9. Hai, N.T. and Yakubovich, S.B. — The Double Mellin-Barnes Type Integrals and Their
Singapore, New Jersey, London, Hongkong, 1992.
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not an integer, the poles of the I'-functions of the numerator in (1.2) are converted to
branch points. However, as long as there is no coincidence of poles from any I'(b—B&) (j
= 1,...,M) and I'(1-a4-a&) (j = 1,...,N) pair, the branch cuts can be chosen so that the
path of integration can be distorted in the usual manner.

For the sake of brevity

M N Q P
T= IB.[+> Ao, — |IBB. |- a.>0.
ng: : J%: I j—%:ﬂ I j_%ﬂ ! Notes
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2.1
(bj=Bj)1,M’(bj’Bj;Bj)M+1,Q’(°‘+n_0_k'§h,r’k;1)(_1_G_B_n_k'§h,r’k;l) ’ ( )

Global Journal of Science Frontier Research (F) Volume XII Issue IV Version I “ April 2012

where

i)  k=0K=0;

b b
ii Re|o+k L +k—L|>0;j=1,..M
(ii) 5
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4. Chiney, S.P.and Bhonsle, B.R. — Some results involving extended Jacobi polynomials
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(i)  |arg(z) |<%T n,T>0,|arg(Z)] <%T'7c

(iv) F (B,o;x) is Fujiwara polynomials [8].
(v)  A=u(b-a).

Proof

To establish (2.1), we express the H-functions in series from and contour form as in
(1.2) respectively, and then interchanging the order of summations and integrations which
is permissible under the conditions stated, solving the remaining integral with the help of a
known result Chiney and Bhonsle ( [4], p.9, eqn. (3.1)), and thus, interpreting the result in
the desired form.

Special Cases
(i) Putting M = 1, N = 3 = P = Q, and replacing z by — z in (1.2), and using

1 =

gy, Tpsy)= .
(1P 2% () (y -)
13 (=, L51),(1=y+~, I;1),(1=n, 1 );1+p)
H33 _y T 2 9 (31)
’ (0,1),(—5,1;1),(—n,1;1+p)
21_dTE_d/2
where E =— 11}, p.4121,eqn. (5
¢ TR ([11], p qn. (5))

The above function is connected with a certain class of Feynman integrals. We get

b
[ x=2’(b-x°F (B.;¥) g(r.n,T.p; gb—x) )
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(0,1),(—%,1;1),(—n,1;1+p

0

valid under the condition as surrounding (2.1).

I1I.  APPLICATION

We shall define the Riemann-Liouville fractional derivative of function f(x) of order ¢ (or,

alternatively, —oth order fractional integral) ([5], p.181, 11, p.49) by

7961

S[I0X MON ‘[[TH-MRIDON ‘[['[OA ‘SULIOJSURIT, [RIS9)U] JO SO[qe], — ‘[@ 10 'Y ‘IA[@pIy G

o) j (x —t)°Hf(t) dt, Re(c) = 0
o DAt} = 40 (4.1)

dx@ aDi’_q {f(¥}, (0-1)<Re(o)<q,

where q is a positive integer and the integral exists.

For o = 0, we have D° = _D°.
x 0 X

Now, replacing b by x and a = 0 in the main result, it can be rewritten as the following
fractional integral formula

X

D xPH
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@j.o Ay N- (@0 ')N+1,P:l

(bpBp1m CjBBPIM1Q

_MN| o @i APLNA @ NP
.HP,Q, Z(x-v)"| ., o Fn(B,oc;t)
' (bj’Bj)1,M"(bj’Bj;Bj)M'+l,Q'

HF(b —Bi )H {rd- a+0t<i )}J

LN
=2 % g
O ra-b +BE, )} Vi H @ -ok )

=M =N

Global Journal of Science Frontier Research (F) Volume XII Issue IV Version I H April 2012

(D)™ (2) P 14 g )
' rt n!g T(o)

© 2012 Global Journals Inc. (US)



Notes

(a_G_k'E_,h’r k1 )(_G_k'};h,r ksl ),(aj ,Olj ;Aj )1 ’Na(aj ,aj )N+l P

4.2
(bj’ﬁj h ,M’(bj’Bj QBJ' M4l ,Q,(oc+n—0—k'§h,r,k; 1)(—1—6—B—n—k'§h9r,k; Dy’ ( )
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where Re(c) > 0 and all other conditions of validity mentioned with (2.1) are satisfied.

The results recently derived by Gupta and Soni in [6], Chaurasia and Srivastava in
2] and Chaurasia and Pandey in [3] can be obtained on giving suitable values to the
parameters and arguments. The result given in (4.2) is also quite general in nature and can
easily yield Riemann-Liouville fractional integrals of large number of simpler functions and
polynomials merely by specializing the parameters of H and F, appearing in it which may
find applications in electromagnetic theory, statistical mechanics and probability theory.
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Hypergraph-Based Edge Detection in Gray Images by

Suppression of Interior Pixels
By R.Dharmarajan & K.Kannan

Absiract — This paper presents a new two-stage hypergraph-based algorithm for edge detection
in noise-free gray images. The first stage consists of mapping the input image onto a hypergraph
called the Intensity Interval Hypergraph (IIHG) associated with the image. In the second stage,
each hyperedge is partitioned into two disjoint subsets, namely, the interior pixels and the edge
pixels. The interior pixels are then suppressed, so that the edge pixels trace out the edges in the
image. These edges are then sharpened using an edge sharpener function to eliminate all the
duplicated edges. The algorithm is validated on a number of images of largely varying details,
and shows promising results. Other hypergraph-based algorithms are of computational
complexity O (n?) or O (n®) whereas the IIHG model works at a reduced computational complexity
of O (n).
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Hypergraph-Based Edge Detection in Gray
Images by Suppression of Interior Pixels

R.Dharmarajan “ & K.Kannan *

Abstract - This paper presents a new two-stage hypergraph-based algorithm for edge detection in noise-free gray
images. The first stage consists of mapping the input image onto a hypergraph called the Intensity Interval Hypergraph
(IIHG) associated with the image. In the second stage, each hyperedge is partitioned into two disjoint subsets, namely,
the interior pixels and the edge pixels. The interior pixels are then suppressed, so that the edge pixels trace out the
edges in the image. These edges are then sharpened using an edge sharpener function to eliminate all the duplicated
edges. The algorithm is validated on a number of images of largely varying details, and shows promising results. Other
hypergraph-based algorithms are of computational complexity O (n?) or O (n®) whereas the IIHG model works at @
reduced computational complexity of O (n).

Keywords / phrases : Hypergraph, hyperedge, chessboard metric, interior point, edge.

l. INTRODUCTION

In edge detection, one approach is to track pixels column wise (or, row wise)
before using statistical measures for the processing [1]. Graph-based approach |[2]
identifies binary-related pixels before processing them. Graphs are mathematical modeling
tools for low-level image processing applications because graphs are essentially about
relationships between objects (these are pixels in images). But graphs do not go beyond
binary relations, and pixel relations in images are, in most applications, complex and not
necessarily binary. Hence a model that can accommodate higher order relations would be
desirable and valuable.

Hypergraphs do precisely that — they accommodate higher order object relations.
Hypergraph theory is an original work of Claude Berge [3]. As mathematical entities,
hypergraphs are rich and extensive in theory. They also have applications, and published
research works [4-7] have shown hypergraphs to be excellent tools in image processing.

The concept of edge is a very familiar one, yet there is no precise rigorous
definition of an edge in an arbitrary image. Indeed, the concept as we use it is an
abstract one, and so it can give different meaning in different contexts [8]. Several widely
accepted ideas of edges and edge detection methods are reported in literature [9, 10].
Essentially, edges in an image correspond to intensity discontinuities or visible intensity
changes. The average human eye sees edges in the form of boundaries of objects in the
target image. Edge detection, therefore, can be thought of as the process of bringing into
view these boundaries while suppressing the rest of the image. Broadly, edge detection
can be considered a two-stage process: first, the characterization of intensity changes;
and second, the use of some structural knowledge to find the edges [11]. Some widely
known edge detectors are the Sobel, the Laplacian-of-Gaussian (or LoG) and the Canny
edge detectors. However, they do have drawbacks: appearance of undesirable double
edges, large and complicated set of rules, and generation of speckles, to mention a few.
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A premise in this paper is that edges are consequences of pixel features and pixel
relations. As regards gray images, we have only two aspects at our disposal: the intensity
of each pixel and the spatial relationship between pixels. Many algorithms in the
traditional class tend to ignore the important spatial relationship aspect [2]. This
problem is addressed in the hypergraph framework in this paper.

Wide and thick edges (roughly speaking, these are edges upon edges without any
separating features, with one edge following exactly the course of the other) hamper edge
detection processes even in clean images by producing undesirable duplication effects in
the output image (or, the edge image). So there is a need to characterize not just edges
but also duplication of edges to identify the undesirable thick edges before eliminating
such. This hypergraph-based work brings some properties of sets and functions into a
hypergraph model towards such characterization in a clean image.

The contribution of this article is a novel hypergraph model (called the ITHG,
detailed in section 3) for edge detection (in noise-free gray images) with reduced
complexity O (n). To the best of our knowledge, the proposed algorithm is the first
hypergraph-based one for edge detection with complexity O (n).

The remainder of this paper is organized in sections 2 through 7. Section 2
mentions some published and widely-cited graph- and hypergraph-based edge detection
works. Section 3 introduces the hypergraph model that is the base for our algorithm.
Section 4 presents the flow of the algorithm in a compact form. Results of experiments
on standard test images and real world images are reported and discussed in section 5.
This section also features comparative studies to establish the excellent performance and
potential of the proposed algorithm. Features of the algorithm are presented in section 6.
Concluding remarks form section 7.

[1. RELATED INFORMATION ON GRAPH- AND HYPERGRAPH-BASED EDGE
DETECTION

A unified graph-based method for segmentation and edge detection is given in [2],
which is in a way a pioneering shift from the traditional approach (of row or column
tracking). In [2], mapping of the image onto a graph and computation of shortest
spanning trees are important preludes to the process of segmentation and edge detection.
However, [2] does not go into the computational complexity of the algorithm . Also, this
approach conveys an impression that pixel relations in any image could be simplistic
enough to be binary, which impression finds no support in published research.

Bretto and others [4-7] based their research on hypergraph models where patches
of pixels (rather than pairs of pixels) are processed by algorithms that are guided
principally by the pixel intensity values. This approach is reflective of the fact that
hypergraphs are generalizations of graphs. Besides mapping the image onto a hypergraph
structure, Bretto et al use the idea of stars and star aggregates. These illustrate
possibilities of application of higher order pixel relations in hypergraphs to image
processing. But these algorithms are computationally expensive (O (n’)) and tend to
leave unprocessed pixels behind.

[11. HYPERGRAPH REPRESENTATION OF A GRAY IMAGE

A hypergraph is a couple H = (V, E), where V is a nonempty finite set and E is a
family of nonempty subsets of V that fills out V. Since E is finite, we index it by a set J
={1,...,k},k €N, and so we have E={Xy, ..., Xk} and X;U ... U Xy=V. The set V is
called the vertex set of H. The family E is called a hAyperedge family on the vertex set V,
and each member of E is called a Ayperedge (in H).

© 2012 Global Journals Inc. (US)
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If the members of E are distinct (meaning: i # j = Xi # X), then H is simple. In
this case, E is a set of nonempty subsets of V. H = (V, E) is called a partitioned
hypergraph if its hyperedges form a partition of V —ie., V=X, U ... U X,and X;N X
= ¢ for i # j (where ¢ denotes the empty set).

To begin with, the input image is represented as a partitioned hypergraph. The
hyperedges for this representation are constructed as follows:

A digital gray image labeled I (and assumed noise-free) is mathematically
represented by the function I: V> W (where V. C N x N and W is the set of non-negative
integers), where for a = (x, y) € V, I (a) is the gray scale intensity value of the pixel a
located at (x, y) € N x N, so that it is natural to think of the image I as a nonempty
finite subset V of N x N. Let V be endowed with the chessboard metric p.

Let L be a positive integer, L < 254 and q = [255 — 255(mod L)] /L. We set
(a) E={a €V | 0<I(a) <L},
b)E,={a€V | k=1)L+1<I(a)<kL}fork=2, .. q,

(c)E,n={a€V | qL +1<1 (a) <255}. Obviously the E (t=1,..., g+ 1) are subsets

of V, some possibly empty ().

Let E =A{E, |t = 1 through q + 1; and E, # ¢”. Then E is a set of nonempty
subsets of V, and E fills out V. We take H = (V, E). Then H is a hypergraph on the set
V, and thereby is a hypergraph representation of the image I. We call this the Intensity

Interval Hypergraph (ITHG) associated with the image I. This hypergraph is a partitioned
one.
The essential mathematics for the algorithm is given in the appendix (after the

references), where all the theory (Al through A5) is within the framework of the ITHG on
V detailed above.

Iv. PROPOSED ALGORITHM

Figure 1 below gives the flow of the proposed ITHG algorithm. The input image data
(box numbered 1 in Fig. 1) are as follows:

1(a) V = set of pixels of the image I (as a finite nonempty subset of N x N)
1(b) Gray scale intensity matrix of V.

(
1(c) Domain distance metric p (Chessboard metric) on V
(

1(d) Parameter L (called ‘intensity interval’)

© 2012 Global Journals Inc. (US)
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1. Input: Gray image
(noise-free)

A 4

2. Construct the 1IHG
(H) for the input image

A\ 4
3. Identify the interior

points and edge points in
each hyperedge

A 4

5. Sharpen the thick edges

\4

6. Output:
Edges in the image

A 4

4. Suppress the interior
points in each hyperedge

Figure 1 - The ITHG algorithm flow diagram

V. EXPERIMENTS AND DISCUSSION

The computing environment for coding the proposed IIHG algorithm has the following
principal components:

(i) Computer category: Micro
(i) Processor: Intel 113, 3.2 GHz
(iii) Software: MATLAB®7.0.1

In the proposed algorithm, the output showing the edges depends on the number
of hyperedges. The more the number of hyperedges, the denser the edges in the output
image.

a) Test reports

Figure 2 below is a simple illustration of how the edge detection algorithm works

on a 10 x 10 image patch for L = 90. This patch is a part of a test image from [12].

© 2012 Global Journals Inc. (US)
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Figure 2 : The input image is the patch of size 10 x 10. The hundred pixels in this patch
are labeled P, through P,,. The intensity value of each pixel is just above its label. The
pixels filled with black are the edge pixels as identified by the algorithm. The pixels
without any filling color are the suppressed pixels — these are either the interior pixels
suppressed in the partitioning of the hyperedges or the edge pixels suppressed in the
sharpening of thick edges.

Over six hundred images were taken from [12, 13] and Google Earth which contain
ranges of gray images with widely varying features and details. Several of these images

appear in published works, and are standard test images — for instance, Lena,

Photographer and Peppers — in image processing research. Tests on five widely used
images are reported and discussed in this section. The values of the parameter L specified
in the reports have been selected after exhaustive testing covering the entire range of L (1
< L <254). For each image reported here, the selected values of L produce visually more
credible results (to the subjective human eye) than its other values. As is always the case
in any low level image processing, the judgment of the visual results shown in the
examples is subjective.

In fig. 3(b) and 3(c), the outputs show ‘cluttering’ of edges for L = 50 and L = 60,
respectively. For L > 80, the edges become more distinguishable. However, as L is
increased, some of the edges may actually disappear- for instance, in the edge image for L
= 100, the outline of the lips has all but vanished. It is inferred that large values of L
could result in loss of edges. And this is in direct contrast to ‘too many edges’ (or,
cluttering) resulting from a low value of L. As regards the Lena image, our inference is
that 80 < L < 95 is a good range for the edge image to be a reliable representative of the
true edges in the original (to the human eye). A similar inference can be made for each
image tested.

© 2012 Global Journals Inc. (US)

Global Journal of Science Frontier Research (F ) Volume XII Issue IV Version I H April 2012



In each of the following test reports, the first image (a) is the input (original).
The others are the output edge images for the specified values of L.

4
&y v Not es
3(a) Lena 3(c) L=60 3(d)L=90
3(e) L=100 3(HL=110 3(g)L=115 3(h) L =120

Another widely used test image — Peppers — features in figure 4. The range 90 < L
< 120 gives better edge representations. The Lena and the Peppers images also feature in
the comparison of our proposed algorithm with three other edge detection algorithms,
shown in section 5.2

4(HL =105 4(g)L=115 4(h)L=121
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5(a)Photographer

6(a) House

6(b)L=70
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6(c) L=90

Synthetic and real world images were tested with a view to stress-testing the code.
Results on two such images are seen in figures 7 and 8 below.

7(c) Edges in Syn 1 (L = 100)

8(a) Real world image (RW1)
(Acquired from Google Earth)

ﬁé o

8(b) Edgesin RW 1 (L =128)

8(c) Edges in RW 1 (L = 65)

The images reported here are of different sizes (80 x 80 to 512 x 512) and detail contents.
CPU run time is more for some of these images because of their larger size.

b) Comparisons and performance reports
The proposed IIHG algorithm was compared for edge detection results with three

other published algorithms — namely, the Sobel [14], the Canny [15], and the MG-IT2FIS

[16]. The original images (inputs) are in panel 1.
algorithms on these five images are in panel 2.

The results of each of the four
Figures in these panels have not been

numbered. As can be seen from panel 2, the comparison works out, to a significant
extent, in favor of the proposed IIHG-based algorithm.
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Lena

Peppers

Parakeet

Panel 1 : The five original images that feature in the comparison (shown in panel 2)

Canny

MG + IT2FIS* ITHG + suppression
( these edge image pictures are as published in [16])
* Morphological Gradient Interval Type 2 Fuzzy Inference System [16]

(proposed)

W i

Panel 2 : Comparison of the proposed IIHG algorithm with Sobel, Canny and MG+IT2
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In the above comparison experiment, we used L = 90 (for the Photographer image), 80
(Lena), 95 (Peppers), 90 (House) and 60 (Parakeet).

Table 1 : Performance of the proposed algorithm (Standard test images) #H: Number of
hyperedges; *Run time in seconds, rounded to one place after the decimal

S.no. Image L |#H | Run | S.no. Image L #H | Run
time* time*
1 Lena (200 x 200; 50 6 13.8 4 Peppers (200 x 200; 50 6 12.8
Bitmap) 60 | 5 12.7 JPEG) 75 4 10.5
9 | 3 10.3 85 3 10.9
100 | 3 11.2 95 3 9.5
110 | 3 11 105 3 8.8
115 ] 3 10 115 3 8.4
2 Photographer 80 | 4 15.8 5 House (333 x 333; 70 4 10
(333 x 336;Bitmap) 90 | 3 17.4 Bitmap) 90 3 8.1
105 | 3 17.9 100 3 7
3 | Parakeet(328x 198; | 60 | 5 | 15 6 | Other images™ TIF/ 40to | 2 | 3to
Bitmap) 70 | 4 13.2 JPEG / Bitmap 150 to 40
85 | 3 12.4 7

" More than 350 images from [12] and [13] (size: 80 x 80 to 512 x 512)

Table 2 : Performance of the proposed algorithm
(Synthetic and real world images)

S.no. Image & size L #H Run time*
1 Syn 1 (94 x 150; 90 3 8.2
Bitmap) 100 3 8.6
55 5 7.1
2 RW1 (108 x 168; 128 2 10.5
Bitmap) 93 3 14
65 4 16.6
3 | Other images”  TIF / 40t0 150 | 2to 7 6 to 40
JPEG / Bitmap

Hokok

More than 300 images from [12] and [13] and Google Earth (size: 90 x 90 to 512 x 512)

¢) Computational complexity of the proposed algorithm

The number of hyperedges in the first stage does not exceed q + 1, where q = [255
- 255 (mod L)] / L. So for any positive integer value of L, we have q < 255. Since the
hyperedges are non-intersecting, each pixel is visited exactly once in the first stage.

In the second stage, in each hyperedge, each pixel is visited at most four times for
segregating the edge points from the interior points. Then, to suppress each interior
pixel, we need exactly one assignment of the value 255 to the pixel. Subsequently, to
identify the thick edges, each edge pixel is visited at most four times. And the
sharpening process that follows takes one assignment operation (the one mentioned
above) for every pair of thick edge pixels that correspond in the required bijective way
(see A3 of appendix). Hence the number of computations in the algorithm is An, with 1 <
A <10, where n = number of pixels in the input image. Let f(n) = n and g(n) = A n. As
n tends to oo, the limit of f(n) / g(n) is 1/2, and that of g(n)/ f(n) is A. Since both A and

1/ A are finite and nonzero, we aver that the complexity of the proposed algorithm is

O(n).
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VI.  ALGORITHM FEATURES

(i) The sequential combination of two functions — thick edge identifier and thick edge

sharpener, in that order — ensures that no redundancies appear in any edge. This
combination is effective principally because of the IIHG model.

(ii) The first stage (construction of the IIHG) ends when the empty set (¢) takes the place
of V, and this happens in at most q + 1 steps. The second stage (edge detection)
ends when each hyperedge has been cleared of its thick edges, which happens in at
most S steps (but in most images well below S because of interior points being
excluded from this process), where S = £ T (| E, | x | Ey|), the sums running over the
indices j (second) and k (first) with j, k €{1, . . , |E|} and j < k; and whatever the
value of L, | E | does not exceed 255. Thus the algorithm is convergent.

(iii) The algorithm handles large sized images of varying dimensions and for all values of
L in its stipulated range (1 < L < 254), and so is robust.

(iv) The algorithm is fast for test images that are widely used as standards by researchers
in image processing (for instance, Lena and Peppers).

(v) Since the output is always viewed rather subjectively, edges that are considered ‘not
desirable’ can be removed by tuning L. While this is a facility that is in-built in the

algorithm, tuning L to eliminate such ‘undesirable’ edges could accidentally rub out
true edges also. This is one limitation of the algorithm.

VII.  CONCLUDING REMARKS

(i) We have presented a hypergraph-based one-parameter-driven partitioning algorithm
for edge detection in clean gray images. The algorithm processes patches of pixels of
arbitrary (finite) size and distribution efficiently. The computational complexity is
O(n), which is an outstanding feature here.

(ii) From the tests reported in section 5.1, we have arrived at an apparently good range
for L for a large number of images, standard or real-time, and this is 60 < L < 120.
However, L is image-dependent. Going by our tests (on hundreds of standard, real-
time and synthetic images), we report that L < 60 tends to clutter the output figure
with too many edges because false edges are shown among the true ones. On the
other hand, for L. > 120 could accidentally suppress considerable number of edge
pixels, resulting in loss of true edges. Since performance of parameter-driven
algorithms are application-dependent, we have not gone into the question of
optimizing L.

(iii) In image engineering applications, the input image may have to be first subjected to a
noise removal scheme before the IIHG algorithm is applied. As for noise removal,
adequate schemes are available [5, 6, 17-20].
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APPENDIX
Bonded sets

Let N x N denote the Cartesian square of the set N of positive integers. For (x,,

YI)a (X27 YQ) € N x Na we define P ((Xla YI)7 (X27 YQ)) = max{lxl - X2|1 |y1 - y2|} The
function p is a metric on N x N — and hence on any nonempty subset of N x N — and p is
called the chessboard metric.

For a given nonempty set V, by 2V we mean the power set of V; and by 2" we
mean the set of all nonempty subsets of V. Let V be a finite nonempty subset of N x N
endowed with the chessboard metric.

If X € 2" and a € V, we define p (a, X) = min {p (a, b: b€ X". If X, Y € 2"
then we define p(X, Y) = min {p(a,b):a€ X, b€ Y".

Let A be a nonempty subset of V. A finite sequence x,, . . . , x, of elements of A
is called a I-step sequence (1-ss) in A if p (x,, x;,,) = 1foreachi=1,... k-1. Ifa, b

€ A, then we say a is bonded to b in A if p (a, b) < 1 or if there exist points z,, . . .,z in
A such that the sequence a, z,, . . .,z;, bis a 1-ss in A. In this case we write —a: b"A.

Clearly: (i) {a:a"A, (ii) {a:b”"A = {b: a"A and (iii) {a: b"a and {b: c"A ={a: c}A,
for all a, b, ¢ € A. Further, {a: b"A = {a: b”"B whenever A = B. A is called a bonded
set if {a: b”A for every a, b € A. A singleton set is obviously bonded.

Interior points and edge points in an image
Given a = (x, y) € V, we define the neighborhood B,(a) as:

Bia)={b=(p,q) EV| p(a,b)<land (x=pory=q)”. Clearly a € B,(a)
for each a € V.

Let A € 2"and a = (x, y) € A. We say a is an interior point of A if and only if B,
(a) CA. We let IntA denote the set of all the interior points of a given set A. If a is not

an interior point of A then we call it an edge point of A.

FEdges in an image
By |A|We mean the cardinality (or, size) of the set A. An edge in V is a
nonempty subset e (V) of V with the following properties:

(ed-1) e (V) C X for some (hence unique) hyperedge X in H;
(ed-2) [e(W)[>1;

(ed-3) no point of e (V) is an interior point of X;

(ed-4) e (V) is bonded, and

(ed-5) if Y satisfies (i) e (V) € Y C X, (ii) e (V) #Y and (iii) Y N IntX = ¢, then Y is
not bonded.
A thick edge (or, a duplicated edge) in V is a nonempty subset r(V) of V that can

be partitioned as r(V) = r,;(V) U ry(V) (i.e., r;(V) and ry(V) are nonempty subsets of r(V)
such that r,(V) N r,(V) = ¢) with the following properties:

(t-ed-1) |r1(V) | = |1"2(V) | ;

© 2012 Global Journals Inc. (US)
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(t-ed-2) (V) C X, and r,(V) C X, for some distinct (hence disjoint) hyperedges X, and
X, in H (we call X, and X, the source hyperedges of r,(V) and r,(V), respectively), and

(t-ed-3) there exists a bijective map f: r,(V) — r,(V) such that for each a € r (V) we have
a € B, (f(a)) as well as f(a) € B, (a).
Suppression of interior points

Let A € 2" and b* (A) = A — IntA, where IntA denotes the set of all the interior
points of A. Let. Evidently b* (A) is nonempty unless A = V. We call the computation

of b* (A) the suppression of the interior points of A. Notice that if A € E, then b* (A) is
either an edge in V or a union of edges in V.

Sharpening of thick edges

Given two distinct hyperedges X, and X, in H, we write X, < X, if I(a) < I(b) for
every a € X, and b € X,. Let r(V) = r,(V) U r,(V) be a thick edge in V with source
hyperedges X, and X,, respectively, such that X; < X,. Let y: r,(V) — W be the constant

function y(b) = 255. The function y is called the edge sharpener function. It suppresses
one half of the targeted thick edge out of the picture, so that only the other half is seen in
the edge image.

© 2012 Global Journals Inc. (US)
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Integral Formulae’s Involving Two H-function
and Multivariable Polynomials

Praveen Agarwal

Abstract - The aim of the present paper is to derive a new Integral formulae's for the H-function due to Inayat-Hussain
whose based upon some integral formulae due to Qureshi et.al. The results are obtained in a compact form containing
the multivariable Polynomials.
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[ [INTRODUCTION

In 1987, Inayat-Hussain [1, 2] introduced generalization form of Fox’s H-function,
which is popularly known as H-function. Now H -function stands on fairly firm footing
through the research contributions of various authors [1-3, 9, 10, 13-15].

H -function is defined and represented in the following manner [10].

(aJ A )m ’(ai’ai )Mp

(bj'ﬂ'?Bi )1_m’(bwﬂj)

Hoo [z]= Hoa | 2

zzimjsz(}(g)dg (z20) (1.1)

m+1qg

where

ﬁl‘(bl —ﬂjf)ﬁ{r(‘] —aj +aJ§)}AJ
4(&)=—4 B (1.2)

[Tr6-b+ s [[ e, —ag)

j=m+1 j=n+1

It may be noted that the ¢(&) contains fractional powers of some of the gamma

function and mn,p,q are integers such that 1<m<gi<n<p (a, )w’(ﬂ/) are positive real

19
numbers and (4,) (5, )Wmmay take non-integer values, which we assume to be positive

for standardization purpose. (a, )w and (B )m are complex numbers.

The nature of contour’, sufficient conditions of convergence of defining integral
(1.1) and other details about the H-function can be seen in the papers [9, 10].
The behavior of the H-function for small values of |z| follows easily from a result
given by Rathie [3]:
Hon [z]=0(|z|”); Where
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1</<m

b,
a= mmRe[ J|z|—>0 (1.3)
a/

q
Q= Z|B|+Z|b5| Z| Al=D 1A 1>0,0< z|<o (1.4)

J=m+1 J=n+1

The following function which follows as special cases of the H-function will be required in
the sequel [9]

— (a/.,a/;A/ )w —ip (1_8/"“/;/4/ )w
pl//q Hpq-ﬂ —Z (15)
(b/"b)';B/),q (0’1)’(1_[9/’#;5/)1@
The general class of multivariable polynomials is defined by Srivastava and Garg [7]:
Py Bk <L Xho xk
SH XX, ] = (<L), . ALKy k) o (1.6)
Kyvdy =0 et Iy k! k|

Where h,..,h, —are arbitrary positive integers and the coefficients A(Lk,...k,),

(L;h eN;i=1..,r) are arbitrary constant, real or complex.

Evidently the case r=1 of the polynomials (1.6)

Would correspond to the polynomials given by Srivastava [5]

Sf[x]:[%]%ﬂkxk {LeN=(012..)} (1.7)

k=0

Where h is arbitrary positive integers and the coefficient A ,(L,k>0) are arbitrary

constant, real or complex.
The following formulas [11 , p.77, Ens. (3.1), (3.2) & (3.3)] will be required in our

investigation.

w 2 P
J (a)H_QJ +c dx = Nz — F('O+1/2), (a>0b>0c+4ab>0Re(p)+1/2>0) (1.8)
2 X 2a(4ab+c)”"* T(p+1)

% > 1 Jz T(p+1/2)
— - >0,6> 0, +4ab>ORe(p)+1/2 .
J;x2 l:(ax+ ) c} ax Db Tped) (a=0b>0,c+4ab>0Re(p)+1/2>0) (1.9)

o 2 s
J(a+£zj [a,\ur_j te|  ox= x 1 r('OH/Z), (a>0,b>0,c+4ab>0Re(p)+1/2>0)
) (4ab+c)"™"? T(p+1) (1.10)

[I.  MAIN INTEGRAL FORMULAE'S

2
Let X stands for (3X+9j +cC
X

© 2012 Global Journals Inc. (US)
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First Integral Formulae:

K

hki+..+hk, <L 1 g
Jr ALk, e )—C %

T oz -L
2a(4ab + 0)77”/2 Py ( )h1k1+...+ﬁ,k,

d

Notes

¢ /‘/p+1t/77+1 z 4é¥b + C) g
2,r|f (V2-n+oz+ X k8.01)(0,.8:8), (b,

"(4ab+c)" k! (4ab+c)"”

(8/-,0(/ ;A/ )1,/7 ’(a/ G )n+1,p ’(_'7 +od+ z;ﬂ k/é‘/’pﬂ)
'ﬂ/)

The above result will be converging under the following conditions:

(l)a>0b>0c+4ab>0and >0 200>0,,0>0

o' b 1
II + o minRe + pminRe <—
( ) 77 1</j<M {ﬂ/} '0</<m {ﬂ/} 2

(I11) |argz|<%er, where Qis given by equation (1.4)

Second Integral Formulae:

k|

(4ab+c)’ ae

m+1g

(2.1)
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% 4 )(%fshwh,[c)(g1 CXé, Hgg X (alj‘all';A‘/)va’(al/"al/)/\/ﬂp H | 2X (a/ a /)m,(a/,a/)mp ”
2 L L r ’ | ) | | pa .
o X (b/'ﬂ /"B/’)1,M’(b/"'3/)/w+1,o (b"ﬂ/'B/ )1m'(b/ 'B/ mlg
\ﬁ Pkt Ak, <L C/q Ck,
= — -L A(Lk,. K ! L
2b(4ab+c) " Fo e ’)(4ab+c)k“* k! (4ab+c)" k!
a,a Al la,a , —77+(7§+Z:: k0, p1
5 ,J #(& Hp+1q+1 z(4ab+c) S /)1’” ( /r /)M’o ( 1 ) (4ab+c)” de
7! (1 j2-n+oe+Y ks, p;1),(b/, BB, (b.B),..
(2.2)
The above result will be converging under the following conditions:
(I) a=0b6>0c+4ab>0and 7>06 >006>0,p>0
b, b,
(II)  —n+o minRe| =~ |+ p minRe| -~ <1
1<j<M ﬁ/ 1<j<m ﬂ/ 2
(II1) |argz|<%§27z, where Qis given by equation (1.4)
Third Integral Formulae: ]
. LA Cal aA) (a.«a
j[a+£]X IS e X0 e X Hea | X (@0 A (2 ) ool o )8 ), o
0 X (b/"ﬂ/;B/)mM’(b/’ﬂ/)Mno b/,ﬂ/;B/)1m,(b/,,B/ m+1g
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hky+..+hk <L K K,
%72. Wt AT, 01 Cf/

S L — -L A(Lk,. k.
(4ab+o)y™"? | T (L ons AL ) (4ab+c)" k! (4ab+c)™ k|

(@a:4), (a4, (-n+0e+ X kd.0)

(4ab + 0)5” a¢
(1/2—77+aa:+Z/.ﬂk,d,p;1),(b/.,,6‘/;5’/)Lm,(b/,ﬂ/)

5 'j¢ Hp+1q+1 Z 4ab+0)
T

m+1q

(2.3)
The above result will be converging under the following conditions:

(I) a>0b>0c+4ab>0and 7>08 >006>0,,0>0

1</<M 1<j<m

b' b, 1

II —17+0 min Re +pmin Re <—

( ) {ﬂ/J {'B/J 2
(III) |argz|<%Q;z, where Qis given by equation (1.4)

Proof: To prove the first integral, we first express H -function occurring on the
L.H.S. of equation (2.1) in terms of Mellin-Barnes type of contour integral given by

equation (1.1) and general class of multivariable polynomials S/ [x,,...x,] in series form
with the help of (1.6) and then interchanging the order of integration and summation.

We get:

r .
—q+6§+p§+zlz]k/(), -1

b+t he <L ch ck, 1 - ‘- o b\
-L ALk, ..k — — ¢ — ax |déd
@%“:o (“L)isoni. Al )/ﬂ- ; 27”.[¢(§)2m.!¢(§)z Maﬂxj +c} w |agae
(2.4)
Further using the result (1.8) the above integral becomes
ikt Ak, <L choof 1 .
—-L ALk, .k ). ———
P ( )/71/(1+..+h,k, ( " f) /(1| kr| o) _!.¢(§)
: [e(¢)Z = r(n-o0f-ps -3 ks +1/2) e
ol K4 T ;
2nly 2&(4ab+c)"'”§'”§'2/:‘k/b’ weer (77 —oE—pS =Y kS, +1)
(2.5)

Then interpreting with the help of (1.1) and (2.5) provides first integral.
Proceeding on the same parallel lines, integral second and third given by equation
(2.2) and (2.3) can be easily obtained by using the results (1.9) and (1.10) respectively.

[TI.  SPECIAL CASES
(3.1) If we put A', =B', = A =B, =1, H-function reduces to Fox’s H-function [6,

p. 10, Eqn. (2.1.1)], then the equations (2.1), (2.2) and (2.3) take the following form.
(a/,a.)

Y o
b.5,)

I Mg

'[qu—TSZH ----- hr [01)(51 ,,,,, C,Xﬁ, ]H/i{b/v l:XJ

0
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kgt bk, <L K K
\/; il A(L’kwkf) Cﬂ Cf

I -/
2a(4ab+c)""? T ( )”‘k‘* ke (4ab+ c)k‘ﬁ‘ k! (4ab+ c)k’é’ k|

(a,.a, )1,,0 ,(—77 +of+y k,é)’/,p)

(4ab + 0)5" a&
(112-n+os+ X _ks.p)(6.5),

p+1g+1

27[|j (E)VHI | z(4ab+c)’
(3.1.1)

ity ke <L K K
\/; 1 A(L’/(1,/(,) 011 C,

S L A— L . :
2b(4ab+c)y"? T, s (4ab+c)" k! (4ab+c)" k!

(a/,a/ )m ’(_77 roE+d /(/5/’0)

.[ (E)HI | z(4ab+c)” ) (4ab+c)” ae
erl’t o (1/2-77+a§+z/ﬂk,a,,,p),(b/.,ﬂ,)m 5.1
K (al/ I/' )1P (a/ & 1
j [ ]X TSI e X e XU x| T T H 20 7 lax
0 X ] s J )1,0 (b/ 'ﬂ/ 19

\/; Pkt A0k <L ck o
S L — -L ALk, .k LN -
(4ab+c)™*  Fao (e Al K) (4ab+c)™ k! (4ab+c)"™ k.|
a;,a; ) _77+O-§+z:: /(/5/lp

2;z|.[ $(E)HI | z(4ab+c) (@ /)w ( 1 ) (4ab+c)” d&

(1/2—77+G§+Z;:1k/'5/"p)‘(b/"3/)w,q (3 1 3)

The conditions of convergence of (3.1.1), (3.1.2) and (3.1.3) can be easily obtained
from those of (2.1), (2.2) and (2.3) respectively.

Further If we put A =8'=A =8 =1a',=p,=a, = =1, then the H-function
reduces to general type of G-function [12], which is also the new special case.

(3.2) If we putn=p m=1g=g+1b6=0p=1a =1-a, b =1-b,, then the H-
function reduces to generalized wright hypergeometric function [9] i.e.
(1—8/,05/;,4/ )1,,0
(01).(1-5,8:8,),,

take the following form.

Hpq+1

Lo A
_ - (a2 /)W;_Z , the equations (2.1), (2.2) and (2.3)
’ (b/'ﬂ/;B/)
g

P _zX ”]dx

(a/,a/;A/)w,(a/,a/)NHP] _ {(a o '/4/)
v,

(6.8:8),(0.8)) (6,88

M+1.Q
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[z Pkt k, <L C1k1 ka,

ALk, K, . :
(% )(4ab+c)k“"k1! (4ab+c)"” k|

_ _ a,a;A) (n+oe+>" ké,p1
2Lﬂ.|J.L¢(§)ﬁ+1Wqﬂ (& f)w ( . 2 ) —z(4ab+c) |(4ab+c)’ dé
! (112-n+oc+3 k8.01).(6,8:8),, (32.)
T%Xfmsf,...,h, [01)(61 ..... C,Xé Hed | Xx° (al/’al/;Al/ )1,/\/ ’(al/’al/ )NH‘P pl;q (a/.,a/;A/ )1/-7 _ZX7 |ax
0¥ (bl/ ﬂl/‘Bl/ )w ’(bl/ ﬂl/ )M+1,0 (b/'ﬂ/;B/ )1,5,
- \/; iky+.. Rk, <L ' Cﬁ ka,
2b(dab+o)y S D AL (4ab+c) k! (4ab+c)" k!
B _ a,a;A) (-n+of+). Ko.pi
i[ﬁ(f)m%ﬂ ( Y /)w ( . 2 - ) —z(4ab+c)’ (4ab+c)‘f" aé
! (1/2—77+of+ZM/(,5,,/);1),([7/,,3/;5’/ ).,
(3.2.2)
T(a_{_%j)(_nqsﬁwn [01)(51 ..... C,Xg' ]/T/gg X° (al/"al/;AI/LN’(al/’al/-)Nﬂ,P p';q (a/'a/ﬂ;A/)w‘p;_ZXp ax
0 X (bl/'ﬂl/;Bl/ )W ’(bl/’ﬂlf )M+1,0 (b/"B/‘ /g

hki+..+hk, <L Ky K,
_LW (~L) ALk, K, R -
(4ab+c)™™ T e (4ab+c)™ k! (4ab+c)™ k!
: _ | (@A), (e k000

—z(4ab+c)’ |(4ab+ c)i’:“ aé

_J‘L&(‘f) p+1l//q+1 P
o7l (112-n+0s+3 k8.01),(6,8:8),, (3.23)

The conditions of convergence of (3.2.1), (3.2.2) and (3.2.3) can be easily obtained
from those of (2.1), (2.2) and (2.3) respectively.

(3.3) If we put r=1 the general class of multivariable polynomials given by
Srivastava and Garg [7] reduces to the polynomials given by Srivastava [5], the equations
(2.1), (2.2) and (2.3) take the following form:

(all"alf;AI/ )1,/v ’(al/’alf )/\/+1,P /T/Z; ZXP (
(blf’ﬁlf;BI/ )w/ ’(bl/’ﬂl/ )M+1,o
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[xsplexTHro [X"
0

) Jz wn(~L) i Ak cl
" 2a(dab+c)tV? = k) (4ab+c)™

1
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Notes

(3:04), (2, (00 s k)

H +1 +1 4 b
2”"[ ¢ p q |:Z a +C) (1/2—7]4—0’5+/(151,p;1):(b/:ﬁ/;5/)1‘,77’(b/’ﬂ/)

}(43[9 +0)7 d¢

m+1g

(3.3.1)

j X8 e X Heo {X"

O

|” I‘;AI‘ , I,, \‘ . ;
(a/ a/ /)1,/\/ (a/ a/)/\/+1‘P HZ; ZX7 (
(blf’ﬂI/;BI/)W‘M’(bl/’ﬂlv) (b

Jz (LA) (_L)mk. A ¢
2b(4ab ey S k) (4ab+c)™

a.,a Al la, a. (—n+ &+ ko, p1
2”|.[ #(& Hp+1q+1 z(4ab+c) ( e /)1’" ( ’ a/.)"”‘p ( 77 o+ ki) (4ab+c)” d&
(1/2-n+at+k6,p1).(5,8:8,), .(6,.8),..
(3.3.2)
T(a+£j){”‘8ﬁ[cx*]ﬁm e AL ) W 5 i) lae) |
2 1 ! | VLo \ \ .
0 X (b/'ﬂ/'B/ )LM’(b/'ﬂ/)Mna “ (b/"ﬂ/'B/ )w,(b/,,[)’/ )mng
B Jz (wim (~L) i Aok cl
(4ab+o)? k! (4ab+c)k‘5‘
. a,a;A) la,a (-n+oé+ k0o, p;l
2ﬁ|j #(& Hp+11q+1 z(4ab+c)’ ( " /)1’" ( ! a/.)"“'p ( 77 o2 ki) (4ab+c)§”d.§
(1/2=n+o5+ke,p0).(6,.8:5), (6,.8),...
(3.3.3)

The conditions of convergence of (3.3.1), (3.3.2) and (3.3.3) can be easily obtained
from those of (2.1), (2.2) and (2.3) respectively.

(3.4) By applying the our results given in (3.3.1), (3.3.2) and (3.3.3) to the case of

Hermite polynomials 8] by setting S?[x]=x"""H, { 1 }n which
2x

L=nh=2A 5 = (—1)/(1 , we have the following interesting results:

](i)(ﬂﬁ1 (C X51 )/7/2 H 1 /T//l:é\/ X° (all’all;AI/ )1,/v ,(a'/’a'/ )NHP H ZXP (a/ ,(Z/;A/ )m '(a/ ,0.’/ )n+1,p o
1 n ! pa
0 2 01)((51 (bl/'ﬂlf;BI/ )1,/!/7 '(blf’ﬂl/ )M+1,0 (b ﬂ ) ( ﬂ/ )m+1q

~ Jz (/2] (—/7)2/(1 (—1)k‘ ¢

C2aldab+o) S KD (sab+c)”

(a/’a/;A/ )1‘n '(af’a/ )nﬂ,p ’(_77 + O-é: + k151’p’1)

Hp+1q+1
J #(S (1/2-n+ot+ks,.p1).(5,.8,:5 )w,(b/,ﬂ/)

Z( 4ab+c)

et (3.4.1)

m+1g

}(43[3 +o)’ d¢
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T Lxr(ex Y H,| —— [FFa | x el ) A e )o@ ). ok
_ ) ; : , pa
OXZ 2 01)(61 (bl/ ﬁl/ B‘/)W (bl/ ﬂl/ M+10 b/’ﬂ/;B/ \m ( /’ﬁ/‘)mﬂq
_ \/; (4] (_/7)2/<1 (_1)/(1 C1k1
C2b(4ab+o) P kU (dab+o)™
‘[ ¢ /—/ Z 4ab+c) (a/’a/;A/)1,n’(a/’a/‘)nﬂ,p'(_77+O-§+k151’p;1) (4804‘0)50 Olg
p+1q+1
2!t (1/2_77+O—§+kWé‘W’p;‘I)’(b/’ﬂ/;B/)w‘m’(b/’ﬁ/ )mﬂ,q
(3.4.2)
T( szX”1( X‘}‘ )n/2 /‘/n 1 _ ]/T/go/v X° (al/ al/ Al/ )1,/\/’(al/‘ I/ )N+1P
0 X 2 01)(1 (bl/ ﬂl/ Bl/)w‘(bl/‘ﬂlf )M+1O

Jr [(n/2) (—/7)2/(1 (—1)/(1 ch

(43@ +o) " = k! (4ab + c)k‘a‘
i a.a Al l(a,a (-n+0E+ k6, p)
|JA ¢ /—/er:qH Z 4ab+c) ( / VAN )1,n ( / / )n+1,p ( ™~ (4ab+c)5o' d§
2 (1/2-n+0f+£8.p0).(0,5,:8)),,(6,:5)),.,,
(3.4.3)

The conditions of convergence of (3.4.1), (3.4.2) and (3.4.3) can be easily obtained
from those of (2.1), (2.2) and (2.3) respectively.

(3.5) By applying the our results given in (3.3.1), (3.3.2) and (3.3.3) to the case of
Lagurre polynomials 8] by setting  S[x] 1 [X] in which

n

n+a 1
L=nh=1A, =( jW7 we have the following interesting results:
. n a+
k1

TXﬂHL(ﬁa)[QX&JFgg X° (aI/'aI/‘;A‘/)mN’(al/‘alf)/vn,/’ ﬁ’;vq” X7
: (6.8:8),,(0'.5)

(6,8:8),,,(6,8)

1m 1T Tmig

(a/. 0 A )1,,7 ’(a/.,a/ )”*”’ ]dx
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Jz 2 (=n), (/7+aj 1 cf

C2a(dab+e) P k) 0 )(a+), (4ab+c)"
|
i a.a Al l(a a (—n+0E+k6,pi1
Ij #(& H,mlm z(4ab+c) ( Y /)1‘" ( ’ /)"”’p e (4ab+c)’ dé
o (1208 k0,00)(6,:5), (8.8),.,

(3.5.1)
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X2

ko,

N @ (-1),, (n+aj 1 ck

:2b(4ab+c)’“”2k,0 k! n )(a+1), (4ab+c)

q=

(6,88, )LYM (6',.8)

X

m+in a, 1/4 \a,a; A—n+ g"l‘ké‘, ,1
j¢ /‘//J+11q+1 z(4ab+c)’ S /)1'” (@2, )Mp( 7 o8 ko) (4ab+c)* dé
2l (1/2-f7+ag+k@,pn),(bj,ﬂ/;g/)m,(b/,ﬁ/)mm
(3.5.2)
T(a+%jx'7%:)[c1x"‘]/7% {X" st )N(a/a/)N”P]/?ZJ 20| Al ’)"””]cxx
0 .

= @), (/7+aj( 1 o)l

(dab+co) A k) n )(a+1) . (4ab+ C)k“"'

(a/,a/;A/. )m ,(a/,a/ )Myp (-n+0E+ k6, p)

aab+c)’ d
(1/2=n+0s+ks,p).(6,8:8,), (6,8) ](a +o)de (3.5.3)

5 |j¢ Hpﬂqﬂl:z 4ab+0)
!

m+1q

The conditions of convergence of (3.5.1), (3.5.2) and (3.5.3) can be easily obtained
from those of (2.1), (2.2) and (2.3) respectively.

REFERENCES REFERENCES REFERENCIAS

1. A.A. Inayat-Hussain, New properties of hypergeometric series derivable from Feynman
integrals: I. Transformation and reeducation formulae, J. Phys. A: Math.Gen.20
(1987), 4109-4117.

2. A.A. Inayat-Hussain, New properties of hypergeometric series derivable from Feynman
integrals: II.A generalization of the H-function, J.Phys.A.Math.Gen.20 (1987), 4119-
4128.

3. AK. Rathie, A new generalization of generalized hypergeometric functions, Le
Mathematic he Fasc. II 52 (1997), 297-310.

4. E.M. Wright, The asymptotic expansion of the generalized Bessel Function. Proc.
London Math. Soc. (Ser.2), 38(1935), 257-260.

5. H.M. Sarivastava, A contour integral involving Fox’s H-function, Indian J. Math.
14(1972), 1-6.

6. H.M. Srivastava, K.C. Gupta and S.P. Goyal, The H-function of one and two
variables with applications, South Asian Publishers, New Dehli, Madras (1982).

7. H.M. Srivastava and M. Garg, Some integrals involving a general class of polynomials
and multivariable H-function, RevRoumaine Phys 32(1987), 685-692.

8. H.M. Srivastava and N.P. Singh, The integration of certain products of the
multivariable H-function with a general class of polynomials, Rend. Circ. Mat.
Palermo 2(32) (1983), 157-187.

© 2012 Global Journals Inc. (US)

Global Journal of Science Frontier Research (F ) Volume XII Issue IV Version I E April 2012



9.

10.

11.

12.
13.

Global Journal of Science Frontier Research (F) Volume XII Issue IV Version I E April 2012

14.

K.C. Gupta and R.C. Soni, On a basic integral formula involving the product of the
H-function and Fox H-function, J.Raj.Acad.Phy. Sci., 4 (3) (2006), 157-164.

K.C. Gupta, R. Jain and R. Agarwal, On existence conditions for a generalized
Mellin-Barnes type integral Natl Acad Sci Lett. 30(5-6) (2007), 169-172.

M.I. Qureshi, Kaleem A. Quraishi, Ram Pal, Some de'nite integrals of Gradshteyn-
Ryzhil and other integrals, Global Journal of Scieince Frontier Research, Vol. 11 issue
4 Version 1.0 july 2011, 75-80.

Meijer, C.S., On the G-function, Proc. Nat. Acad. Wetensch, 49, p. 227 (1946).

P. Agarwal and S. Jain, On unified finite integrals involving a multivariable
polynomial and a generalized Mellin Barnes type of contour integral having general
argument, National Academy Science Letters, Vol.32, No.8 & 9, (2009).

P. Agarwal , On multiple integral relations involving generalized Mellin-Barnes type
of contour integral, Tamsui Oxford Journal of Information and Mathematical Sciences
27(4) (2011) 449-462 Aletheia University.

. R.G. Buschman and H.M. Srivastava, The H-function associated with a certain class

of Feynman integrals, J.Phys.A:Math.Gen. 23(1990), 4707-4710.

© 2012 Global Journals Inc. (US)

Notes



Sz GLOBAL JOURNAL OF SCIENCE FRONTIER RESEARCH
MATHEMATICS & DECISION SCIENCES

= Volume 12 Issue 4 Version 1.0 April 2012

’ﬁ‘ Type : Double Blind Peer Reviewed International Research Journal

Rer? Publisher: Global Journals Inc. (USA)

Online ISSN: 2249-4626 & Print ISSN: 0975-5896

Global Journals Inc.

Applications of Continued Fraction Identities
By M.P. Chaudhary

Abstract —In present paper we established four new expressions on g-product identities with the
applications of continued fractions in recent results established by the author [7].

Keywords . Trjple proauct identities, g-product identities, continued fractions.
AMS Subject Classifications - 05A17, 06A15, 11P83

APPLICATIONS OF CONTINUED FRACTION IDENTITIES

Strictly as per the compliance and regulations of :

© 2012. M.P. Chaudhary.This is a research/review paper, distributed under the terms of the Creative Commons Attribution-
Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), permitting all non commercial use,
distribution, and reproduction in any medium, provided the original work is properly cited.



"

Ref.

Ramanujan’s Notebooks, Part III, Springer-Verlag, NewYork,1991.

(1) B.C. Berndt :

Print Journal

$ # L

Applications of Continued Fraction |dentities

M.P. Chaudhary

Abstract - In present paper we established four new expressions on g-product identities with the applications of

continued fractions in recent results established by the author [7].
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[ [INTRODUCTION

For |¢| < 1,

oo

(a;9)o0 = [J (1 —aq™)

n=0

ﬁ aq(n 1

(ar,a2,a3, ..., ax;q)oc = (015 q)oo(a2; §) 00 (@35 @)oo (Ak; )00

Ramanujanhas defined general theta function, as

f(a’ b) _ Zan(n+1)bn(n 1) |a,b| < 1

Jacobi’s triple product identity [1, p.35] is given, as
fla,b) = (—a; ab) oo (—b; ab) oo (ab; ad)

Special cases of Jacobi’s triple products identity are given, as

Yoot = )2 (4% ¢%)oo
- "("+1) 27q2)oo
z:: (¢4%) o0
)= Y (1) = (g5q)

(1.4)

(1.5)

Equation (1.8) is known as FEuler’s pentagonal number theorem. Euler’s another well known

identity is as
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(@:¢°)% = (¢ d)x (1.9)
Throughout this paper we use the following representations

(0% 0™)o0 (0" 4™) 0 (65000 (0" 000 = (", 4" ¢+ ¢3¢ )oe  (1.13)
(0% 4™ )oo (0% 0™ (05000 -+ (65000 = (4%, 4%, 4%+ 4" 4" )0 (1.14)

Computation of g-product identities:

we can have following g-products identities, as

oo

(@*¢)) = [J(1 =)

n=0

oo

= H( Um+2) H 20n+1)+2)

oo

% H( 2(4n+2 +2 ) H 4n+3)+2)

oo
H 8n+2 >< H 8n+4
n=0

o0

% H 8n+6 >< H 8n+8

= (0% 6%)o0(q"*16®) 50 (¢°% ¢%) 0 (6% ¢%) o
=(*,9"¢% 0% ") (1.15)

o0

H 4n+4

— H(l _ q4(3n)+4) « H(l _ q4(3n+1)+4) % H(l _ q4(3n+2)+4)
n=0 n=0

n=0

I
3

(1 12n+4 X H 12n+8 X H 12n+12

n=0

= (¢"1¢")o0 (0% ¢") 0 (¢"% ¢")

(1.16)
=(¢*,¢*, ¢"% ¢

Global ]()urnal of Science Frontier Resecarch (F) Volume XII Issue IV Version | E r\l)ril 2012

o0

(@400 = [T (1 = ¢

n=0
— H 2(5n) +4 >< H q12(5n+1)+4)x
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% H(l _ q12(5n+2)+4) « H(l _ q12(5n+3)+4)x
n=0

> H(l o q12(5n+4)+4)

oo oo

H 60n+4 H(l 60n+16 >< H 60n+28 ><
=0 =0
Notes ' '
o0

o0
% H 60n+40 H 60n+52
n=0

n=0
— (q4;QGO)OO(qu;q60)w(q28;q60)oo(q40;qGO)OO(q52;q60)OO
= (¢ 4", ¢%.¢", ¢ ¢")
Similarly we can compute following, as
(04000 = (0%6°)00 ("% ™) 00 (6°%; 4°%) 00 (6" ¢*) 0 (47 4°*) o
_ (q4’q167q28,q40’q52;q60)00
(€%0%) 00 = (0% Moo (@ ") (€% 1) 0e (5 ¢* )0
=(¢%q"%d", % )
(q6;q12)oo _ (q6;q60)oo(q18;qGO)OO(qSO;qGO)oo(q42;q60)m(q54;q60)00

=(¢°¢"%,¢*. 4", ¢""¢")

(QS;QS)OO _ (q8;q48)oo(q16;q48)oo(q24;q48)oo(q32;q48)oo(q40;q48)oo(q48;q48)00

= (¢®,¢"% ¢**. ¢**. ¢", ¢**; ¢*®)

o0

(@%50") o0 = (4% 4% (67 4°°) 50 (67 4%) 00 (0™ 4™ o0 (47 4) o
= (%, ¢ ¢ ", % ¢*)
(0% 0" 00 = (0% 0" o0 (6®*; ™) 0 (¢"% %) 0
= (¢*,¢**,¢"% ¢"%)s
(q107q20)oo _ (qIO’q60)oo(q30;q60)oo(q507q60)oo
- (q »q 07q50 q O)oo
((112;(112)0o _ (q12;qGO)OO(q24;q6O)OO(q36;q60)oo(q48;q60)oo(q60;q60)oo

= (4", ¢*,4%, 4", 4% ¢*") s

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)
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The outline of this paper is as follows. In sections 2, we have recorded some well known results on
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(0% 4" = (0" ¢") 00 (6°%4") 0 (¢*%; ")
= (¢"%¢°% 4" ¢")oo
((]20;(]20)0o _ (q20;q60)oo(q40;q60)oo(q60;QGO)OO

_ (q207q407q6'0;q60)0O

g-product identities with theapplications of continued fraction identities.

[1. PRELIMINARIES

In 1983 Denis [5], has introduced following continued fraction identity

(0% ¢%)oc(—q; q)

_ (%) _ 1

(:¢*)0 71— (ql )
q(1—gq
1+ >
L q

14 (1 —-q°)

1— i
- (1 —-q°)
1+:

The famous Rogers-Ramanujan continued fraction identity [3, (1.6)], is

(4:4°)0(a%10%)o0 _ 1
(6% 6°)00 (0% )00 1+ q
It g

A well known continued fraction identity due to Ramanujan [4, (4.21)], is

(_q3;q4)oo _ 1
(—0M 14 R
@ +q
1+ 3
1+ q7+ .
1+ —14 59
1+ 11 6
14 L *4
1+

(1.26)

(1.27)

continued fraction identities and recent results on g-productsidentities given by the author[7], those

are useful to the rest of the paper. In section 3, we state and prove four new results related to

(2.3)

Ref.

quuid-oxd ‘somuuapr gonposd-b ug) : Areypney) "JIN (L)



Ref.

(7) M.P. Chaudhary : On g-product identities, pre-print.

One of the most celebrated continued fractional identities associated with Ramanujan’s academic

career, given by Rogers-Ramanujan [6], is

(q25q5)00(q3§q5)00
Clg) = - 5 1.5 =1+ 2
(454°) o0 (0% 4°) 0 1+ i

Recently Chaudhary [7], has introduce following g-product identities
(@ 4", 4% ¢*) (=05 6*)2 + (@:6*)5] = 2(=a* )%

(4%, 6%, ¢"; ")

2 4 6 8 8 2\2 2\2
) ) ) 3 —q; - ; =4
(05,47, 4°,6% 0" )ool (=007 ) 5 — (4507)5] = 44 (. ¢°% ¢ %) .

(—; )% + (@)% (a2 (%, % . ®* 0", ¢"% ¢*®)

(—¢3*)% — (6¢%)% 2q
()2 ()% (%P2 = (6, % d* 4"

(=4 6% o0 (0% 4%) 00 — (4:4%) 00 (%5 4°) o
(=46%)00 X (=¢%¢%) 00 X (45 4%*) o0 * (¢35 ¢%) 0

_ 20(=% )3 (¢ 6% 0%, ¢, 4 P

(q2’ q4’ qG’ (]8; (18)00((167 q12’ q18; q24)oo

(—4%4%) 00 (—0° ') 0o — (¢35 6%) 00 (0°; ¢') o
450100 X (%:4%) 00 X (¢°5¢%0) 0

_ @ dh %)
(¢%.4"%, 4", ¢** ¢*) oo

2q3

q27 q67 q10; q12)oo(q107 q20’ QBO, qSO, q40’ q50; q60)0o
5

T

And,

(4 6%) o0 (05 4%) 0] + (=45 6*) 00 (—0"%; ¢°°) ]
(45 4%) 00 ("% 43°) o ][(— 45 ¢%) 00 (=155 30 ) o

C(@,6%°,¢*, 6%, 4", 4%, ¢%°, ¢%%; ¢%) 5
B (¢'°, g3, g3, g0, ¢%9; ¢50) o

2
X
(q2, q47 q67 q87 q8; qS)Oo(qﬁ’ q187 q30, q42’ q54; q60)oo

(2.4)

(2.5)

(2.6)

(2.10)

(2.11)
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[1I.  MAIN RESULTS

In this section, we established and proved following identities with the applications of continued
fraction identities in the g-product identities, recently given by Chaudhary [7], as

(0", 4", 6% ) oo (= )2 —(0: 4*) 2]
_ 49(d, 6% 0 1 (3.1)
(4%, ¢*®) o L et
) (1 - q*)
. + 72
= 1— A
o 48 1—
i —
Y
< 72 1— 72
144 (1-4")
1+
g (—=450%) 00 (0% 0%) 00 — (4:6%)00(4% ¢°) o
E (—45:0%) 00 X (=0%4%) 00 X (¢:4%) e X (¢%5¢%) 0
=
g _ 20(=¢% 03 (¢" 6% 0%, % *)ox
= (42, 4% ¢% 6% ¢%) (4%, ¢"%; ¢**)
5
) 1
£ X e (3.2)
G 1—
> N 21— ¢
— 36
L 1— q
~— 24 1— 24
. 1+ q*( 6(10 )
5 q
::‘:' 1 36 36
B (1 —q°)
& 1+ )
= 1+4:
& (=¢%4%) o0 (=% ") 00 — (¢%;¢%) s (¢°; ¢*)
g (=4%16%)00 X (=0°:0") 00 X (¢°:4%) o0 x (¢°:¢"%) 0
5 6
3
E _ 2¢° (4% 4" (4", 4%, 4%, 4%, 45 4%) o y
_‘g (q67 q12’ q187 q24; q24)oo(q2a qlo; q12)oo(q10a q207 q307 q30’ q407 q50; q60)oo
5
= 1
o X 5 (3.3)
- 1- eq 6
1 _
L+ q°( 1q&;)
q
1 _
12 12
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And,

(43 0%) 00 (0*%; 4%%)00) + [(— 45 4®) 00 (— "% %°) 0]
[(456%) 00 (025 %) 00 ] (=3 4) 00 (— 075 ¢%°) o]

2(¢"%,¢%°, ¢**, 4%, ¢*°, ¢*%; ¢°°)

(q27 q4, q67 q87 q8; q8)oo(q6’ q107 q187 q30’ q42, q507 q547 qGO; q60)oo

1
30

30 30
(1 —q%)
1+
- qgo
x (1 —¢")
L+ 150
1 - 93 90
1,
149 (1-4¢")

L 1+: .

Proof of (3.1): Making suitable arrangements in the g-products identitiesgiven in the right hand side of
(2.6), and further apply (2.1) for ¢ = ¢ 2*, we get (3.1).

Proof of (3.2): Making suitable arrangements in the g-products identitiesgiven in the right hand side of
(2.9), and further apply (2.1) for ¢ = ¢ 12, we get (3.2).

Proof of (3.3): Making suitable arrangements in the g-products identities given in the right hand side
of (2.10), and further apply (1.17), and (2.1)for ¢ = ¢ ¢, we get (3.3).

Proof of (3.4): Making suitable arrangements in the g-products identitiesgiven in the right hand side of
(2.11), and further apply (2.1) for ¢ = ¢ 3°, we get (3.4).
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Abstract - This paper discusses a few geometric models that have been of great utility in the modern technologically dominated
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I.  INTRODUCTION

Geometric models have been playing a vital role in today’s commercial enterprises
albeit a fact quite unknown to the users of technology. These technologies have been
essentially driven by the revolutions in e-commerce and internet usage. The Mathematical
theory of communication which was initiated by C.E Shannon at Bell labs in the mid of

20th century can be regarded as a backbone of today’s network revolution. To give a
sample of the mathematical models driving our society, we have the theory of codes (both
source codes as well as error correcting codes) which help achieve reliable and efficient
transport of digital and analog data. Transactions have been taking place over the ATM
Machines, Internet as well as swipe cards thanks to the mathematical description of
money exchange. Security systems of e-commerce are basically operated by number
theoretic and geometric models. Moreover the networked environment itself is
topologically defined and several surveillance mechanisms are devised through
combinatorial and geometric models. A global analysis of the same can be made through
the theory of Riemann surfaces. Our basic structure in this paper is that of a manifold
and we see several mathematical models that are currently used by industries world over
to enable communication and trade. In section-I we look at the basic geometric spaces
and their use in computer graphics and visualization. In Section -II we describe how
transmission of huge digital data is possible in an error free manner by the use of
geometric spaces. Also algebraic-geometry based ciphers have been discussed. In section-
IIT we briefly describe the mathematical model for networking environment at a global
scale. Finally in section-4 we look at quantum scale structures which are also motivated
by the theory of manifolds and Hilbert spaces.

[I.  GEOMETRIC SPACES AND COMPUTER GRAPHICS

Shapes that we need to convert into graphics can be perceived as a collection of
curves. So naturally we are led to the definition of a manifold. For example if one
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revolves a unit line segment about a point then we see a unit disc formed. But the
challenge to the computer graphics industry is to describe algorithms such that one
constructs a required shape with a minimum amount of information to be fed to the
computer. Geometric Modeling is the science of developing algorithms to construct
geometric shapes and scenes as required by the graphics industry. One of the earliest
methods developed in this direction is that of using polynomials to approximate surfaces.
The basic idea here is to develop a mesh made of curves. This mesh is a discrete version
of a manifold [2]. Using the so called algebraic splines a class of manifolds called cell
polyhedral surfaces can be constructed. A suitable smoothing process then makes up the
shape that we require. The «crucial theoretical consideration here is that of
parameterization of rational curves and surfaces. From a practical standpoint,
parameterization requires many functions to be computed and hence it is a costly affair as
far as computational complexity is concerned. Other alternatives are the implicit surface
constructions and the conformal geometric algorithms [3].

a) Algorithms and Software

Warren and Moore’s Algorithm based on triangulation of quadratic algebraic
patches is one of the earliest algorithm being implemented on IBM 3D interactive
accelerator. NURBS is an acronym for a class of algorithms that use the theory of
algebraic curves and surfaces to generate computer graphics. It means non-uniform
rational basis spline, which employs analytic techniques including Bezier curves. Pierre
Bezier and Casteljau are the pioneers who developed mathematical models to build very
flexible representations of curves and surfaces. If the surface or a scene to be created is
already an algebraic manifold then it is relatively easy to build algorithms to represent
the same on the computer screen However to get more realistic textures one uses

softwares that generate fractal geometric sets. ‘GANITH’ is a software developed by
Scientists at the Purdue University. The programmes written in C-language enable a wide
range of computing with respect to graphics. The tasks that can be performed through
GANITH include synthesis of graphics and rendering, spline generation, implicit surface
generation and many kinds of animations.

b) Mathematical programming method
This method uses linear algebra and related algorithms to generate graphics. A

scattered set of points, curves and derived jets are given as inputs. They are fed to the
computer as a finite set of vectors. The output should ideally be a low degree algebraic
surface fit through the scattered set of points, curves and derived jets with a prescribed
higher order interpolation and least squares approximation. The mathematical problem to
be solved can be expressed as follows:

Let X be a vector containing coefficients of an algebraic surface containing the
points, curves and derived jets. Let M;, M, be the interpolation matrix and
approximation matrix respectively. Then one needs to minimize X'(M",,M,X) subject to
the constraints i) M;X=0 and ii) X'X=0

This linear programming problem which involves alignment of points curves and
patches in a given pattern leads to a solution that is very helpful in the computer
graphics industry.

1. CODES AND CIPHERS

In the modern era of ICT - Information and communication technology the right
kind of processes are required for efficient transfer of data. The problems associated came
to the fore when digital technology was in its infant stage. Mathematicians Richard
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Hamming and others began working towards a theory for reliable communication, which
got fulfilled with the path breaking work of C.E.Shannon. He developed the so called
“Mathematical Theory of communication” which became a foundation for a lot of future
work to be done in this area.

a) Description of the Problem

When data has to travel through some medium which we shall call a channel, it is
subjected to disturbances or ‘Noise’. Errors may creep in at various positions of the
digital data so much so that the receiver may not make any sense out of the scrambled
data. Same is the case with the data/signals contained in a digital compact disc. So for
reliable data communication one needs to encode the data in such a way that at the
receiving end, a check can be performed to detect for errors and then correct all the errors
that might have occurred. There is another type of encoding in literature namely source
encoding. This is done whenever we need to achieve data compression. This is based on
Shannon’s theory of communication and the related Nyquist rate. Here we are only
concerned with data encoding which is done for reliable transmission of data as described
above.

b) The Solution

One of the popular methods to solve the above problem is to use vector spaces.
Suppose one encodes all the message bits using an alphabet set say > then this set need
to have the structure of a finite field and the n-dimensional product space becomes a
vector space of dimension ‘n’. We fix the block size as ‘n’ so that the whole message is

divided into blocks of size ‘n’. In each block one deliberately keeps message bits of size n-
k, thus making way for k positions for inserting check bits. The set of all meaningful
words will be a subspace of the space X". Now after passing through the channel, the
received word can be checked for errors by using the parity check matrix. The detection
of error as well as the correction is done by making use of the concept of a distance on
this space of (digital) words. The distance function called the Hamming distance is
defined as follows:

d(x,y)={i:x#y,, X;, y; are the ith position bits of x and y respectively}

¢) Role of Geometry
Clearly the vector space structure and the parity check matrix play a central role

in any such scheme of error correction. Now there are three parameters of any scheme of
coding through vector spaces. The block size n, the number of check bits k and the
minimum distance of the code. Here the minimum distance is defined as the smallest
distance separating two meaningful words, among all the pairs of words, that is
D=Min{d(x,y):x,y € C, x#y}.Now for the code to be efficient in the sense of faster
implementation, the value of ‘d’ should be large while keeping the value of n also large.
This is accomplished by considering an algebraic curve. The set of all rational functions
on this curve is a certain ring of polynomials. It is in fact an integral domain and hence
one can define a mapping from this ring into the vector space ¥". This mapping makes
use of evaluation of the polynomials at the points of the curve. This is the precise
geometric argument and the injectivity of the above map means that the image is a
subspace of ¥". Thus we arrive at an efficient code. In very recent developments one uses
a very special kind of manifold namely a Grassman manifold to develop efficient codes.
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d) Ciphers

The elliptic curve which is topologically a torus has a very interesting algebraic
structure. The points on this surface can be realized as an abelian group. This geometric
object and of late its generalization namely an abelian variety are used in the theory of

cryptograms. Cryptography is a science that assumes a very central role in today’s world
of electronic transactions, digitally signed documents, virtual conferences etc. Primarily
one needs to protect messages being sent on a public network from the so called
eavesdroppers or illegal snoopers. Another problem to be tackled in the e-commerce
environment is the ’authentication’ of messages. Let us say a bank has to release money
to a vendor on behalf of a customer. Now the bank should be sure that the customer has
made the transaction and the customer should not be able to fool the bank saying that he
has not entered into a contract with the vendor (This property is called non-repudiation).

So a cipher (or ciphertext) is a transformed text out of the original text so that
only the intended recipient can recover the original message and the sender himself
cannot alter its content once having made the communication.

e) Discrete Log problem

Let G be a cyclic group of a very large order generated by an element ’a’. Let y be
any random element of G. Then the discrete log problem in this setting is to find 'n’
satisfying the equation y=a" .One implements public key cryptosystem by using this
generic mathematically hard problem. Let ,a” be a random element such that 1<a<qg-1.
Now let us compute the number h=g*(modp). The triple (p,g,h) is called a public key
used by anybody who would like to encrypt and send messages digitally using this cipher
scheme. Now the private key available only to the recipient is the number ‘a’.

The Process: By using the public key (p,g,h) one encrypts a message m ( plain
text message is converted into a number say ,m“) by computing r=g*(modp), s=h"m
(modp) . Note that here 0<m<p-1

Now the required cipher text is ¢=(r,s). One can decrypt the message by using the
secret key (i.e the private key ,a”) just by computing the value of s.r*

This simple analysis can be made extended to a more secure cryptosystem by
making a judicial use of Geometric spaces. The torus alluded to earlier in this article
contains a neat algebraic structure namely that of an abelian group. The discrete log
problem described in the previous paragraph can be suitably modified to make analogous
computations on the so called elliptic curve. By a suitable identification one can visualize
the torus as the set E={(x,y): x’+ax+b-y*=0,a,b € F} where F is a very large finite field.
This set of points is in the algebro-geometric language is called an Elliptic curve.

Elliptic curve cryptography has been made very popular by some firms involved in
digital signatures and digital copyrights. Researchers in this area are trying to use higher
dimensional geometric spaces in search of better security since they need to be always
smarter than the hacking communities.

IV. NETWORKING ENVIRONMENT MODEL

a) Sensor Networks

A network that we use in the communication system is basically made up of
several nodes that are interconnected by physical or abstract linkages. Signals which may
be of digital or analog form are transmitted across these nodes. If we view the entire
domain that is inter-networked, one can imagine a manifold underlying the entire gamut
of devices. Sensors are devices that measure features of a domain and return a signal from
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which information is extracted. More complex sensors involve video devices so as to
extract visual, audio or textual data. While local topology is coarse in nature the
continuum nature of a Riemann Surface is quite useful for a deeper understanding of the
systems. The fundamental idea here is the integration of small networks to get a global
surface. The local data is a triangulated domain. These discrete objects can be integrated
to get a Riemannian surface. The emphasis on the Riemannian structure is to enable one
to do a homological study and develop a suitable model. A network of sensors required for
applications like global positioning systems, machine learning systems and other ad-hoc
network devices consists of a simplicial complex made up of cloud points. These are
essentially neighborhood systems made up of e-balls. Let V be the set of points. In real
world applications this is a finite set. However the mathematical abstraction has a
provision of infinite points embedded in the Euclidean space R" or on an oriented
Riemann surface.With this convention we describe a discrete model.

b) Discrete Model
Based on local communication a class of simple sensors helps in fast and pervasive

computing. The discretization of the Riemannian surface is as follows: The whole global
area is covered by triangles formed by nodes. Each node broadcasts a unique ID number
and it can detect any other node due to connectivity. The nodes have radially symmetric
covering domains. The nodes on the boundary have designated properties so that
neighboring devices can interact. The theory of simplicial complexes leads to this
mathematical model on the said Riemannian surface. A theorem of Rado asserts that
every orientable Riemann surface can be triangulated. On the other hand given any
surface with a Riemannian metric given, one can put isothermal coordinates on the
surface thus getting a conformal structure which leads to a complex manifold of
dimension-1. Thus we get a Riemann surface say X. Let this surface have a triangulation

IT made up of points of the set V. Now consider a graph G(V,E) where E is the set of

edges occurring in the triangulation. Now select a spanning tree i.e a subgraph I' with the
same vertex set V but edges are selected such that no non-trivial closed paths (circuits)

exist. This spanning tree helps us to form a fundamental polygon for IT .The following
theorem [9] then enables us to construct a homology basis.

Theorem 3.2 Let D be a canonical cell decomposition of a compact orientable
surface M of genus g. >1 with n, cells and n edges. Then (there exists) a canonical
homology basis for M such that any curve in the basis is homotopic to an edge path D
having atmost n;-n, edges.

Thus using the short geodesics guaranteed by the above theorem one constructs a
homology basis.

V. MICROSTRUCTURES ‘A FUTURISTIC PROPOSITION’

In this concluding section we delve into a futuristic proposition. While the
networking environment is inundated by mathematical modeling proceedures, we seek to
view what is in store in the pipeline of research. According to Moore’s law, the size of the
computing structures is decreasing at a rapid pace. So it is worthwhile to look at the kind
of innovations taking place to reduce the size of the devices (nodes) themselves. Quantum
computing is the buzzword in this direction, ever since Peter Shor demonstrated the
power of this kind of computing. Here the fundamentals of quantum mechanics take over
the semiconductor devices to perform computing. As all of us know a computing device is
a finite state machine that takes as input a string of states and after processing in finite
time a desired output is generated. While these states are processed as LOGIC gates
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operated by semiconductor chips, one is constantly looking for “lighter materials” in place
of the bulkier ones. Thus nanotechnological advances are fast making inroads to develop
miniature designs. If one uses principles of particle physics, then we lead to quantum
particles and strings. Quantum computing is evolving by looking at energy states that are
actually at the level of quantum packets. Non-zero equivalence classes of a Hilbert space
represent all the energy states of a quantum particle. The theory of Riemann surfaces
surprisingly is the right kind of mathematical abstraction to understand computing at
this level. The Transition from Classical (Physics) to the Quantum setting as per Edward
Witten , the Fields medalist , is very closely connected to the passage from Riemannian
Geometry to Symplectic Geometry. Physicists discuss deformations mainly to look at
one “The Quantum Theory” and the other to string Theory (Membranes). Symplectic
Geometry was first explored because the classical equations of motions can be put in
‘Hamiltonian form’' and thereby symplectic properties can be utilized to solve these
equations in certain important cases. Superdense coding is possible in this setting due to
which in future the computing capabilities can become extremely fast almost comparable
to the speed of light.
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For the convergence and other details of the I-function, we refer the original paper of
Saxena[5|. Saxena [5] has proved that the integral on the right hand side of (1.1) is

absolutely convergent when 2 > 0 and | arg z |< %WQ, where

Kampé de Fériet hypergeometric function will be represented as follows.
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For further detail one can refer the monography by Appell and Kampé de Fériet[1].
Mishral[4] has evaluated
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Where (a), denotes ay, - -, a,;I'(a £ b) representsI'(a + b),'(a — b); h is a positive
integer;p < ¢ and Re(w) > 0.Recall the following elementary integrals:
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Provided either both m and n are odd or both m and n are even integers.

For brevity, we shall use the following notations.
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Proof: To prove (2.1), expand the I-Function into the mellin-Barnes type integral. Now,
on changing the order of integration,which is permissible under the conditions stated with
the integral, the integral readily follows from (1.7)

On applying the same procedure as above the integral (2.2) can be derived easily.

[T1. EXPONENTIAL FOURIER SERIES
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which is valid due to f(x) is continuous and of bounded variation with interval (0, ).
Now,multiplying by ¢ both sides in (3.1) and integrating it with respect to x from 0
to 7, and then making an appcal to (1.8)and (2.1),we get

Tt = (afwy  (B/4)
Ap = Qw—1 ¢ 7l t!

r,t=0
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An application to (3.1) and (3.2) gives the required exponential Fourier series
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IV.  COSINE FOURIER SERIES
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Now, multiplying by " both sides in (4.1) and integrating it with respect to x frome 0

to 7 ,and finally ,making an application to (1.8),(1.9) and (2.1), we derive
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using (4.2), (4.3), from(4.1) we get required cosine Fourier Series.
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V. SINE FOURIER SERIES
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Z Cp sin px.

(4.3)

Notes

(4.4)

(5.1)

Multiplying by €™ both sides in (5.1) and the integrating it with respect to x frome 0

to 7 ,and making to (1.10) and (2.1), we obtain
H

6’Lp7l'/2 00

2w—1

(/)Y (B/4)

Cp = o 7

r,t=0
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, (1 —w—2pr —2vt,20;1), (aj, aj)l,na (aji; O‘ji)nJrl.pi
Xlgfl—t_%ﬁ&r 1° Yot . (5.2)
(b5, Bi)1,m» (bji, Bji)m+1,0: (W, op 1)

Now making an application of (5.1) and (5.2), we get required Sine Fourier Series.

Notes

(2sinz) GoHH

wleE;F;F' [ (6)7 (f)7 (f/)7

(aj, @) 1ms (@i, Qi )y 1,

(bja /Bj)l,ma (bjia ﬁji)m-‘rl,qi

x| z(sinz)®?

9] oo 2 ipm/2 4P\ 47 t
= ZZ Lsinpxe(a/‘) (6/‘)
P00 =0 ) 7! t!

(1 —w — 2pr — 29t, 20; 1)7 (aj, aj)l,na (aji, aji)n—i—l,pi

X I;?fl—t—qli+2:r 4% L ) ot : (53)
(bj5 Bi)1,m» (bji, Bji)m41,0: (W, ; 1)

VI.  MULTIPLE EXPONENTIAL FOURIER SERIES

Let

e wie vwe pEuFuE, | (e1); (f1); (f); ea(sinay)
o) = (aina) s Gina)tFEET | (o (R e

Y ’

L FEn;Fn;FlL (en); (fn); ( 7@)7 an(sinxn)2p”
GniHni Hy (9n); (hn); (hy,); ﬁn(sinxn)%"

(%’7 aj)1,7 (a’jiv aji)n"rl,pi
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xIw | z(sinzy)? - - (sin z,) %"
(ij ﬁj)l,mv (bjiv ﬁji)erl,qi
= Z .. Z Apl'npne*i(PlrlerJrPnfrn)' (6.1)
pP1=—00 Pn=—00

Equation (6.1) is valid, since f(z1,---,x,) is continuous and of bounded variation in the
open interval (0, 7). In the series (6.1),to calculate A, ..., we fix y,- -+, z,_1,50 that |

i “ee i Aplp 16*’i(P1$1+"'+pn7133n71)

p1=—00 Pn—1=—00
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depends only on p,.

Furthermore ,it must be the coefficient of Fourier exponential series in x,, of f(z1, -, z,)
over 0 < x, < .

Now multiplying by e%» both sides in (6.1) and integrating with respect to z,, from 0
to m,we get

e vt pEFSEL | (e); (1) (f1); oa(sinay)? ]
iy e iR | (o) (R e

I I

n—1

BoriFasiFoy | (enm1); (fao1); (fac1)i  Qnoi(Sinap_1)?Pn-t |
. -H! .
Cntitntith o | (gn1); (An-1); (B _1); Baea(sina,1)> |

T y. . . . .
></0 (sinxn)w”_le’mn%FGEs;’gZZ% [ (en); (fn .

(s, ) 1m5 (Qjis Qi) i1,
x I, | z(siney )27 - - (sina, )27 dz,
(b5, Bj)1ms (bjis Bji)m+1,4:

(e o]

_ Z Z Aplmpnile—i(l)1w1+~..+pnzn)+ Z /(ei(mn_pn)wndm (62)
—~ . Jo

p1=—00 Pn—1=—0C Pn=

using(1.8) and (2.1),from (6.2), respectively,we get

o 00 ilprtetpn)T/2
AP1~.~pn — Tl;:() . e ) tZ:O W (61 e Gn)
o/ @yt (n/4)"™ (B/4)"
7’1! tll ’ ! Tn! tn'

(1 —wy —2p17r1 — 271t1,201;1) -+ - (1 — wy, — 2pp70 — 2Vt 2005 1

m,n+1 z_____
XIpi+17Qi+1i’f‘ 4lor+eton)

1w —2p1r1—2mt1 %
(0, 85)1,ms  (Bjis Bji)m+1,q, ( w12t ml,m;l)
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(aj, ) 1m5 (@i, Qi Jn 1,

(6.3)

1—wn—2pnTn—2vntntm .
__.( n n'r; nln n,a-n,]_

Using (6.3) in (6.1), we get required multiple exponential Fourier series.

Let

(sinzy)“rt.

- . (£ ; 2p1
loin )" [ EZS Ezll)) (({11'1))’; %11((2?;3;11))2“ ]
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PRI o

(a5, ;) 1,05 (@5, O )t p;

x| z(sinzy)? - - - (sinz, )27
(05, Bj)1,m, (bjis Bji)m1,4;
0 o ( . )
= Z Z _\EL ) mi(pinietpann) o (Prepa) o
2(witFwn)—n )
Pl Pr=—00 71T, b1t =0

(a1 /4P)™ (By/4)" (an/47) (B 47)""

7’1! tl' ’I’n! tn'

(1 % 2p17"1 - 2’71t1> 20—1; 1) e (1 — Wp — 2pn’rn - Q’Yntn; 20n; 1);

m,n+n z_____
XA pngitn | TETFFom)

l—wi—2p1r—2y1 1+
(b5, Bi)1,ms  (bjis Bji)mt1,4s ( T ml,m;l)

(ajia Oéji)l,n, (aji, Otji)n+1,pi

(6.4)

1—wn—2pnTn—2vntntm .
..‘< n nré ntn n’a.n’l

VII.  PARTICULAR CASES

Setting (1, -+, 3, = 0 in (2.2),we get

I ™ .
/ . / (Sin ml)un—l . (Sinxn)wn—lez(mlxl...mnwn)
0 0

(e1); (f1); (en); (fn);
XE1+F1FG1+H1 (e %] (sinm1)2pl e En+FnFGn+Hn an(sinxn)2p"
(91); (hn); (9n); (An);

(@7, @) 105 (@i Qi )1
I | z(singy)?o - - (sinm, )?on dzy - - - dz,

X Piyqi:T
(b5, Bj)1,ms (bjis Bji)m+1.0:

Eq Py
(,n.)nei(mlerern)ﬂ/Z oo knl(elkl )Tl knl(flk:l )7‘1
_ 1= 1=
= 2(w1+"'+wn)_n Z 0 G1 H;
= Hl(glkl)rl H (hlkl)ﬁ
1= 1=
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Ey

F,
k}ll(enk )rm 31 (fnk )1 (o1 /4P1)" (a /497 )
i

( ) 7“1! T’n!

=
I1 (gnk )rn

kn=1

(1 — W1 — 2P17”1, 201; ]-) e (1 — Wp — 2pnTn; 2Un; 1)7

]—m n+n z
pit+2,q;+2r | 4lo1tton)

(bjaﬁj)Lm, (bjiaﬁji)mﬂ,qi (w,al;l)

(@, ) 1m5 (@i, Qi )1,

(7.1)

1—wn—2pnrnEtm .
"( n 2nn n)o-n’]_)

Further setting a4, - -+, a, = 0 in (7.1),we obtain
s v )
/ e / (Sin ml)wl_l e (Sinxn)wn_lez(m1$1+"'+mnxn)
0

(aj, )15 (@i, Qi )y p;
xI™N 1 z(sinxp)?o1 - - - (sinz,)?n dzy -+ dz,

Pi,qi:T
(b, Bj)1,m> (bjis Bii)m+1.0:

(Tr)nei(m1+---+mn)7r/2

2(w1+-twz)—n

(1 — w1,201; 1) s (1 - wn,zan; 1)7

Im ;n+1 z
i+n,q;+n:r 4(o1++on)

(bj7 5j)1,m, (bjz', ﬂji)m—i—l,qi (%, 01; 1)
(a5, )1, (@i, ¥ji)nr,p;

7.2
(e 1) (7.2

2

Now setting & = = 0 in (3.3) we establish

(a’j7 Ov’j)l,m (aji> aji)n+1,17i

(bja ﬁj)l,rrn (bji7 ﬁji)erl,qi

w—1 mmn
]Pq
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(sinx) 2(sinx)%

L o gnE) (1 —w,2051), (a5, )10, (ji, Ui )t p,
m,n Z
= 2 o g | ¥ - (7.3)

p=moo (55 B5)1,m> (bjis Bji )m+1.4, (#ﬂ, o, 1)
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Letting p = 2[ as 1 is a integer,from (7.3), we establish

(552,05 1), (aj, )10, (@i, i)t g

1 m,n
L.H.S. of (1.3) = \/_IM;}ZW N
(bj7ﬁj)1,m> ( ]z;ﬁjz)erl q; ( 9 y T3 1)
Notes 1 foe) — (1 —Ww,0; 1)7 (a'ja aj)l,n; (a'jz'; Oéji)n—l—l,pi
Tou s Iy tgiror | 20 -
pn=1 (55 B5)1,m» (bjis Bji)m+1,q, ( —==, 05 1)

(7.4)
Further letting p = (20 + 1) as 1 is an integer,from (7.3) we obtain

= Jum2 Z sin(2l+ )7 /2 .sin(2l + 1)z

(1 — w, 20; 1)> (aj; aj)l,n; (aji; Oéji)nﬂ,m
Imf1+q11+2r 4% (75)
(bj; ﬁj)um (bjhﬁji)erl,qi (%; g; 1)

Similarly, remaining particular cases can be evaluated by (4.4) and (5.3) applying the
same techniques.
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Abstract - The aim of the present paper is to evaluate new generating functions of H-function, using Truesdell’s
ascending and descending F-equation technique. These formulae are unified in nature and act as the key formulae from
which we can obtain as their special cases. For the sake of illustration, we record here some special cases of our main
formulae, which are believe to be new and important themselves.
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.  INTRODUCTION

In 1987, Inayat-Hussain [1, 2| introduced generalization form of Fox’s H-function,
which is popularly known as H-function. Now H-function stands on fairly firm footing

through the research contributions of various authors [1-3, 6, 7, 9-12]. H-function is
defined and represented in the following manner [7]:

—mn —mn (ai‘ai;AJ )1n '(ai’aJ )n+1 1 -
Hog [2] =Hoa Z(b-B) (‘b 5 * =5l 7 (E)de (2#0) (1.1)

m+1qg

where

I -pa[rt-a + )
(&)= — (1.2)
[T{ra-b,+pe}” [T -og)

j=m+1 j=n+1

It may be noted that the 6(&) contains fractional powers of some of the gamma
function and mnp,q are integers such that 1<m<qgi<n<p, (aJ)w,p‘(ﬁi)m are positive real
numbers and (A, )m,(Bi )m+1,q may take non-integer values, which we assume to be positive
for standardization purpose. (aj )1p and (bj )m are complex numbers.

The nature of contour L, sufficient conditions of convergence of defining integral

(1.1) and other details about the H-function can be seen in the papers [6, 7].

Author : Department of mathematics, Malwa College of IT and Management, Bathinda-151001, India.
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The behavior of the H-function for small values of |z| follows easily from a result
given by Rathie [3]:

ﬁgg[z]=0(|z|“);
Where
o= mmRe[b J|z|—>0 (1.3)
1<j<m a]
Q= 2“3 |—Z|B |+Zn:| A= Z|a [>0,0<z|<w (1.4)

j=m+1 j=1 j=n+1

The following function which follows as special cases of the H-function will be
required in the sequel [7]:

_ (a.,a;A) _
D\Vq{ J J. J1‘p, ]H:)Z+1|: Z

Truesdell’'s F-equations are defined and represented as:

(0.1).(1-b,8:8)),, (1.5)

(1_aj‘aj;AJ)1,p ]

a) The function F(zs) is said to satisfy the ascending F-equations if DF(z;s)=F(z,s+7)

where D' = [dj
dz
b) The function Y(zs) is said to satisfy the descending F-equations if
D Y(zs)=Y(zs~-r) , where r is a positive integer.

For F(zs) satisfying ascending F-equation, Truesdell [13] and Agarwal and Saxena

[4] obtained the following generating functions using Tayler’s series:

F<z+y,s>=iy”@ (1.6)
Y(z+ys)=§y”@ (1.7)

In order to obtain main results of this section, we will make use of the following
well known results on multiplication formulae for the Gamma functions.

- ‘F[s+r+kj rﬁr(s+kj (1.8)
m‘r(s—r—kJ: (-m)" T ‘F(s kj (1.9)
k=0 m (M—5), k=0 m
el (s—r+k) (-m)" = (s+k
(7)o (5w (1.10)
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I1. DIFFERENT FORMS OF H-FUNCTION

Notes

(1.11)

(1.12)

In this section, we have different forms of H-Function which satisfy Truesdell’s

ascending and descending F-equation.

The following forms of H-Function satisfy Truesdell’'s ascending F-equation:

(aj,aj;A

Do(ane), o AA(ps).n}

k(B
al o |\a) ja(@s)hh (o)., (0:B:B) . {8(ps).h}

{A(as+1/2).n} (a.0A)

a+1,

VR
| N
Ne——

b
|
e
Qa5
VR
N
N——

=

N ool (22) {A(a,s+2/3),h},(aj,aJ;AJ)am,
- Hpvq - ’
[ ) ( j {A(3a,3s),h},(b,.B,)

{A(2a,25+1/2),h},(a,0,A))

—(s+1) ha
z =mn | [ zt
=)
a a
7 -s —n 7t ha
5| (3)
a a
7 -s —n 7t 2ha
(_j 23 emS/Z Hpq [_j
a a

(ai’aj;AJ )m ’(aj'“j )Mp

{A(a,s/2),h}(b,B, )Mm

AN | (2 e {A(p,s).h} (aj’aJ;Ai)m
(gj € Mo (EJ {A(a‘s)’h}<bi’ﬁj)aﬂm'(bJ,Bj;B

[E)_S g™ Hmy” (Z_tjha (ai’aj;Aj )m ’(aj‘aj )ﬂﬂ‘p
2 TG fawon (. (o

Making use of the equation (2.1), we obtain:

3a+1m ’(

{A(4a4s+1)nL (0, B,),.., (01B;B))

n ‘(ai‘ai )n+1‘p
{A(2a, 28),h},(bj,l3J )Mm ’(ijBj;Bi )mﬂ‘q

(@), . {A(as+1/3)h

bi’Bi;BJ)

m+1q

a,a)
2a+1,n'( "1 nstp-2a

m+1g-a

(bj’Bj )Mn '(bJ'BJ;Bj )m+1‘q—a {A(a,S),h}]

(2 0A )m (ape )Mp
(byByB)),..,. . 1A@(s+1)/2).h}

(aa)
n J l n+1p
J

{A(p,s).h}

j )m+1‘q—p '

Bj )m+1,q ]

{A(2a,2s+1),h}
{A(as+1),h}

|

] (2.3)

] (2.4)
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(3paiA), (@), A8 (0S) 1 ]
(2.9)

{A( ) h} (b B )aﬂm ( [?)J;BJ )m+1,q—p'{A(p'S)'h}

DL[AZS)] =D;( j Hos {[th
a a

Replacing the H-Function by its definition (1.1) and then interchanging the order
of integration and differentiation and (2.9) transforms to

a1r(3+k_hgjnrb B&H{N a, + a8} ( i JD;(z)haé's

1 ¢ ko

omiL o s+K s+Kk % (2.10)
{ (1-b, +B,&)}" Hr(1—p—hgj1‘[ra - k) F(p—h&]
j=m+1 j=n+1 k=0
Now using (1.8) and (1.9) lead to two identities:
at (s+k a at (s+r+k
llr — ne = (5—hag) k_Or S he (2.11)
a}@_ﬂ h‘taj s( hag) rawr[ S+r+k h‘ij (2.12)

Using these results, equation (2.10) takes the following form:
D [A(z,s)]=Alz,;s +T1]
Similarly, forms of H-Function (2.2), (2.3), (2.4), (2.5), (2.6), (2.7) and (2.8) satisfy
the Truesdell's ascending F-equation.

Also the following forms of H-Function satisfy Truesdell's descending F-equation:

Global J()urnal of Science Frontier Research (F) Volume XII Issue IV Version I E :\l)ril 2012

Z o —m.n_ t e {A(a’s)'h}’(aj’aJ;Aj)aHn'(ajyaj)n-ﬂp—P’{A(p’s)‘h}
5) ") | ’ (2.13)
L 28 (bj'Bj )1,m’<bJ’BJ;BJ )m+1,q—p ‘{A(p's)’h} )

z | £y {a(2a2s).0) (ay oA, (8 0) o

< Hpq v a+1n n+1,

(a) (zaJ {a(as+1/2).h (0,B)),, (buBiB), (2.14)

(EJHH“” _(Ljha {A(4a,4s +1),h}, (a,0A ) 1n,(aj,cxj)nﬂm,{A(a,s)lh} q

a) "\\za) |ta(ea2s+1/2) ) (b,,), ., (6,68, .. 1A(28.25)h) (2.15)
. z S_W—myn_ t n {A(Sayss)’h}'<a'a';A.)SaH‘n’(ai’aj)nﬂp

(_j oo (Zj {a(as+2/3)hh(b.B),, (0,88), . (A(as+1/3)h} (2.16)

© 2012 Global Journals Inc. (US)

Notes



Notes

{a(a:s).h} (a05A, )a+1,n (@, )nﬂp]

7 s-1 —n t ha
Skl
a Za

(0:8),,.(0.8:8),., 247
(Ej81 2_Se\ns/2ﬁsg (LJZha {A (als / 2)lh}’ (aj,aj;AJ )a+1,n ’(aj’aJ )n+1,p*a '{A (a,(S + 1) / 2)’h}
a "I\ za (0.8, )m (b,B:B )mﬂq (2.18)
, Hﬁm‘n - (ai'ai;Ai)1,n'(ai’aJ)nn,p,a’{A(a’s)’h}
(_j h (Ej (bj'Bj )1,m '(bj'Bj;Bi )m+1‘q (219)
(EJH . ( t jha {A(p,s),h},(aj,aJ;AJ)p”’n,(aj,otj)nﬂvpia,{A(a,s),h} .
- || 22 A(ps)hr (b,8) . (0,8,B), . (220)
Making use of the equation (2.13), we obtain:
Z - —mn t e {A(a’s)’h}' (ai'(xj;Aj)a-Hn '(aj'aj )n-HP-P Y{A(p‘s)’h}
oLtetzo =0, (2] T[] | | (2.21)
@ 28 (6:8,), (0188, AA(RS)) '

Replacing the H-Function by its definition (1.1) and then interchanging the order
of integration and differentiation and (2.21) transforms to

m a s+k thes r s-hag-1
’ 1:[1"(bJ —Bjé‘,)g 1—T+h<“; H{F1 3 +a§)} =) D ( )
omi g ; B 1 s+k e (s+k % (222)
[T{ra-ob, +B§}'HF(1—+h§jHF(aJ—a§HF(—h§]
j=m+1 k=0 j=n+1 k=0
Now using (1.10) and (1.11) lead to two identities:
at (s+k at (s—r+k
F(T—héj (-A)"(hag —s+1) r]‘[r( —h&j (2.23)
a1r[1—ﬂ+hgj=a—ra1r[1—s_”k+hgj (2.24)
o a (ahe —s +1), 1 a ’

Using these results, (2.22) takes the following form:
D.[B(z,s)]=Blzs -]
Similarly, forms of H-function (2.14), (2.15), (2.16), (2.17), (2.18), (2.19) and (2.20)

satisfy the Truesdell’s descending F-equation.
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(Us)

[1I.  GENERATING FUNCTIONS

{A(as).n} (o,B, )a+1,m (0,8:8)

{A(2a,2s),h}.(b,.B))

2a+1m ’(

{A(4a,4s+1),h}(b,.B,)

4a+1m

{A(4a,4s +4r+1),h},(b,.B))

(ai’aj;AJ )1,.1 ’(aj’aJ )nﬂp
(0:B,),,,-(01.8:B )m+1,q—a {alas

(ai ! a] ; AJ )m '(aj ! aj )nﬂ‘p

m+1,g-

{A(as+1/2)h} (a,0;A, )a+1,n (a0, )n+1,p
bJ'BﬁBJ)

{A(as+r+1/2)h} (a,0:A))  (a,0))
X ) P
{A(2a2s+2r),h}, (b)), . (0,B;B))

{A(a;s+2/3)h}, (aj,ocj;Aj)Mn (a)a)
{A(3a.3s).h}(b,B,),,.,..(b,B;B,)

{A(as+r+2/3).h}(a,a;A )Mn (a.0))
{A(3a,3s+3r).h}(b,B)),. ., (b,B;B))

{A(2a2s+1/2)n},(a,05A),  (a,0)
(b1.8;

{A(2a,28+2r+1/2),h},(ai,oci;Aj)Zaﬂ‘n ,(aj,oci)

4a+1m ’(

),h}}

(aj’a’j;AJ )1,n '(al ! al )n+1,p
{a@s/2)h(bB)), . (0.88)

m+

I )m+1,q—p

(ai’ai;AJ )1,n ’(al'ai)nﬂ‘pfp ,{A(p,S),h} ]

AA(ps).hy

(ai'ai;Aj )m '(aj’al )n+1.pfp {A(ps+r).hy
” {a(as+n).hy(b,B)). ., (08B

,{A(p,s+r),h}]

m+1q

m+1q

n+ip-a

,{A(a,s+1/3),h}}

m+1q

n+1p-a

,{A(a,s+r+1/3),h}}

m+1q

. {A(2a,2s+1),h}
B)), 0. 1A (aS+1).0}

{A(2a,2s+2r +1),h}

n+lp-2a

b.B;:B,) AA(as+r+1),h}

m+1,g-a

X
(b,8),,,(b,8:8),., . {a@s+ r)'h}]

AA@,(s+1)/ 2),h}}

19-a

|

If A :(ng’ then the generating functions obtained by employing forms (2.1) to (2.8):

(3.1)

(3.2)

(3.4)

Notes



(a.,a»;A ),n’(a o

P )n+1,p

(3.6)
{Ala(s+1)/2)n}(b,B,) ., (b:B;B)

,{A(a,(s+r+1)/2),h}]

m+1g-a

_ {A(p,s),h} (a0 ;A (apo)
], oo bl

{A@s) (o)), (b8 B) . AAGs)h}

Notes

{Aps+n.n} (aoA) | (agey)
{M@s+n.ny(bB)  (buBiB) . AP+

rt

by (3.7)
- S [ ]

A~Hpq {Ahax

(aj‘aj;Ai )w,n ‘(ai‘ai >n+1,p ]

{A@s).h} (b, )aﬂm (0,88 )mﬂ,q
Z " [
=0 !

To prove the above generating function, we employ the forms (2.1) to (2.8) in

ya

ha
equation (1.6) and then on replacing zby . and (%) by x, we get the above

result from (3.1) to (3.8).
Generating functions obtained by employing forms (2.13) to (2.20):

(a(xA) ,(aa

& J)nMp

{A(a,s +1),h} (b B; )am ( BB, )m+1,q

] (3.8)

Asf1 ﬁrpnqn I:Ahax

z'{

A571 H?: |:Aha

{A(as).h}, (ai’aJ;AJ )a+1,n ’(al‘ai )nﬂ_p,p {A(pss).n
(ijBi)1,m’(bj’BJ3Bj) Aa(ps).h

m+1,g-

{A(as—r)hh(a,aA) (ap0y) ., A(ps=r).h} (3.9)
(0,,),,, (08B, 1A(PS 1) 1)

{A(Za,2s),h},(a-‘a'iA‘)2 Wn'(aj'aj)nﬂp
{A(as+1/2),h} (b,B)), i (b,B;B;)

H—mn| |{A(2a25=2r) 0} (a0;A)  (a.a) (3.10)
= —Hpq +1n n+1p
Z , {A(as-r+1/2).n} (b,8),, (6,8B)

_m{ {A(4a,4s+1),h}, (a,0A),(a,0) {A(a,s),h} ]
As—prv‘q A—hax 4a+1n n+lp-a

{A(2a,2s+1/2) h},(b, B)eaﬂm( Bi;B])mﬂ {A(2a,2s),h}
(3.11)
{A(4a,4s—4r+1),h},(aj,aJ;A )

X
{A(2a,2s-2r+1/2),h},(b,.B))

{A(a,s—r),h}

4a+1n ( )n+1
B;;B {A(2a,2s-2r),h}

2a+1m ( )mﬂq 2a
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A'Hog {Ahax

{A(E’u’:l,(:‘»g),h},(aj,ocJ;Aj )3a+1,n (a0 )Mp ]

{A(as+2/3).n}(b.B;), .(0.B,B)) {A(as+1/3),h}

{A(3a,3s-3r),n} (a0 Aj)Saﬂn,(ai,a,-)Mp } (3.12)

a+1im m+1g-a

-0 .

{A(a s—r+2/3),h} (b B, )a . ( ’ Bi;BJ)mqu_a,{A(a,s—r+1/3),h}

{A(as).n} (a,0pA, )1 (aya )nn,p
(0:8)),.(01BB), ... ]
{Aas—r)h} (a,0A) m‘(ai’ai)nﬂp (3.13)
(0.8, (0/BB), ... }

{A(as/ 2),h},(ai,mj;Aj)Mn (2, )Mpfa AA(a(s+1)/2),h}
(bJ ! BJ )1,m ’(bJ ’ BJ ; BJ' )m+1,q

{A(a,(s—r)/2),h},( 0 A )am (aj’oﬂ)nnpfa

(b:B)),,,:(0:B8,). .,

(3.14)

3 i (2hy (_1)r/2 i {xz ,{A(a,(s —r+1/ 2),h}]

(bj’Bi )1,m ’(bJ'BJ;BJ )m+1‘q
(aj'aj;Ai )W‘n '(aj’aJ )n+1,p—a '{A (a,S h r)Yh} (3.15)
(bi'Bi )m ’(bi’BJ;BJ )mﬂ,q

As Hs; I:Ahax

(ap0sA), (aey), ’{A(a’s)'h}}

A —mn
= Z_Hpq |:

As—1ﬁ$g |:Ahax

{a(ps)hh(apopA) (ae) o {A(as).h}
{A(p.s).n} (0,8 ) o (0BB))
{A(ps-r).h}(a,a A m,(alj,(xj)nnw,{A(a,s—r),h} (3.16)
{A(ps-r).h} (b B)p im ( JBi;Bi)

m+1q

Z e
. m+1q
To prove the above generating function, we employ the forms (2.13) to (2.20) in

ha
equation (1.7) and then on replacing zby % and [%) by x, we get the above result
from (3.9) to (3.16).
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V.

SPECIAL C

ASES

(4.1) When A=B =1, the H-Function reduces to the Fox's H-function [5, p. 10,
Eqn. (2.1.1)], the above results (3.1) to (3.16) reduces to the following form:

(aJ’aJ )Ip—p

AHTY {A“ax

{A(as).0h (0,))

AA(p.s).h}
L 1alps)

1q

.

(p,s+r),h}]

w a, o, AA(p,s+r1),h}
_ h—,H?jQ « ( i J)va_p ( )
=r! {A(a,s+r),h},(bi,[3])a+1yqip,{A
| {A(a,s+1/2),h},(a,a, o
A~HTT| AMx ( Ph(a).., - h—H;ﬂg X
: {a(2a.2s).h1,(0By), | =T
| la(as+2/3)hn(ae)  {A(as+1/3).0)
A—ngg Ahax a+lp-a
{A(3a.3s).n1.(0.B)),. .

{A(2a,2s+1/2).h},(a,a
Aha
§ {A(4a,4s +1),h}, (b, B

(b,B),,_, {A@s).h}

AH {Ahax

(ai’al

ATSH™ | A2 x?
iy { {Aa;s/2)h},(b,.B))

{Alp;s)h}(a.a)

A=H?T | A
P { X {A(a,s),h}, (bi’BJ)

a+1q

i {A(a,s+r+2/3),h},(aj,aj)
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{A(2a,2s+1),h}

,s+1),h} ]

{A(2a,2s+2r+1),h}
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(4.1.3)

(4.1.4)

(4.1.5)

(4.1.6)
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) {Aps+nhh(aue) (4.1.7)
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G-function [8] i.e. Hog {z

:i@h)f(—w)”z ol {A(a(s-n/2)hh(a.0),  {A(als-r+1/2)h} (4.1.14)
r=0 rt Y (bl ' BJ )1.q J
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(4.2) If we put A =B, =%, =B =1, then the H-function reduces to general type of
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], the above results (3.1) to (3.16)

reduces to the following form:
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p+1q

(4.3) If we put n=pm=19=q+1b,=0p,=1a, =1-a,b =1-b,, then the H-function
reduces  to  generalized  wright  hypergeometric  function [12] ie.

—ip (1-a.0 A) — (aJ’aJ;AJ)m
Hoa =y, -z |, the above results (3.1) to (3.16) reduces to
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the following form:

_ (ai,aj;Aj)w_p {A(ps),h} -
—ATX
{a(as).hh(b.BiB) {A(pS).h}
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. :ihr(_nr E {A(pls_{—r)’h}’(alyal’AJ )p+1,p Sy
S P {A(a,s+r),h},(bj,Bj;Bj)a+1‘qu,{A(p,s+r),h}’
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{A(a,8+1/2):h}l(aj'a’j;AJ)
{A(Za,Zs),h},(bijJJBj)

(US)

|

(a.0A)), AA(ps+r)hy

{A(a,s+r),h},(bj,Bi;BJ)

a+1g-p

a+lp |

2a+1q

AA(ps+r

,—AhaX]

)h};_x}

_ .
’pqhmﬁﬁmm,mms+mm

;—Ahax}

{A(2a,2s+2r+1),h}
{A(a,s+r+1),h}

(Aafstrah/2m ]

(4.3.1)

(4.3.2)

(4.3.3)

(4.3.4)

(4.3.5)

(4.3.6)

(4.3.7)

Notes



Notes

_ (apaJ;AJ)m - _ (a0 A)q
A~° : .
Ve {A(a,s):h}y<bj,BjQBi )a “q zO ' {A(a s+r),h}, (b B B ) X (438)

a+1q

_ {A(a,s),h},(aj,aJ;Aj)aH {A(p.s).hy
As—1 p\l/q P—p ;_A—hax
(bi'Bi;BJ)m,p'{A(va)’h}
Ly [a(as-r)hh(a.0A) dA(ps—r)h} (4.3.9)
=2 0¥Yq ’ =X
~ (bj,Bj;Bj)1q p,{A(p,S—I’),h}

por T [ {A(2a,2s),h},(ai,aj;Aj)28% -—A“ax]

"la@s+1r2)n(0,88),

2a+lp |

{A(as—r+1/2)h},(0,8,B)

eV
r=0 r!

o {{A(Za,Qs—2r),h},(aj,oaj;Aj)

] (4.3.10)

a+1q

_ | {A(4ads+1).h}(a,0:A) {A(as).h}
s—1 4a+ip-a ;_A,ha
q {a(2a.2s+1/2).h}(b,B;B)), , , {A(2a.28)h} X
ol — {A(4a,4s - 4r+1).h}, (a0, )4a+1pa {A(a,s-r),h} (4.3.11)
Lo {a(2a.2s-2r+1/2)h} (b, B;B)),,  , {A(2a,2s-2r)h} _x
_ {A(3a,3s).h}(a,a;A))
AS—T . 3a+1p ._A—hax
{a(as+2/3)h)(bB;B)) | {A(as+1/3).n}
(4.3.12)
ol — {A(Sa,Ss—Cﬂr),h},(aj.,cxj;AJ)SMp
et {A(a,s—r+2/3),h},(bi,sj;Bi)MH,{A(a,s—r+1/3),h}'_X
_[a@s)i(a.an),
As—1 p\Vq a+lp ;—A_haX
(bj BB, )T,q
(4.3.13)
(=) — {A(a’s_r)’h}'(ai'aj;AJ)aH,p
:Z | pVq =X
R (bj’ﬁj?Bj)1,q

_{{A(a,s/Z),h},(aj,aJ;Aj) {A(a(s+1)/2),n} ]
A W, at+ip-a ;_A—Zha X2

(bJ ’ BJ ; BJ' )m
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» (Zh)r(_1)r/2 _ {A(a,(s—r)/2),h},(aj,aJ;Aj) {A(a(s—r+17/2)h (4.3.14)
= Z— a+ip-a ;_xz

\}
o (bi’Bi?Bj)m

_ _(aj,aJ;Aj)IM,{A(a,s),h} o } ihr _ {(ai,aj;/\j)wa,{A(a,s—r),h} }
. A= 2 . =X 4.3.15
(0,58, (0,6:8),. (43.15)

{A(p:s).ht, (bi’Bi;BJ)

_ [a(ps)i (oA, {a(as)h) ]
’ —A T

p+lq

(4.3.16)

) i () — {{A(p,s —r).h} (a0, A, )p+1,p—a {A(as- r),h};_X]

TS {A(p;s—1).h (b,B,B,)

p+1q

In all the above results, it is assumed that all the parameters satisfy the conditions

necessary for the existence of the H -function involved.
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Fractional Integration Associated With the
Transcendental Functions

Print Journal

Rakeshwar Purohit* & Ashok Singh Shekhawat °

Abstract - The aim of the present paper is to discuss a number of interesting classes of Eulerian integrals and the
theorem based upon the fractional calculus associated with general class of polynomials given by Srivastava [4, P.1,
Eq.(1)], generalized polynomials given by Srivastava [8, P.185, Eq.(7)] and the multivariable H-function given by
Srivastava and Panda [13, P.271, eq.(4.1)]. The results derived here are of a very general nature and hence encompass
several cases of interest hitherto scattered in the literature.

[. INTRODUCTION

In recent years, several authors namely Saigo and Saxena [5], Srivastava and
Hussain [12], Saxena and Saigo [7], Saxena and Nishimoto [6], Srivastava and Owa [16]
have established certain fractional integral formulae deduced from Eulerian integrals.
The Riemann-Liouville operator of fractional integration R"f of order n is defined by,

t
DIf®]= %n)jx (t—-2)"*f (2) dz (1.1)

for Re (n) >0 and a constant x.
An equivalent form of the Beta function is [3, p.10, eq.(13)]

[ (=" =P dp = (=" B(mn), (12)

where x, y € R (x <y), Re (m) >0, Re (n) > 0.
Using [3, p.62, eq. (15)], we have

(ap+P)" = (xa+B)" {1+ —“(p‘x)}

Xa+p

_(xa+B)Y 1 e [ap-x) |
R YEY 2ni‘[_iw Heny v){xaﬂi} . (13)
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where o, B, v € C; x, p € R; <1 and the path of integration is

o)
gX(x—B

indented, if necessary, in such a manner so as to separate the poles of I (-y) from those of

I (y- v). Srivastava [9] introduced the general class of polynomials (see also Srivastava
and Singh [15])

[INM] (—N
sr[w] -y %BN,kwk,mo,l,z,... (1.4)
k=0 -

where M is an arbitrary positive integer and the coefficients By, (N,k > 0) are
arbitrary constants, real or complex.

By suitably specializing the coefficients By, the polynomials SN [W] can be

reduced to the classical orthogonal polynomials such as Jacobi, Hermite, Legendre,
Tchebycheff and Laguerre polynomials etc.

The generalized polynomials defined by Srivastava and Garg (8, p.686, eq.(1.4)], is
given in the following manner:

w
My.aMg 1
S W, ,...w ]=S] :
NpoNg 1 s
w
S
[Ny/Mg] INgMI (=N ) (=N
k k
= > . . S A(NK;.;N Kk Ow L..,ws, — (15)
k! k 1 11 s's’ 1 s
k1:0 kS:0 1° s’

where M,,...,M, are arbitrary positive integers and the coefficients A(Nk, ;..; Nk,)
are arbitrary constants, real or complex.

The H-function of several complex variables defined by Srivastava and Panda ([13]
and [14]) by means of the multiple Mellin-Barnes type integral:

y4
.1 OA :(UV) ;.. (u(r),v(r)) [(3):0',..., e(r)] T(0): 61 ;...;[b(r);q)(r)];
" ) Z (1.6)
7 A,C:[B',D'];...;[B(r)’D(r)] [c] :y',..., \V(r)]I[(d')ZS'];...;[d(r):S(r)] :
r
L] ULE)UL )V (e )22 an
(an)r |_1 oo Lr 1\9q /e r r 120 9 1% 1 . .

(i =y-1)
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where

u® _ _ v _ _
[Ty s I raspeope)
U (&)= .;Eo = " Vie(l,..,r)
H I(1- d(l)+6(l)‘i) H F(b(') q)(')&)
j=u(® 41 ji=v() 1

A r _
g ra-a +Z 6¢,)
V(&) = :
H I'(a, 2 eg)l‘[ I'(l-c, +Z \v(')é)

jJ=A+1

The multiple integral in (1.6) converges absolutely, if
T.>0 and|argzi |<T.n/2,V i(1,..,r)

where
v g() O]

Z Ot(')+Z U Z W(I)Jrz 50

j=A+1 = v(l)+1 =1
p(®
- > 6(')>O ,Vi(l,...,r)
i= u(')+l

(1.9)

(1.10)

(1.11)

The convergence conditions and other details of the H-function of several complex

Z
1
variables H| : | are given by Srivastava, Gupta and Goyal [11, p.251].

z
r

(h)
The Lauricella function FD is defined in the integral form as

r(@T(b,)..IT(b,)
I'(c)

FOlab,,...b ;c;X X, ]

1 o o T(@+§ +...+& (b +&))..I'(b, +&,)

B (2mi)" *-ioo "'I_ioo T(C+E +..+& )
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T(=8)eT(=8, ) (=X, ) o (—x, )N dE,..0E (1.12)

where max[|arg (—xl)|,...,| arg (—xh) J[<m;C=0,-1-2...

The following result will be used in establishing the Eulerian integral

jxy (=)™ (y-p)" (o, p+B)T..(a p+B, )" dp Res

=(y=x)™" B (mn) (xo, +B) L (xa, +B )T

(h) (y—X)a (Y —X)a =
F M=t T mean; - 1o h 1 =
Xoc1+B1 Xoch+[3h 3

—_

©

(0:¢)

X

where x,y € R (x<y);a;, B, 1, € C(j =1,..,h);

(v -X)a,|

=Xy ||
xo, +pB, "

min[Re(m), Re(n) > 0 and max
Xo, +Bh‘

The formula (1.13) can be developed by making use of (1.2), (1.3) and (1.12).

The known result [4, p.301, entry (2.2.6.1)] and [12, p.81, Eq.(3.6)] are deducible for h=1
and h = 2 respectively.

In what follows h is a positive integer and 0,...,0 would mean h zeros.

[1. EULERIAN INTEGRAL

The main integral to be evaluated here is

Y m-1 1) T M a b i
=™ y=p)" T (op+B) S 1w (p=2*(y=p)°[] (o,p+B))
X j=1

=1
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h ]
w, (0= (y-p) 1] (ap+B)"

My....M A

ag b h M(S)
w (P-x)=(y-p) °[] (a;p+B))"
| j=1 |

— XNAIJUOJ\ -SLIeJ -UOPUOT -NIOK MIN ‘UordIg puUB UOPIOX) ‘SUOIOUN] ATR)USWS[H
‘I '[OA ‘Sol1ds pue S[eISoju] ‘AYPUIRIN T'Q PUR AONUIAIg 'y MA ‘Aoiupnid ‘JV ¥
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Notes

_ ) |
o X
z,(p-X)(y-p)*[] (@ p+B,)
j=1
H : d
B} L N0 P
Z (p=x) " (y=-p)" ] (o;p+B))
i=1
[INM] (=N ) [Ny/M;] [NS/MS](—Nl)NIlkl (_NS)Msks
= E, z w T
k1:0 kS:O 1° s’
k k
AN K sNLK )W) (W) (w ) S E,

0.+h+2 V) 0 v0).10):..2(10)
A+h+2, c+h+2B'DT:....[BM 01 [0.1]:...0.1]
Ry, P [(8):0',., 07,0, 01:(D): 6755 10™): 601 - . ;Gy
Q9 s w50, 00Fp Ry 187 5 (D507 s10,13;..5001:6,

The following are the conditions of the validity of (2.1):

(1)

(2.1)

x,yeR(x<y);ci,pi,c§i),ai,b;,u?),a, b, . eR+,Ij €Ra . eC,z eC

(i=1,.,r;i=1,..8j=1,.h);
(Y —X)a
<1;
1<j<h| | a. X+
o .dV
I _ 0]
Re m+§ 50 >0 (j=1,...,u"),
B i
r p.d®
Pl _ (i)
Re n+i§ S0 >0 (j=1,..,u");
B i
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A c 50) 50
N 9§ 0 0 _N 50 <
4 R E 0 ;wj +,—§ 0" -3 s"<0,

j=1
A c v g() u® o®
- _ () _ @) () _ 0) M) _
T== 2 07 -2 v+ 2 00— 2 0P+ 80— 2
j=A+1 =1 =1 j:V(I)+1 =1 j=u(')+1

h
-c —p - Zl x(j') >0 (i=1,..1);
J:

S0

h Tn _
(5) arg(ziH (a1p+BJ} <'7(x <p<y,;i=1..,r);
i=1

6) M and M, (i = 1,..,s) are arbitrary positive integers and the coefficients B
Nk
N, k>0) and A (N,k, ;...; N_k,) are arbitrary constants, real or complex.
p

SIS

where

h .
E1=<y—x)m+“(H (o x+B)) 'J,

=

s roo
Y (aboki(arbk| h z,ug')ki.wjk

E,=(y-x)"" [T (ox+B)™ ,

=1

S
F = {1— m->Y’ a k. —ak: Gl,...,Gr,],...,l} ,

i'=1
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S
F, = {1—n—z b. k. —bk:pl,...,pr,O,...,O} ,

i'=1

H _ ) s 6! j
F,= 1+rj+iz_‘i u; ki,+ujk.kj,...,Kj ,0,..,1....0] ,
- 1,h
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S
F, :{1+rj+_§£ u}"ki,+pjk:k'j,...,x(j”,o,...,o} :
i'= 1h

F = {1— m-— n—iz_i (a +b )k, —(@+bk:(c +p,)(c, +pr),:L...,1]} ;

h '
_y\°1th1 A
z,(y-X) /lj:{ (a,x+B))
G, = :
1 ot h x(jr)
z (y-x)" r/lj:{ (o X+B,) °

(y—X)a. /(xo, +B,)

G,=

(Yy-X)a, /(xa, +B,).

Proof. To establish (2.1) express the general class of polynomials, the generalized
polynomials, the generalized polynomials with the help of equations (1.4) and (1.5) and the
multivariable H-function in terms of Mellin-Barnes type contour integral by virtue of (1.7)
and interchanging the order of summation and integration (which is permissible under the
conditions of validity stated above). Appealing to the results in (1.3), (1.12) and (1.13), we
arrive at the right hand side of (2.1).

[1I.  SPECIAL CASE
(i) Ifp,=0=.=p,and b, =0 = ..=b,and 6, =0 =..= o, and a = 0 = b equation
(2.1) reduces to

y m-1 n-1 i M i Hi
| (e=x""y-p {H (a,.p+Bj)J}s {w (ocjp+B,.>J}
X j:]_ N j:]-
- o
w [T (a,p+B)"
j=1
)

o

i

w [T (op+B)"
j=1
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-
z, ][] (ap+p)

j=1
L0

h
Z [1 (a;p+B)
j=1

[NM] [Ny/Mg] - [N/M] () NDye ENOy
Mk 1" S'S
o R
= k=0 kg=0 1 s
.o (K) \x, (k) (ko)
‘ A(lel,...,Ns,kS)w w,Hw Sl
Ho,x+h+1 W) e @ v0).10):.210)

A+h+1,C+h+2(B,DT;.... (B0, O 1;10.1;....00,1]

By.By. [():6'..60,0,.,00:b: 75661 5 ss- vy

[(©) ' w(:0...,01.Bg. B4 87 ;..:[dD:5(D] s0.1%;..5011; Y,

valid under the same conditions as required in (2.1).

where

L1=<y—x)”‘+“[H (o, X+B,) J

=1

Z uf')k ik
H (o0 X+, )=t ;

=1
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={(1-m:0,.,01..1],
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S

_ () - 0} ]

B, _{1+rj +i§ u; ki,+ujk.kj,...,kj ,0,...,1 O} )
= Lh

S

_ (" A 0}

BS—{1+r]+iZ_’:L u; ki,+pjk.xj,...,xj ,0,...,0} h,
= 1

Notes

r

—
B4 =|(1-m-n):0,...,0,1...1 |;

h '
A
J
z,/ |j:l| (o x+B)

Y, = :
1 h NG
J
zr/g (ax+p) ",
(y—X)a, /(Xo +B,)
Y, = :

(y—X)a, /(xa, +B,).

IV. MAIN THEOREM
Let

h h
f ) = (t x)ml{l‘[ (at+B, )] }sr {W(t )T (e t+ Bj)”l'

=1 =1

) i ‘.
W, (t-x) g (at+B)"

h 9
K
Wl(t—x)asg (o t+p.) ]
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Y, (t=x)" ] (ot+p,)
j=1

.H )
. h 0
y (t=x) " [] (ap+B)) :
i-1
- Notes
(NM] [NgMgD NG Ny (SN (N
"fO1=1, Z N .Mk k.ll'" 1
k=0 k=0 kg=0 ' 1° s’

.o (k) \ps (KD (kg)
.BN,kA(Nl,kl,...,NS,kS)W W1 ...WSS.IZ

Ho,x+h+1 W) o O v0):10):..2(10)

A+h+1,C+h+20B,DT;.... (8,00 1;10;....00,4]
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KK o, [(8:0%,0(0,0, 001007 il0™)0D s 5s— 52y
: (4.1)
[ s w030, 01K 5, K 4:1(d)87 ;-.51(d )8V 1 p0.11;... 10,13 2,
holds true with the conditions associated with (2.1).
where
1 h i
_ _ m+n-—. ]
Il_(t X) H ((X]X+B]) ”
=1
S
Y akirak| h Z n ey
o= T (apxp ;
=1
S
K, = l—m—iz_; a k. -akic,.,c L..1],
|
K, {1” +Z ulk,, +ukin, (0,0,...,11,...,0} ,
=1 1h
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Notes

K, {1“ +Z u(')k tuk: x Mjf),o,...,o} :
i'=1
Llh

S
K,= l:1— m-n-> ak, —ak: cl,...,cr,],...,l]:l :

i'=1

h ..
y,(t -x)M/T] (o, X+, )XJ

=L
Z = :
! 0
y, (t- x)f/H ((xX+B)‘
=1
(t—x)o, /(a,x+B,)
Z,= :
(t—x)a, /(a, x+B,)
V. SPECIAL CASES
If a, =0 .. =a,and 6, =..= o, = 0, then equation (4.1) reduces to
[N/M] [Ny/Mq] [Ng/Mg] N) (_Nl)M " (_NS)M ‘
—n[f(t)] Z Z Z | k '11.“ k 'SS
k=0 kl_ :0 1 s

- () \py (K1) (kg)
.BN,kA (Nl,kl,...,Ns,ks)W W, L WS

Ho,x+h+1 W) s 0 v0y:10):.210)

A+h+1,C+h+2(8'DT:...1BM, 00 1:10,1:...10.4]

KK o, [(8:0%0(,0, 001047 il0™)6(D ;= 5s— 2

Q) s (50,001, K 5K 4:1()8] 5[ 5D 1 [0.11;...0.21: 2,
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K,, K,, Z, and Z, are the same as in integral (4.1) after eliminating a, and ., i =1,.ki

valid under the same conditions as required for integral (2.1) and where I, I, K, K,,

=1,..r).

2.

The authors are thankful to Professor H.M. Srivastava, University of Victoria, Victoria,

Taking M; = 0 (i = 2,...,s) and Ni = 0 and N= 0, the results given in (2.1) and (4.1)
reduce to the known results recently obtained by Saigo and Saxena [5].

If we take M, = 0 (i = 2,..,8), N, =0 =N, 6,=0 =p, (i = 1,...,r) and h = 2 in (2.1)

and (4.1), then we arrive at the result given by Srivastava and Hussain [12] obtained

in a different form.

For N, =0 (i = 2,...,s) and N = 0, the results in (2.1) and (4.1) can be reduced to the

results recently obtained by Chaurasia and Godika [1].

For N = 0, the results in (2.1) and (4.1) reduce to known results given by Chaurasia

and Singhal [2].
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N New Theorems Involving the |-function and
General Class of Polynomials

Mehar Chand

Absiract - In the present paper we first establish three new theorems, which involves |-function and general class of
polynomials. Next, we obtain certain new integrals and expansion formulas by the application of our theorems. By giving
suitable values to the parameters, main integral reduces to Fox's H-function, G-function and generalized wright
hypergeometric function, etc.

Keywords : I-function, general class of polynomials, generalized wright hypergeometric function.
l. INTRODUCTION

The I-function, introduced in 1982, is a byproduct of V.P. Saxena’s work on higher
transcendental function. Now I-function stands on fairly firm footing through the research
contributions of various authors [1, 10, 11, 12]:

I-function is defined and represented in the following manner [11]:

|MN [ ]_lMN Z(ai’al)m’(ali’aii)Nn,P _ij (I)(&)Zédf; (1 1)
e e (bl’ﬁi)m‘(bi“ﬁﬂ)m 1Q ) omi '

where

ﬂr(bi—ﬁg]ﬂ[m a +ak)
0(&)=—+75
Z{H Fﬁ _bji + B@)H r(ap - Oqi&):|

i=1] j=M+1 j=N+1

(1.2)

and MNP,Q are integers satisfying 1<N<P,1<M<Q(i=1..,R) and R is finite. o B0, p; are

positive integers and a,b,a;b;, are complex numbers. I-function, which is a generalized

J"

form of the well known Fox’s H-function [5, p.10, Eqn. (2.1.1)]. In the sequel the I-
function is studied under the following conditions of existence:

Global Journal of Science Frontier Research (F ) Volume XII Issue IV Version I E April 2012

(1) Q >O,|argz|<% (1.3)

(I o >O|argz|< " and Re(B+1)<0 (1.4)
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Where
Q‘:iai__i aji+iﬁj_ %Bj‘,ViZ(‘] ----- R) (15)

and B:ibj + i b, —iaj - i 3 +§(Pi -Q),vi=(1...R) (1.6)

The general class of polynomials S *[x] will be defined and represented as follow
2, p.185, eqn. (7)]:
[n/m1 r (—

[ny/my]
SHENCED W) X (1.7)
;=0 =

i=1

where n,,...n, =012..;m,..m are arbitrary positive integers, the coefficients
A, (.| >0) are arbitrary constants, real or complex. S7""[x] yield a number of known
polynomlals as its special cases. These include, among other, the Jacobi polynomials, the
Bessel Polynomials, the Lagurre Polynomials, the Brafman Polynomials and several
others [6, p. 158-161].

The following formulas [8, p.77, Ens. (3.1), (3.2) & (3.3)] will be required in our

investigation:

w© 2 P
J.(ax+—j +c| dx= Jr 12F(p+1/2)’ (a>0b>0c+4ab>0Re(p)+1/2>0) (1.8)
! 2a(d4ab+c)™? T(p+1)

2 -p-1
% b Jr T(p+1/2) L ,
!—{(avw;] +c} dx:2b(4ab+c)p”/2 Tor) (a=0b>0c+4ab>0Re()+1/2>0) (1.9)

w© 2 P
I(a+£) (ax+9j +c| dx= Jr — F(p+1/2)’ (a>0b>0,c+4ab>0Re(p)+1/2>0) (1.10)
5 (4ab+c)"? T(p+1)

[I.  MAIN THEOREMS

2
Let X stands for (ax+9j +C
X

First Theorem:

If (1=y)""" F (2a,2B.2v;y) =Yy (2.1)
r=0
then

. 1 m, -
jx“gF{a,B;HE;Xj F(v oy - Bv+2><j5n {ny»}yg{zxs]dx
0

i=1

© 2012 Global Journals Inc. (US)
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\/; o [n/m]  [n/me] k (—ni)ml R | 1 (y) a
= Y= A (y) r 2.2
2a(4ab+C)K+1/2 = = IkZ::O ];[ ||' ok (y|) (4ab+c)—r+p‘\‘ [Y . 1) X ( )

MN+1 z (1/2—7\.+I’—z;p.l.,8);(a.,q_) ;(aﬂ’aii)nﬂp.
ARAsR 1 (4ab + c)? (bJ‘BJ)Lm;(inB)mM (k+r— Mu )

Notes

The above result will be converge under the following conditions:

(I) a>0b>0c+4ab>0and p,>08>0.

(1) Re[x+8min(zﬂ+l>0
1<j<m Bi 2

(II) |argz|<%Q‘n, where Q is given by equation (1.5)

(IV)_%<(0°_B—Y)<§

Second Theorem:
If (1-y)""7 F (2a.2B2ny) =Y ay (23)
r=0

then

1 11 1 1 my, B |MN

IX—ZX ZE(a,B;HE:XjQF{Y—G,Y—B;HE:XJ& [ny }lpcm

0

w (/i ingma i (=n;) 1 a,
\/E Z H i 'A\n|(y )lI ( )

- 2b(4ab +c)"* =0 = = ! " (dab+ ) (Y 1)

MN+1 Z (1/2_}\‘+r_Zikﬂu‘l"S);(ai’aJ)m;(aji’aj‘)n-ﬂ,p‘
P+1Q+1R
(4ab+c)’ (bj,ﬁj)m;(bﬂ,p“)m+1q ( x+r—zik:1u‘l‘,6)

The above result will be converge under the following conditions:

(I) a=0b>0c+4ab>0and p,>0520

(IT) Re{x + Smin(b—jﬂ + % >0

1<j<m

(III) |argz|<%Qin, where Q is given by equation (1.5)

(IV) —%<(0L—B—y)<E
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Third Theorem:

If (1=y)""" F (2a,2B.2v;y) =Yy (2.5)

r=0

then

I(a+—jX“2F(aBy+% jﬁ(v—a,v—ﬁ;wé;xj&m {ny"}lﬁg{ 7]dx

Fooermamn () 1 ()

P ————————————— . I‘A ) { r
2a(4ab+c)"* = & w; H ! i) (4ab+c)" (y +1j "
2 r
k

o . (1/2—%+r—ziﬂuili,s);(ai,aj)m;(aji,aﬂ)mp‘
PHQ+TR | 7 1o m . \o

(4ab +c)’ (bJ’Bj)m;(bjw’Bﬂ)qu ( AT — :‘1p,|‘,8) (2.6)

The above result will be converge under the following conditions

(I) a>0b>0c+4ab>0and p >08>0
(II) Re[?» + 8@12(2—1}] +% >0
(I10) |argz|<%Qin, where Q is given by equation (1.5)
(IV) —§<(oc B—v)<—
Proof: In our investigation following result [7, p. 75] is also required:

E(a,B;y+%;XJZF{y—a,y—B;y+%;X]=§:Larxr (2.7)

=(. .1
)
Where a,is given by (2.1).
To prove the first theorem, using the result given by equation (2.7) and express I-
function occurring on the L.H.S. of equation (2.2) in terms of contour integral given by

of equation (1.7) and then interchanging the order of mtegration and summation we get:

Global J()urnal of Science Frontier Research (F) Volume XII Issue IV Version I E :\l)ril 2012

a0 25| e2)] e o

Further using the formulae (1.8) the above integral becomes

. o [ny/my]  [n/me] K (_n‘)m\ | ('Y) ar
Y LY TI A, (V)

=0 1,=0 =0 i=1 ! ( 1)

v
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RS Jr P(r-r+ X ul+8e+1/2)
2

: de (2.9)
L 2a(4ab + C)k+r+zlﬂp‘l,+5§+1/2 F(;L -+ 2:11 “’ili + SE_, + 1)

Then interpreting with the help of (1.1) and (2.9) provides first integral.
Proceeding on the same parallel lines, theorems second and third given by
equation (2.4) and (2.6) can be obtained by using the results (1.9) and (1.10) respectively.

[1I.  SPECIAL CASES

(3.1) If we put R=1 I-function reduces to Fox’s H-function [5, p. 10, Eqn. (2.1.1)],
then the equation (2.2), (2.4) and (2.6) takes the following form:

x+ 1 T damem [T oxs I Ty
[x* 125(%B2Y+E:XJgﬁ(v—oc,v—B:v+§;><}Snﬂ,.i.”nﬁ {Hyix ”'}Hp*q [2X* o
0 i=

o [n/m] [nd/mc] k| — i a
— \/; Z H 1 (Y)r r x

2a(4ab+c)"* H (4ab+c)‘”“"' (y 1)

m,n-+1 4 (1/2—}\4+r_ \KWH'l'YS)( )p
P (4ab +c)® (bj,Bj)m;(—kJrr_z‘ il 8)

(3.1.1)

1, 1 1 Moo X - mn -5
[=X7F (a,B;HE;Xj2F1(v—a,v—B;v+§;XjSm‘,’iinﬁ [Hyix “}Hp'q [2x° Jox
o -

o [n/mi]  [n/me] Kk —n‘ m ar
= \/; A+1/2 Z H( ) “‘Anl(y\)l‘ 1 —r+u (Y)r X
2b(dab+c) " E = = " (4ab+c)™™ 1
il k | Y+§

s (e ue)(ae),

p+1ag+1 (4ab+c)8 (bijj)m;(—}\‘+r—z:;u‘|‘,8) (312)

© k
j[a +—j X7 F, [a,B;v +%;Xj oF [Y —a,y By +%;XJS?“,_;'5T* {ny“ }HEQ [2X7° o
0 =

_ \/; =, [ny/mi] [nk/zmk]ﬁ (_ni )m‘l‘ A (y )I‘ 1 (y)r 8 %
2a(4ab+c)x+1/2 == = |‘| nh AT (4ab+c)—r+u‘\‘ (y+1j
2 r

e |2 (172-n+r=3 " uho)(ana),
P9 (4ab +c)° (bj,BJ)mi(_7‘+r_zik=1”‘|"6) (3.1.3)
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The Conditions of validity of (3.1.1), (3.1.2) and (3.1.3) easily follow from those
given in (2.2), (2.4) and (2.6).

(3.2) By applying the our results given in (2.2), (2.4) and (2.6) to the case of
Hermite  polynomials [2, 3] by setting  S’(x)—x"H, {%} in  which

m,,...m, =2n,...n =nk=1tv,=vy, =y,A , =(-1, we have the following interesting results:

Tyt . 1 . 1 —u V2 XY T -5
!X 2F1(a,l3,v+§,><j2F1(Y—oc,v—l3,y+§,><)(y><”) H{;/y]lpm[zx Jax

el 0 (a

2a(dab+c)P e (4ab+c) ™ (y A j

2

(1 [2=N+r— uI,S);(aJ,OLJ )1,n ;(aii’aj‘ )n+1p:|

MN+1 Z
P+1Q+1R (4ab + C)S

(b1B,),,,i(ByBy ).y (24T = k3 (3.2.1)
-([ig —A—1 F(aﬁy-i—z Xj F(Y—G,’Y—ﬁ;Y‘f‘%;Xj(yxp)”/ZHnli%\/iT]McNJR[ZXS]dX
= \/E . [n/2](_n)2‘ (_1)\ (y)l (Y)r af x
2b(4ab+c P &S (4ab+c) " ( 1)
T+5
. (1/2—k+r—ul,8);(a,,a,) ,(aii,aﬂ) 1o
|M‘N+1 i n+1p; 9
P+1Q+1R (4ab+C)b (bi'BJ)Lm;(bii [3 )m+1q ( A+T—pl, 5) ( )
T " 1 1 a2 T [X* {un s
!( jx F( v+ j F(y ay B+ j(yX )’Hnlg\/?}pm[zx Jax
VIR L ) (v)  ()a
“(dab+c)? ;‘; ! (4ab+c)‘”“‘ ( 1) )
T+
s o |(172=h+r—p8)i(a, ,(x.) ;(ali'aji)nﬂpl
AR (4ab +c)? (0:8,),..:(B, )m+1 (k41— pld) (3.2.3)

The Conditions of validity of (3.2.1), (3.2.2) and (3.2.3) easily follow from those
given in (2.2), (2.4) and (2.6)

(3.3) By applying the our results given in (2.2), (2.4) and (2.6) to the case of
Lagurre polynomials 2, 3] by setting S2(x) > L[] in which

n+a' . . .
MM =10 =nk=1v, =vy =yA | :[ J;a jﬁ , we have the following interesting
results: ‘
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!x“zﬁ[a,ﬁ;wé;xjgﬁ (v—a,v—ﬁ;v%?x}(ﬁ) [y G [2X Jax
Jr = w2 (-n), (n+a'j 1 (y) (m.a
I (

" 2a(dab+ o) A A N J)(a'+1) (4ab+c)™™ (y N ;j

(1/2=n+r-pld)i(a, o), ;(aﬂ,aﬂ)w
(bwﬁj)ym;(biiﬁ)mH (A +r—pl3)

lrl;Ai\‘TgMR ;5
Notes (4ab+c) (3.3.1)
(i 1 1T Y@ Foy- ]
[=x 125(OMB?HE?X}E(Y—G.Y—B;HE;X}(H)DX RS [2X 7 o

_ Jn =, e n+a') 1 (y) (v) 2,
b(4ab+c MV ZZ ! ( j((x'+ 1)‘ (4ab+C)—r+ul (y 1] x

(1 [2=h+r- Ml’s);(ai’al )1,n ;(aii’al‘ )n+1,D
(bj,BJ )1,m ;(bji,Bj‘ )Mq‘ (A +r—pld)

|M‘N+1 z

P+1Q+1R (4ab+c)6 (3 3 2)

Ta+3 X [aBy+X LF [y —ouy—Biy+ X T yx s [ 2X7° o

) X2 21 DY 2Y PLET I Y Y 2' y P.Q:R

I ) MY (L W N () S (VAT
(4ab+c)?ZE N n (OH_ 1)\ (4ab+c) ™ (Y+1J

2

(1 / 2=h+r- Hl’s);(aj’aJ )1,n ;(aji’aﬂ )n+1,p
(b,.8, )1,m (0.8 )mﬂ’q‘ (A +r—pld)

e {m
(3.3.3)

The Conditions of validity of (3.3.1), (3.3.2) and (3.3.3) easily follow from those
given in (2.2), (2.4) and (2.6)
(3.4) If we put R=1a, =B =1, then the I-function reduces to general type of G-

CRRCEN _({ (@),

z
(b1’1y)1,m ;(bﬂ"])mﬂq1 (bj'1)1,q
takes the following form:

function [9] i.e. 1Y}z

], the equation (2.2), (2.4) and (2.6)

1 1T amem [T o xon o P
Ix“zﬁ(a,ﬁ;y+§; ) F(Y oy —Py+g js‘ [Hyix “}qu [ 2X° Jax
0 i=

Jr o In/ml Indm ] k (_”i)m‘h,\ | 1 (v).a,
—(4ab+c e rz;‘ & |kzo 1;[ X Ay (Y1) (4ab +c) (y+1j X
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e e s,
p+1a+1 (4ab+C)8 (bj,‘])m,(—7\4+r_zik:1ui|i'8;1) (341)

T 1 —A— 1 1 m m, L mn -
& 125(0&3;“5%)QF(Y—OLY—B;HE;X}SH‘ """ {ny " }qu [2X7 Jox
0

Jn = In/m) gmd k(=) 1 (v) a

= mi; /\‘ ‘ |
2b(4ab+c)“”2§‘ lZ; ;J H ) - x

T (4ab+c)'*“'( 1)
Y+

. s e,

mn+1
p+ig 5 ) (3.4.2)
(42040 (b 1) (-2+r= 3" )81
< b -1 1 1 m,....m k - mn -8
I(a+x_2j>< QF{OL,B;Y“L}XJzH(Y—a,v—BW*E;X}Snﬂi”nﬁ [Ty |67 [2X° Jdx
) i=1
o nym ingma k (-n;) 1 (v) a
_— m‘A ‘ I r -’
(4ab+c “1/2 rz(; ;=0 \K 0 =t |‘! ! (y‘) (4ab+c)7rw‘l‘ (y+1j "
2),
k
o e mme e, 4

priq+ m (bj,‘l)m,(—7»+r—Z;Hi|iv5;1)

The Conditions of validity of (3.4.1), (3.4.2) and (3.4.3) easily follow from those
given in (2.2), (2.4) and (2.6)
(3.5) If we put R=1M=1N=P.=P.Q =Q+1b, =08, =1a,=1-a,b, =1-b,B, =B,, then the

i
[-function reduces to generalized wright hypergeometric function [12, p.33, Eq. (2.3.8)] i.e.
bl 2 (1_aj‘aj)“p =y (3, )m_ z|, the equation (2.2), (2.4) and (2.6) takes the
P.Q+11 - [ ) =) . .
(0'1)'(1_bwﬁi)m o (bi’Bi)m

following form:

2 1 1 My, m, « - -
J‘X_}\_1 2F1(0~,B;Y+§;Xj 2F1[V_ary_B;V*'E;XJSmF.':nKK |:ny H:|p\vq |:ZX 5:|dX
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The Conditions of validity of (3.5.1), (3.5.2) and (3.5.3) easily follow from those
given in (2.2), (2.4) and (2.6)
(3.6) If we puta =y, in the main theorem, the value of a, in (2.1) comes out to be
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The Conditions of validity of (3.6.1), (3.6.2) and (3.6.3) easily follow from those
given in (2.2), (2.4) and (2.6).
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The Conditions of validity of (3.7.1), (3.7.2) and (3.7.3) easily follow from those

given in (2.2), (2.4) and (2.6).
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number, e.g. Table 4, a self-explanatory caption and be on a separate sheet. Vertical lines should not be used.

Figures: Figures are supposed to be submitted as separate files. Always take in a citation in the text for each figure using Arabic numbers,
e.g. Fig. 4. Artwork must be submitted online in electronic form by e-mailing them.

Preparation of Electronic Figures for Publication

Even though low quality images are sufficient for review purposes, print publication requires high quality images to prevent the final
product being blurred or fuzzy. Submit (or e-mail) EPS (line art) or TIFF (halftone/photographs) files only. MS PowerPoint and Word
Graphics are unsuitable for printed pictures. Do not use pixel-oriented software. Scans (TIFF only) should have a resolution of at least 350
dpi (halftone) or 700 to 1100 dpi (line drawings) in relation to the imitation size. Please give the data for figures in black and white or
submit a Color Work Agreement Form. EPS files must be saved with fonts embedded (and with a TIFF preview, if possible).

For scanned images, the scanning resolution (at final image size) ought to be as follows to ensure good reproduction: line art: >650 dpi;
halftones (including gel photographs) : >350 dpi; figures containing both halftone and line images: >650 dpi.
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Color Charges: It is the rule of the Global Journals Inc. (US) for authors to pay the full cost for the reproduction of their color artwork.
Hence, please note that, if there is color artwork in your manuscript when it is accepted for publication, we would require you to
complete and return a color work agreement form before your paper can be published.

Figure Legends: Self-explanatory legends of all figures should be incorporated separately under the heading 'Legends to Figures'. In the
full-text online edition of the journal, figure legends may possibly be truncated in abbreviated links to the full screen version. Therefore,
the first 100 characters of any legend should notify the reader, about the key aspects of the figure.

6. AFTER ACCEPTANCE

Upon approval of a paper for publication, the manuscript will be forwarded to the dean, who is responsible for the publication of the
Global Journals Inc. (US).

6.1 Proof Corrections

The corresponding author will receive an e-mail alert containing a link to a website or will be attached. A working e-mail address must
therefore be provided for the related author.

Acrobat Reader will be required in order to read this file. This software can be downloaded
(Free of charge) from the following website:

www.adobe.com/products/acrobat/readstep2.html. This will facilitate the file to be opened, read on screen, and printed out in order for
any corrections to be added. Further instructions will be sent with the proof.

Proofs must be returned to the dean at dean@globaljournals.org within three days of receipt.

As changes to proofs are costly, we inquire that you only correct typesetting errors. All illustrations are retained by the publisher. Please
note that the authors are responsible for all statements made in their work, including changes made by the copy editor.

6.2 Early View of Global Journals Inc. (US) (Publication Prior to Print)

The Global Journals Inc. (US) are enclosed by our publishing's Early View service. Early View articles are complete full-text articles sent in
advance of their publication. Early View articles are absolute and final. They have been completely reviewed, revised and edited for
publication, and the authors' final corrections have been incorporated. Because they are in final form, no changes can be made after
sending them. The nature of Early View articles means that they do not yet have volume, issue or page numbers, so Early View articles
cannot be cited in the conventional way.

6.3 Author Services

Online production tracking is available for your article through Author Services. Author Services enables authors to track their article -
once it has been accepted - through the production process to publication online and in print. Authors can check the status of their
articles online and choose to receive automated e-mails at key stages of production. The authors will receive an e-mail with a unique link
that enables them to register and have their article automatically added to the system. Please ensure that a complete e-mail address is
provided when submitting the manuscript.

6.4 Author Material Archive Policy

Please note that if not specifically requested, publisher will dispose off hardcopy & electronic information submitted, after the two
months of publication. If you require the return of any information submitted, please inform the Editorial Board or dean as soon as
possible.

6.5 Offprint and Extra Copies

A PDF offprint of the online-published article will be provided free of charge to the related author, and may be distributed according to
the Publisher's terms and conditions. Additional paper offprint may be ordered by emailing us at: editor@globaljournals.org .
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the search? Will | be able to find all information in this field area? If the answer of these types of questions will be "Yes" then you can
choose that topic. In most of the cases, you may have to conduct the surveys and have to visit several places because this field is related
to Computer Science and Information Technology. Also, you may have to do a lot of work to find all rise and falls regarding the various
data of that subject. Sometimes, detailed information plays a vital role, instead of short information.

2. Evaluators are human: First thing to remember that evaluators are also human being. They are not only meant for rejecting a paper.
They are here to evaluate your paper. So, present your Best.

3. Think Like Evaluators: If you are in a confusion or getting demotivated that your paper will be accepted by evaluators or not, then
think and try to evaluate your paper like an Evaluator. Try to understand that what an evaluator wants in your research paper and
automatically you will have your answer.

4. Make blueprints of paper: The outline is the plan or framework that will help you to arrange your thoughts. It will make your paper
logical. But remember that all points of your outline must be related to the topic you have chosen.

5. Ask your Guides: If you are having any difficulty in your research, then do not hesitate to share your difficulty to your guide (if you
have any). They will surely help you out and resolve your doubts. If you can't clarify what exactly you require for your work then ask the
supervisor to help you with the alternative. He might also provide you the list of essential readings.

6. Use of computer is recommended: As you are doing research in the field of Computer Science, then this point is quite obvious.

7. Use right software: Always use good quality software packages. If you are not capable to judge good software then you can lose
quality of your paper unknowingly. There are various software programs available to help you, which you can get through Internet.

8. Use the Internet for help: An excellent start for your paper can be by using the Google. It is an excellent search engine, where you can
have your doubts resolved. You may also read some answers for the frequent question how to write my research paper or find model
research paper. From the internet library you can download books. If you have all required books make important reading selecting and
analyzing the specified information. Then put together research paper sketch out.

9. Use and get big pictures: Always use encyclopedias, Wikipedia to get pictures so that you can go into the depth.

10. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right! It is a good habit, which helps to
not to lose your continuity. You should always use bookmarks while searching on Internet also, which will make your search easier.

11. Revise what you wrote: When you write anything, always read it, summarize it and then finalize it.

12. Make all efforts: Make all efforts to mention what you are going to write in your paper. That means always have a good start. Try to
mention everything in introduction, that what is the need of a particular research paper. Polish your work by good skill of writing and
always give an evaluator, what he wants.

13. Have backups: When you are going to do any important thing like making research paper, you should always have backup copies of it
either in your computer or in paper. This will help you to not to lose any of your important.

14. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality. Using several
and unnecessary diagrams will degrade the quality of your paper by creating "hotchpotch." So always, try to make and include those
diagrams, which are made by your own to improve readability and understandability of your paper.

15. Use of direct quotes: When you do research relevant to literature, history or current affairs then use of quotes become essential but
if study is relevant to science then use of quotes is not preferable.
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16. Use proper verb tense: Use proper verb tenses in your paper. Use past tense, to present those events that happened. Use present
tense to indicate events that are going on. Use future tense to indicate future happening events. Use of improper and wrong tenses will
confuse the evaluator. Avoid the sentences that are incomplete.

17. Never use online paper: If you are getting any paper on Internet, then never use it as your research paper because it might be
possible that evaluator has already seen it or maybe it is outdated version.

18. Pick a good study spot: To do your research studies always try to pick a spot, which is quiet. Every spot is not for studies. Spot that
suits you choose it and proceed further.

19. Know what you know: Always try to know, what you know by making objectives. Else, you will be confused and cannot achieve your
target.

20. Use good quality grammar: Always use a good quality grammar and use words that will throw positive impact on evaluator. Use of
good quality grammar does not mean to use tough words, that for each word the evaluator has to go through dictionary. Do not start
sentence with a conjunction. Do not fragment sentences. Eliminate one-word sentences. Ignore passive voice. Do not ever use a big
word when a diminutive one would suffice. Verbs have to be in agreement with their subjects. Prepositions are not expressions to finish
sentences with. It is incorrect to ever divide an infinitive. Avoid clichés like the disease. Also, always shun irritating alliteration. Use
language that is simple and straight forward. put together a neat summary.

21. Arrangement of information: Each section of the main body should start with an opening sentence and there should be a
changeover at the end of the section. Give only valid and powerful arguments to your topic. You may also maintain your arguments with
records.

22. Never start in last minute: Always start at right time and give enough time to research work. Leaving everything to the last minute
will degrade your paper and spoil your work.

23. Multitasking in research is not good: Doing several things at the same time proves bad habit in case of research activity. Research is
an area, where everything has a particular time slot. Divide your research work in parts and do particular part in particular time slot.

24. Never copy others' work: Never copy others' work and give it your name because if evaluator has seen it anywhere you will be in
trouble.

25. Take proper rest and food: No matter how many hours you spend for your research activity, if you are not taking care of your health
then all your efforts will be in vain. For a quality research, study is must, and this can be done by taking proper rest and food.

26. Go for seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources.

27. Refresh your mind after intervals: Try to give rest to your mind by listening to soft music or by sleeping in intervals. This will also
improve your memory.

28. Make colleagues: Always try to make colleagues. No matter how sharper or intelligent you are, if you make colleagues you can have
several ideas, which will be helpful for your research.

29. Think technically: Always think technically. If anything happens, then search its reasons, its benefits, and demerits.

30. Think and then print: When you will go to print your paper, notice that tables are not be split, headings are not detached from their
descriptions, and page sequence is maintained.

31. Adding unnecessary information: Do not add unnecessary information, like, | have used MS Excel to draw graph. Do not add
irrelevant and inappropriate material. These all will create superfluous. Foreign terminology and phrases are not apropos. One should
NEVER take a broad view. Analogy in script is like feathers on a snake. Not at all use a large word when a very small one would be
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sufficient. Use words properly, regardless of how others use them. Remove quotations. Puns are for kids, not grunt readers.
Amplification is a billion times of inferior quality than sarcasm.

32. Never oversimplify everything: To add material in your research paper, never go for oversimplification. This will definitely irritate the
evaluator. Be more or less specific. Also too, by no means, ever use rhythmic redundancies. Contractions aren't essential and shouldn't
be there used. Comparisons are as terrible as clichés. Give up ampersands and abbreviations, and so on. Remove commas, that are, not
necessary. Parenthetical words however should be together with this in commas. Understatement is all the time the complete best way
to put onward earth-shaking thoughts. Give a detailed literary review.

33. Report concluded results: Use concluded results. From raw data, filter the results and then conclude your studies based on
measurements and observations taken. Significant figures and appropriate number of decimal places should be used. Parenthetical
remarks are prohibitive. Proofread carefully at final stage. In the end give outline to your arguments. Spot out perspectives of further
study of this subject. Justify your conclusion by at the bottom of them with sufficient justifications and examples.

34. After conclusion: Once you have concluded your research, the next most important step is to present your findings. Presentation is
extremely important as it is the definite medium though which your research is going to be in print to the rest of the crowd. Care should
be taken to categorize your thoughts well and present them in a logical and neat manner. A good quality research paper format is
essential because it serves to highlight your research paper and bring to light all necessary aspects in your research.

INFORMAL GUIDELINES OF RESEARCH PAPER WRITING

Key points to remember:

®  Submit all work in its final form.
®  Write your paper in the form, which is presented in the guidelines using the template.
®  Please note the criterion for grading the final paper by peer-reviewers.

Final Points:

A purpose of organizing a research paper is to let people to interpret your effort selectively. The journal requires the following sections,
submitted in the order listed, each section to start on a new page.

The introduction will be compiled from reference matter and will reflect the design processes or outline of basis that direct you to make
study. As you will carry out the process of study, the method and process section will be constructed as like that. The result segment will
show related statistics in nearly sequential order and will direct the reviewers next to the similar intellectual paths throughout the data
that you took to carry out your study. The discussion section will provide understanding of the data and projections as to the implication
of the results. The use of good quality references all through the paper will give the effort trustworthiness by representing an alertness
of prior workings.

Writing a research paper is not an easy job no matter how trouble-free the actual research or concept. Practice, excellent preparation,
and controlled record keeping are the only means to make straightforward the progression.

General style:

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general guidelines.

To make a paper clear

- Adhere to recommended page limits

Mistakes to evade

Insertion a title at the foot of a page with the subsequent text on the next page
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®  Separating a table/chart or figure - impound each figure/table to a single page
®  Submitting a manuscript with pages out of sequence

In every sections of your document
- Use standard writing style including articles ("a", "the," etc.)

- Keep on paying attention on the research topic of the paper

- Use paragraphs to split each significant point (excluding for the abstract)

- Align the primary line of each section

- Present your points in sound order

- Use present tense to report well accepted

- Use past tense to describe specific results

- Shun familiar wording, don't address the reviewer directly, and don't use slang, slang language, or superlatives
- Shun use of extra pictures - include only those figures essential to presenting results

Title Page:

Choose a revealing title. It should be short. It should not have non-standard acronyms or abbreviations. It should not exceed two printed
lines. It should include the name(s) and address (es) of all authors.

Abstract:

The summary should be two hundred words or less. It should briefly and clearly explain the key findings reported in the manuscript--

must have precise statistics. It should not have abnormal acronyms or abbreviations. It should be logical in itself. Shun citing references
at this point.

An abstract is a brief distinct paragraph summary of finished work or work in development. In a minute or less a reviewer can be taught
the foundation behind the study, common approach to the problem, relevant results, and significant conclusions or new questions.
Write your summary when your paper is completed because how can you write the summary of anything which is not yet written?
Wealth of terminology is very essential in abstract. Yet, use comprehensive sentences and do not let go readability for briefness. You can

maintain it succinct by phrasing sentences so that they provide more than lone rationale. The author can at this moment go straight to
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shortening the outcome. Sum up the study, with the subsequent elements in any summary. Try to maintain the initial two items to no
more than one ruling each.

Reason of the study - theory, overall issue, purpose

Fundamental goal

To the point depiction of the research

Consequences, including definite statistics - if the consequences are quantitative in nature, account quantitative data; results
of any numerical analysis should be reported

e  Significant conclusions or questions that track from the research(es)

Approach:

Single section, and succinct

As a outline of job done, it is always written in past tense

A conceptual should situate on its own, and not submit to any other part of the paper such as a form or table
Center on shortening results - bound background information to a verdict or two, if completely necessary
What you account in an conceptual must be regular with what you reported in the manuscript

Exact spelling, clearness of sentences and phrases, and appropriate reporting of quantities (proper units, important statistics)
are just as significant in an abstract as they are anywhere else

Introduction:

The Introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background information to be
capable to comprehend and calculate the purpose of your study without having to submit to other works. The basis for the study should
be offered. Give most important references but shun difficult to make a comprehensive appraisal of the topic. In the introduction,
describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the reviewer will have no attention in your
result. Speak in common terms about techniques used to explain the problem, if needed, but do not present any particulars about the
protocols here. Following approach can create a valuable beginning:

®  Explain the value (significance) of the study
Shield the model - why did you employ this particular system or method? What is its compensation? You strength remark on its
appropriateness from a abstract point of vision as well as point out sensible reasons for using it.

®  Present a justification. Status your particular theory (es) or aim(s), and describe the logic that led you to choose them.
Very for a short time explain the tentative propose and how it skilled the declared objectives.

Approach:

®  Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job is
done.

®  Sort out your thoughts; manufacture one key point with every section. If you make the four points listed above, you will need a
least of four paragraphs.

®  Present surroundings information only as desirable in order hold up a situation. The reviewer does not desire to read the
whole thing you know about a topic.

®  Shape the theory/purpose specifically - do not take a broad view.

®  Asalways, give awareness to spelling, simplicity and correctness of sentences and phrases.

Procedures (Methods and Materials):

This part is supposed to be the easiest to carve if you have good skills. A sound written Procedures segment allows a capable scientist to
replacement your results. Present precise information about your supplies. The suppliers and clarity of reagents can be helpful bits of
information. Present methods in sequential order but linked methodologies can be grouped as a segment. Be concise when relating the
protocols. Attempt for the least amount of information that would permit another capable scientist to spare your outcome but be
cautious that vital information is integrated. The use of subheadings is suggested and ought to be synchronized with the results section.
When a technique is used that has been well described in another object, mention the specific item describing a way but draw the basic
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principle while stating the situation. The purpose is to text all particular resources and broad procedures, so that another person may
use some or all of the methods in one more study or referee the scientific value of your work. It is not to be a step by step report of the
whole thing you did, nor is a methods section a set of orders.

Materials:
®  Explain materials individually only if the study is so complex that it saves liberty this way.
®  Embrace particular materials, and any tools or provisions that are not frequently found in laboratories.
® Do not take in frequently found.
e |f use of a definite type of tools.
®  Materials may be reported in a part section or else they may be recognized along with your measures.

Methods:

Report the method (not particulars of each process that engaged the same methodology)

Describe the method entirely

To be succinct, present methods under headings dedicated to specific dealings or groups of measures

Simplify - details how procedures were completed not how they were exclusively performed on a particular day.

If well known procedures were used, account the procedure by name, possibly with reference, and that's all.

Approach:

® |t is embarrassed or not possible to use vigorous voice when documenting methods with no using first person, which would
focus the reviewer's interest on the researcher rather than the job. As a result when script up the methods most authors use
third person passive voice.

®  Use standard style in this and in every other part of the paper - avoid familiar lists, and use full sentences.

What to keep away from

®  Resources and methods are not a set of information.
®  Skip all descriptive information and surroundings - save it for the argument.
®  Leave out information that is immaterial to a third party.

Results:

The principle of a results segment is to present and demonstrate your conclusion. Create this part a entirely objective details of the
outcome, and save all understanding for the discussion.

The page length of this segment is set by the sum and types of data to be reported. Carry on to be to the point, by means of statistics and
tables, if suitable, to present consequences most efficiently.You must obviously differentiate material that would usually be incorporated
in a study editorial from any unprocessed data or additional appendix matter that would not be available. In fact, such matter should not
be submitted at all except requested by the instructor.

Content

Sum up your conclusion in text and demonstrate them, if suitable, with figures and tables.
In manuscript, explain each of your consequences, point the reader to remarks that are most appropriate.
Present a background, such as by describing the question that was addressed by creation an exacting study.

Explain results of control experiments and comprise remarks that are not accessible in a prescribed figure or table, if
appropriate.

®  Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or in manuscript form.
What to stay away from

® Do not discuss or infer your outcome, report surroundings information, or try to explain anything.

L] Not at all, take in raw data or intermediate calculations in a research manuscript.
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® Do not present the similar data more than once.
®  Manuscript should complement any figures or tables, not duplicate the identical information.
®  Never confuse figures with tables - there is a difference.
Approach
®  Asforever, use past tense when you submit to your results, and put the whole thing in a reasonable order.
®  Put figures and tables, appropriately numbered, in order at the end of the report
e If you desire, you may place your figures and tables properly within the text of your results part.
Figures and tables
e |f you put figures and tables at the end of the details, make certain that they are visibly distinguished from any attach appendix
materials, such as raw facts
®  Despite of position, each figure must be numbered one after the other and complete with subtitle
® |n spite of position, each table must be titled, numbered one after the other and complete with heading
e Allfigure and table must be adequately complete that it could situate on its own, divide from text
Discussion:

The Discussion is expected the trickiest segment to write and describe. A lot of papers submitted for journal are discarded based on
problems with the Discussion. There is no head of state for how long a argument should be. Position your understanding of the outcome
visibly to lead the reviewer through your conclusions, and then finish the paper with a summing up of the implication of the study. The
purpose here is to offer an understanding of your results and hold up for all of your conclusions, using facts from your research and
generally  accepted information, if  suitable. The implication of result should be  visibly  described.
Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact you must explain mechanisms
that may account for the observation. If your results vary from your prospect, make clear why that may have happened. If your results
agree, then explain the theory that the proof supported. It is never suitable to just state that the data approved with prospect, and let it
drop at that.

®  Make a decision if each premise is supported, discarded, or if you cannot make a conclusion with assurance. Do not just dismiss
a study or part of a study as "uncertain."

®  Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results that
you have, and take care of the study as a finished work

You may propose future guidelines, such as how the experiment might be personalized to accomplish a new idea.
Give details all of your remarks as much as possible, focus on mechanisms.
Make a decision if the tentative design sufficiently addressed the theory, and whether or not it was correctly restricted.
Try to present substitute explanations if sensible alternatives be present.
One research will not counter an overall question, so maintain the large picture in mind, where do you go next? The best
studies unlock new avenues of study. What questions remain?
®  Recommendations for detailed papers will offer supplementary suggestions.
Approach:

®  When you refer to information, differentiate data generated by your own studies from available information
®  Submit to work done by specific persons (including you) in past tense.
®  Submit to generally acknowledged facts and main beliefs in present tense.

ADMINISTRATION RULES LISTED BEFORE
SUBMITTING YOUR RESEARCH PAPER TO GLOBAL JOURNALS INC. (US)

Please carefully note down following rules and regulation before submitting your Research Paper to Global Journals Inc. (US):

Segment Draft and Final Research Paper: You have to strictly follow the template of research paper. If it is not done your paper may get
rejected.

© Copyright by Global Journals Inc.(US) | Guidelines Handbook .

XVII



The major constraint is that you must independently make all content, tables, graphs, and facts that are offered in the paper.
You must write each part of the paper wholly on your own. The Peer-reviewers need to identify your own perceptive of the
concepts in your own terms. NEVER extract straight from any foundation, and never rephrase someone else's analysis.

Do not give permission to anyone else to "PROOFREAD" your manuscript.

Methods to avoid Plagiarism is applied by us on every paper, if found guilty, you will be blacklisted by all of our collaborated
research groups, your institution will be informed for this and strict legal actions will be taken immediately.)

To guard yourself and others from possible illegal use please do not permit anyone right to use to your paper and files.
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Please note that following table is only a Grading of "Paper Compilation" and not on "Performed/Stated Research" whose grading
solely depends on Individual Assigned Peer Reviewer and Editorial Board Member. These can be available only on request and after

CRITERION FOR GRADING A RESEARCH PAPER (COMPILATION)
BY GLOBAL JOURNALS INC. (US)

decision of Paper. This report will be the property of Global Journals Inc. (US).

Topics

Abstract

Introduction

Methods
Procedures

Result

Discussion

References

XIX

Grades

Clear and concise with
appropriate content, Correct

format. 200 words or below

Containing all background
details with clear goal and
appropriate  details, flow
specification, no grammar
and spelling mistake, well
organized sentence and

paragraph, reference cited

Clear and to the point with
well arranged paragraph,
precision and accuracy of
facts and figures, well

organized subheads

Well organized, Clear and
specific, Correct units with
precision, correct data, well
structuring of paragraph, no
grammar and spelling
mistake

Well organized, meaningful
specification, sound
conclusion, logical and
concise explanation, highly

structured paragraph
reference cited
Complete and correct

format, well organized

Unclear summary and no
specific data, Incorrect form

Above 200 words

Unclear and confusing data,
appropriate format, grammar
and spelling errors with
unorganized matter

Difficult to comprehend with
embarrassed text, too much
explanation but completed

Complete and embarrassed
text, difficult to comprehend

Wordy, unclear conclusion,
spurious

Beside the point, Incomplete

E-F

No specific data with ambiguous
information

Above 250 words

Out of place depth and content,
hazy format

Incorrect  and unorganized

structure with hazy meaning

Irregular format with wrong facts
and figures

Conclusion is not  cited,
unorganized, difficult to

comprehend

Wrong format and structuring
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